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The Computation of Urban Land Use Equilibria* 

Donald K. Richter 

Boston College, Chestnut Hill, Massachusetts 02167 
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1. Introduction 

In the past decade a small group of economists (e.g., Beckmann [2], 
Mills [8], Muth til]. Solow [21]) have developed purely analytic models 
which attempt to explain certain pervasive characteristics of urban land use. 
These models deal primarily with monocentric cities with radial transpor¬ 
tation networks, and emphasize the determinants of residential location. 
The outputs of such models usually take the form of rent or housing price 
gradients and population density gradients. The chief weaknesses of these 
models arc the drastic simplifying assumptions which are made in order to 
obtain analytic solutions. Identical preferences and/or incomes across all 
consumers, Cobb-Douglas utility and production functions, constant 
returns to scale, and absence of externalities and public sector activities are 
assumptions which are frequently made in these models. 

Recently very powerful methods for computing fixed points of well- 
behaved mappings have been developed by Scarf [18] and others. It is the 
purpose of this paper to show how these fixed point computational methods 
can be used in simulating urban land use equilibria. 

The natural question to ask is why simulate such equilibria, since one 
cannot prove any qualitative theorems with such an approach. The main 
reason is that qualitative theorems may be virtually impossible to obtain 
when more realistic features are introduced into the current crop of purely 
analytic models. When builders of purely analytic models such as Solow and 
Muth have recently sought to incorporate more realistic features in their 
models, such as transportation congestion, they have found it necessary to 
use ad hoc numerical methods to obtain solutions (see [12, 19, 20]). 

Given that one must resort to simulation, the fixed point methods appear 

* Provision of computer time by the Computer Research Center, National Bureau of 
Economic Research in Cambridge, Massachusetts, is gratefully acknowledged. FIX- 
POINT, an interactive computer system developed at the Computer Research Center, 
was used in conjunction with a computer program written by the author in performing the 
simulations reported in this paper. 
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to have a number of advantages over such ad hoc numerical methods. First, 
they arc guaranteed to converge, whereas many of the ad hoc methods are 
not. Second, we strongly suspect that they can accommodate broader 
characterizations of technology and tastes. Third, it seems reasonable to 
develop a computational framework which can handle a wide variety of 
problems, rather than creating a separate ad hoc method for each different 
problem investigated. 

The first published paper dealing with the application of fixed point 
methods to urban economics was the ingenious paper by MacKinnon [5]. 
Our algorithm differs substantially from his, especially in the manner in 
which consumers are allocated across space. Loosely speaking, given land 
prices in various parts of the urban area, MacKinnon allocates his consumers 
so that excess demand for land is zero, even if this procedure prohibits some 
consumers from living at their most preferred location. Then his algorithm 
finds a price vector where the allocation is also in accord with consumer 
preferences. We essentially do the reverse —allocating consumers on the basis 
of their preferences, and letting the algorithm find a price vector which fixes 
up excess demands. King [4] describes a fixed point algorithm for a constant 
returns to scale urban economy whose treatment of the spatial allocation 
of consumers is more in the spirit of our approach than MacKinnon’s. 
However, King’s algorithm transforms what economists normally regard as 
ordinary consumption decisions into production decisions, and introduces 
a number of "artificial” commodities which consumers purchase. Our 
algorithm does not require any such transformation, nor is it restricted to 
constant returns to scale technologies. Arnott and MacKinnon [1] have 
exploited the structure of a more specialized urban economy to obtain an 
efficient fixed point algorithm. Their contribution is discussed more fully 
in Section 6. The procedure developed in our paper appears to be far less 
cumbersome than MacKinnon’s [5], and more general than any of the 
models alluded to above, especially in integrating residential location and 
production. 

Fixed point algorithms have been used to compute general equilibrium 
prices in an Arrow-Debreu-McKenzie economy. The attributes of such an 
economy that the algorithms crucially exploit are the Walras law (the sum 
of the value of excess demand over all goods whose prices are endogenous 
is nonpositive for all possible price vectors) and the homogeneity of degree 
zero of excess demands in the vector of endogenous prices. These two 
attributes are missing from many of the analytic urban models in the liter¬ 
ature, which frequently assume certain prices and consumer income are 
exogenous. In Section 2 we develop a description of an urban economy which 
does satisfy the Walras law and homogeneity postulate. This is done in 
the context of a static long-run equilibrium model which is deliberately kept 
simple for illustrative purposes, with more complicated models reserved for 
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a later section. Unlike most of the analytic urban models, land is treated as 
a discrete commodity rather than a continuous variable. Incorporation of 
consumer locational choice is the significant analytical difference between our 
model and the more conventional A-D-M world. 

Section 3 describes the basic Scarf algorithm, which underlies the compu¬ 
tational routine for urban land use equilibria described in Section 4. Section 5 
relaxes some of the assumptions of the model described in Section 2. In 
particular we indicate how urban models which do not satisfy the Walras law 
and homogeneity postulate can be treated in our framework, and we also 
sketch how our algorithm can be used to simulate phenomena such as 
zoning, racial discrimination, multiple workplaces, and other more realistic 
features of an urban economy. Section 6 presents a numerical example of 
our algorithm, and Section 7 contains some concluding comments. 


2. BAStc Assumptions and Definitions 


(A) Geography 

We deal with the traditional monocentric city composed of a circular 
central business district (CBD) surrounded by an annular zone in which 
land is used for residential purposes, the transportation network, and other 
production activities. There is a fixed amount of land available, which 
we divide into y circular rings. The first ring, of width , must contain the 
CBD. Thus pu is an upper bound on the radius of the CBD. The remaining 
(y — 1) circular rings, each of width p, exhaust the rest of the total land area. 

(B) Transportation 

All travel is radial travel to and from the CBD. The amount of land 
devoted to the transportation network in each ring is exogenous. We assume 
that travel time to and from the center of the city is a function only of 
distance and that there is no congestion. 

(C) Production 

There are two classes of nonland commodities. There are n^ goods (class f 
goods) which can only be produced using a contiguous area of land closest 
to the city center within ring I. We shall say that these goods are produced 
in the CBD. The clustering of the activities producing such goods is usually 
explained by appealing to various types of externalities, which will be 
exogenous to our model. 

There are /i, class 11 goods, whose defining trait is that their production 
is not restricted to land nearest the center. Examples would be agricultural 
goods and housing in particular rings. All nonproduced goods such as labor 
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are also included in this class. We initially assume that labor is an input only 
in activities producing class 1 goods, and that all goods except labor can be 
transported to any location in the city at zero real cost.’ 

Let v (.V, .v„), where rj y } n© {for J y) denotes 

the input of land from ring /, Sj (for / ^ y i- 1.y »„) denotes the net 

production of a class I good, and .Vj (for / y + n„ f I,..., rj) denotes the 

net production of a class II good. Negative coordinates represent inputs. 
Technically feasible production of class I goods is described by a production 
set Ki . which is assumed to satisfy: 

(C. I) v r K, implies .v, ■ ; 0 for all j e {I,..., yj, and if s f: 0, then > 0 

for at least one k c. (y + I y + «„}, .Sj 0, and 3s e Vi with s^. i\. for 

k Ip {2. yj and == 0 for /r e {2,..., yj. 

This assumption says that land is not an output and insures that any 
efficient production of class 1 goods will involve the use of land in ring 1 only. 
This is one way of recognizing the clustering of activities while keeping the 
causes of such clustering exogenous to the model.' 

>’i describes production which is restricted to ring 1. Technically feasible 
production activity which is not restricted to ring I (though it may choose 
to locate there) is described by the production set Tj,, which is assumed to 
satisfy: 

(C,2) .veK,i implies .t, 0 for all je{\ .y f «»), and .v -v 0 

implies • : 0 for some k e yj. 

Condition (C.2) reflects the restriction of class 1 goods production to 
ring 1. though allows class 1 goods to be used as inputs in cla.ss II goods 
production. It also states that land is a necessary input in production.® 
Class II goods can be given a wide variety of interpretations. In particular, 
some of them may be agricultural goods. Given our assumption of costless 
transport, agriculture would tend to use the land most distant from the city 
center, thus determining the outer boundary of the residential zone of the 
city.’ 

' Alternatively we could incorporate costly transportation by assuming that all goods 
whose transport is costly are marketed at the center of the city (see footnote 4, below). 

Alternatively, in our description of production possibilities we could have required 
fewer inputs (such as transportation inputs) per unit output of class I goods for land closer 
to the center, thus encouraging use of land closest to the center for production of these 
goods without explicitly restricting their production to such an area. 

® Such an assumption is quite reasonable at this level of aggregation. 

’ One way of incorporating costly transport for certain goods would be to assume that 
the market for these goods is in the CBD. Then, for example, we could define one of the 
class II goods as “transport services.” The amount of input of this good needed in the 
production of some output would then be tied to the ring from which the land input for 
that output is drawn. These transport services could reflect the costs of transporting inputs 
from the CBD and/or outputs to the CBD. 
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We have summarized production by means of the two aggregate production 
sets Yi and Yti, but it would be straightforward to construct them from a 
more disaggregated description of production. The aggregate production set 
for the urban economy is T ^ Ti + Tii. T is assumed to satisfy the 
following properties: 

(C.3) 0 6 y. 

(C.4) Y is closed, convex and exhibits free disposal." 

Finally, all producers are assumed to be competitive profit maximizers. 
All profits are distributed to households according to some exogenous 
formula. 

(D) Households 

There are m different types of households, with a large number r, 
(i 1,..., m) of the /th type. All households of the same type have the same 
tastes and initial endowments. Each household has one worker who 
commutes to the CBD. 

Each household of type i has an initial semipositive endowment rj-vector 

H'Vr,. where the total endowment vector iv : (m j. w^) equals i **’‘- 

We assume that only land which is not devoted to the transportation network 
is privately owned, so that Wj (for j — 1,..., y) equals the amount of land in 
ring / which is available for residential or production purposes.* 

If a household of type / lives in ring j, its preferences are defined by a 
utility function defined on a consumption set A"/. is a Tj-vector 

representing the consumption bundle of a type i household that lives in ringy. 
The Ath coordinate of corresponds to the Ath good as defined by the 
vectors belonging to the production set YJ 

'■ We could have imposed the convexity assumption on each of the sets Yi and Fn and 
let y inherit this property. However, one would like to allow y, to be nonconvex, in order 
to include the notion that increasing returns to scale has something to do with the forma¬ 
tion of a CUD. But unless there is a reasonably general economic interpretation of the 
types of sets Ki and Yu , with Ki nonconvex, that are compatible with convexity of Y, we 
are not much better off than we would be by simply assuming y and are convex. If we 
assume that one of the reasons for the existence of a CBD is that land located closer to the 
center has a higher productivity in the production of class I goods (an approach which 
Mills [8], in part, uses), then the convexity assumption on Yi becomes more plausible. 
As more class 1 goods are produced, land of lower productivity must be used (where 
implicitly the definition of Yj assumes that land in ring 1 closest to the center is used first). 
Nevertheless, one should recognize that the description of CBD production is somewhat 
unsatisfactory. 

* It would be easy to make alternative assumptions about land ownership, such as 
public ownership with rents being redistributed to consumers. 

' The subscript/ associated with U/* allows us to incorporate a number of aspects of the 
problem directly'in the definition of the utility function. In particular, u/ would give 
heavier weight to components of representing goods identified with ring/. For example. 
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For simplicity of exposition we assume that leisure time is a constant, 
so that time spent working and commuting is also a constant. Neither 
commuting nor working time is assumed to affect utility directly. The only 
cost of commuting will be time costs. Let Tj (j ^ I,..., y) denote the round 
trip commuting time between ring/and the city center." Then we adopt the 
convention that , represents the time spent commuting by a household 
of type / that lives in ringy. Hence we require that y*> c A'/ imply r-, 

and that not affect utility directly, represents the use of labor in 
production, and represents the total time available for commuting 

and working to a type i household.* 

We make the following additional assumptions: 

(D.I) For all/, / 

(a) «/ is continuous. 

(b) There exist parameters 4 ^.' {k 1,..., t)) such that m,‘ is non¬ 
increasing in the Ath coordinate of yj" 6 A'/ if y^-' (We use the 

convention that Tj .) 

(c) If u/(y) >u/(y), then M/(Ay 4 (I ■ A)y) > m/( y) for all 

A (0, 1). ’ 

(D.2) A"/ is a closed, convex subset of (the nonnegativc orthant of 
Euclidean ij-space) for all /, /. 

(D.3) There exists a commodity h such that for all /,./ 


land or housing in ringy would presumably get a heavier weight in than land or housing 
in a different ring. 

* Each household has one member who commutes to the CBD, and as an approximation 
we assume he commutes to the center of the CBD. Commuting time is the same from any 
residential location in ring j. This is a reasonable approximation if the widths of rings 2 
through Y are chosen sufficiently small, and the width of the residential zone in ring 1 
(which is determined endogenously) is small. 

“ Many of the above assumptions could easily be relaxed. For example, real costs of 
transportation could be incorporated in the definition of X,', by requiring certain levels 
of consumption of goods (such as gas) which are used as inputs in the transportation 
process. One way to treat alternative travel modes would be to parameterize the t, and 
A"/ by the mode. Thus choice of a faster mode might be associated with more costly 
restrictions on the consumption set. In the context of models which do not satisfy the 
Walras law (see Section S), one could parameterize income by mode and ring in dealing 
with real costs and alternative modes. Also, labor-leisure tradeoffs could be treated in the 
framework developed in this paper, and disutility of commuting could be reflected in the 
functional form for 

The can be chosen arbitrarily large, so that this satiation assumption is not very 
restrictive. This assumption is used to guarantee that various sets of utility maximizing 
demands used later in the paper are bounded. The boundedness of these sets greatly 
simplifies the exposition. 
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(a) u/ is increasing in yl' up to the level and strictly bounds 
the Ath coordinate of vectors j I- u> in the set {.y -f | 5 e y, s + w > 0}. 
(Assumptions (C.1)-(C.4) imply this set is bounded.) 

(b) If y" e X/ and y'k = yt for k A /> and y^^ < y}/ [j/, then 

F X/. 

(c) There exists y'^ fc X/ such that y'-' w'/r, and y* < . 

(D.4) For every good A there exists a household type 4 for which 
(for all /) there exists ' e with and strict inequality holding 

in the Ath coordinate." 

F'inally we define C/ ----- {yeXj' \y A/r^j where b is an 7j-vector with 
positive coordinates which strictly bounds from above the set ir j se Y, 
s i vv 0}, and A* - min,_j Let U/ . ^ max jeCj.i «/(.*') and U’ 

maXj Uj‘. (It will become apparent later that t/‘ represents a strict upper 
bound on the equilibrium utility level for type / households.) 

Then we assume: 

(D.5) For each /, max„, j^ i m/( v) : > U‘ for all j 1,..., y.^® 

Given the above conventions, the budget constraint for a household of 
type / which lives in ring / can be written as follows. Let p denote the T/-vector 
of prices, and denote the profits distributed to a type i household, 

where i/<' is a function of tota' ■'rofits -n (which in turn is a function of p). 
ifi* is continuous and ■- t. Then the budget constraint is 


py 


,ii 




( 1 ) 


Because of the restriction on , this budget constraint includes the time 
costs of commuting. 


" Assumptions (D.3) and (D.4) are designed to rule out Ihe so-called “exceptional 
case," which can lead to discontinuous demand correspondences. Note that (0.4) implies 
that all coordinates of w are positive, but it does not imply the same for »•'. In the present 
context it dues not seem reasonable to use the analog of Oebreu’s [3] assumption—-that 
there exists e X,‘ with each coordinate of y“ less than the corresponding coordinate 
of VI’', since this would imply all coordinates of w* are positive. It is unlikely that each 
household would own land in every ring. 

" We can choose hi, in this way because of (D.3a). Also, since A is a strict upper bound, 
it follows that bt -■ Wt and hence bt > wt' for k -- 1,..., vj. Thus Cj' is nonempty (from 
D.3c) and closed and bounded (by (D.2)). 

” The left-hand side of the inequality is well defined because of (D.l) and (D.2). This 
. assumption is designed to rule out satiation equilibrium consumptions. It is likely to be 
satisfied if there ard some goods whose marginal utilities are positive (up to large quantities) 
. and diminish sufficiently slowly. 
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(E) Allocations 

An arbitrary partition of the set of all households into the y rings of land 
is summarized by the set where r,j is the number of households of type i 
that reside in ring / (for / J,..., m and J 1,..., y). (Some of the rings may 

be empty.) 

An allocation is a specification of a partition {r,/}, a production 57 -vcctor s, 
and consumption bundles {.v''] for type i households living in ring 7 , where 
y’^ 0 if r,,- ^ 0. All households of the same type living in the same ring 

receive identical bundles. 


Definition 2.1. The allocation {r,,}, s is an attainable allocation iff 
e X,‘ if /"ij > 0, .V e Y, and — s -- w. 

In an attainable allocation the consumption vectors of all households 
living in a particular ring must belong to their respective consumption sets, 
production must be technically feasible, and total consumption minus total 
supply must equal total endowment. 


(F) The Equilibrium Concept 


Definition 2.2. An urban land use equilibrium is a price vector p* and 
an attainable allocation {rf^), s* such that 

(a) (profit maximization) V.v f F; 

(b) (utility maximization) If rfj > 0, y*'' maximizes u/{y*^) on 


y‘> o Xj* I p*f 




+ r |. 


\p^p*s*) 

fi 


(c) (mobility equilibrium) If r,^ > 0, M/(y*‘0 Mj‘(.v''’(Af)) for j — 

1 ,..., y, where maximizes «j'(.v'') on 


jy e I p*y** 



4>*{p*s*) I 

■ I 


Condition (b) requires that each household maximize its utility over 
bundles which belong to its consumption set for the ring in which it chooses 
to live, subject to the appropriate budget constraint. Condition (c) states 
that no household wishes to move to a ring different from the one it is 
assigned to in the equilibrium allocation. Specifically the condition says 
that the equilibrium utility a type i household living in ring 7 achieves is not 
less than the level it could get by moving to ring J and maximizing over the 
consumption set and budget constraint relevant for that ring. A simple 
consequence of this condition is that ail households of the same type receive 
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the same equilibrium utility level, even though their equilibrium consumption 
bundles may be different if they reside in different rings. 

The assumptions we have made are sufficient (though much stronger than 
needed) to guarantee that the urban land use equilibrium of Definition 2.2 
is Pareto efficient. 


3. The Scarf Algorithm 

In this section we briefly describe the algorithm which underlies our 
computational routines for urban land use equilibria. An excellent brief 
reference is .Scarf [17]. A fuller development can be found in Scarf and 
Hansen [18]. 

The Scarf algorithm involves a systematic search among points lying on 
the (rj — l)-dimensional unit simplex T {x > 0 1 Xi’ i -t, -- 1}. A large 
number of vectors x* from Euclidean ?j-space which lie in the interior 

of T are initially selected. These vectors, together with the additional vectors 
.Y*,..., .Y’'. which represent the r) sides of the simplex (x* representing the side 
along which the /th coordinate is zero), constitute the grid on the simplex. 

Each .v‘ in the grid is assigned a -rj-dimensional vector label a*. The parti¬ 
cular choice of a‘ depends upon the specific problem to which the algorithm 
is applied. We can form a tj x /c matrix A from these vector labels, with er' 
as the yth column. The labels comprising the columns of A must satisfy the 
following restrictions: 

(i) The label a‘ (i - 1,..., ij), which corresponds to the I'th side of the 
simplex, must be the 17 -vector whose /th coordinate is 1 and whose other 
coordinates are zero. 

(ii) U" 0 1 = h] is bounded, where is a nonnegative i 7 -vector 

whose definition depends upon the particular problem one is trying to solve. 

Given the above assumptions. Scarf's result [18, Theorem 4.2.3] is; 

Thi.orem 3.1 (Scarf). There exists a set of 17 points .y-'.y-'i from the 
grid which are close together and whose labels a'‘,..., a’” form a feasible basis 
{in the linear programming sense) for Av b. 

Scarf's algorithm starts in a corner of the simplex with a collection of 17 
points from the grid which are close together and systematically traces out a 
sequence of such collections of points from the grid until the desired set of 
points as described in the theorem is found. The closeness of this final 
collection of points depends on the fineness of the grid used. The particular 
sequence traced out depends crucially upon the choice of labels for the various 
points of the grid. 
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A detailed description of the operations involved in moving along the 
simplex is not needed for the purposes of this paper. Scarf shows there is a 
finite upper bound on the number of iterations needed to find the desired 
collection of points. What is important to note is that in practice the algorithm 
usually finds the desired collection in far fewer iterations than this theoretical 
upper bound." 

MacKinnon [5] uses a procedure which assigns each point on the grid an 
integer label from 1 to -rj rather than a vector label, with the grid point corre¬ 
sponding to the /th side of the simplex assigned an integer different from /. 
The theorem he uses asserts the existence of a collection of t/ points from the 
grid which are close together such that each point is labeled with a different 
integer. This theorem is a special case of the Scarf theorem stated above.’® 


4. CoMPUTATlDNAt ROUTINE l-'OR URBAN LAND USE EQUILIBRIA 

In this section we use the Scarf theorem described above in deriving a 
computational routine for the equilibria of Definition 2.2. We search over 
the price simplex P {p > 0 1 , p, 1 j. 

As described in Section 3, we begin by selecting a large number of vectors 
to comprise the grid on the simplex P, with the sides of the simplex repre¬ 
sented by the vectors p' for / 1...., ij. corresponds to the side along 

which the price of the /ih good is zero. We refer to these first -q points of the 
grid as side vectors, and to their corresponding labels (the unit vectors) as 
side columns. 

Next we must construct vector labels for the remaining points p’ in the grid 
(i.e., for / : • q). These labels will essentially correspond to excess demand 
vectors. 

In creating these excess demand vectors we shall confine the supply vectors 
to a certain convex, closed, and bounded subset Y of the production set. 

Definition 4.1. Let b (61 ,..., O’* be a vector which strictly 

bounds from above the set [- m’ | .ve Y.s f m’ > 0), where b,, ■; 
for all /, y." Let K {.v e T ] b s -y b}. 

An extension of the Scarf algorithm due to Merrill [7] was used in the computations 
presented in Section 6. It considerably enhances the efficiency of the Scarf algorithm and 
is similar to the “sandwich method” of Kuhn and MacKinnon as described in [S], 
Substitute for the integer label k the vector label (0, 0,..., 1,..., 0), where the 1 is the 
/cth coordinate. Letting b (I, 1,..., 1), it is easy to show that the Scarf theorem stated 
above implies the one used by MacKinnon. 

*• For .e, .V e x .r if jr, . - yt for all i, x > y if > yi for all l.x '. y ifx > y and 
X ^ y. 

” This vector h was defined in the text between assumptions (D.4) and (D.5) and is 
repeated here for completeness. 



URBAN LAND USE EQUILIBRIA 


11 


Z’' 



net production 
profits 

partition 

demands 


Figure I 


For any/»' in the grid which is not a side vector we create an excess demand 
vector from the various components illustrated in Fig. 1. Corresponding to 
the given p' we derive a profit maximizing production vector s’^eY and the 
associated profit level p’s'. Next we assign all households of type i to their 
most preferred ring. Such a ring is determined by comparing the utility levels 
they could achieve by maximizing u/ over 



6 X /1 pyi V 


' fi I 


for / - I.y.'"' Note that the choice set depends upon the ring (in particular 

the travel time) through A'j*, on the given p' and on the profit level p's' just 
determined. Since Oe Y, i/Pi p's') '' 0, and so by (D.3c) the choice set is 
nonempty. Since p' > 0, the choice set is compact. Since is continuous, 
these maximizations are well defined for all i and j. Thus for each household 
type i we can find a most preferred ring j.'® We then set rj j - rt and r]^ ^ 0 
for / /• j. In this way we derive the partition {rj;} indicated in Fig. 1. 

Finally we .set y"''' — 0 for J j, and set equal to an optimal 
solution of the utility maximization problem for ring j. If there is more 
than one optimal solution, any one is chosen which has the property that its 
A'th coordinate is less than or equal to (for k = I,..., ij). A solution with 
such a property always exists because of assumption (D.lb). 

Then we take these basic ingredients and form an excess demand veetor 
(Zt.j rij-y""' — s' - w). The label for p' (for / > t/) is E,-./ r,‘j — s' — 
w + b\. Definition 4.1 and the property that 0 imply that these labels 

are positive vectors. 

As shown below, Scarf’s theorem enables us to determine a price vector 
whose corresponding excess demand vector is (approximately) zero. This is 
precisely what we want for an urban land use equilibrium. The excess 


If We arbitrarily break a tie for the largest maximum utility level among two or more 
rings by assigning the household type to the largest numbered of the tied rings. 

“ In this assignment all households of the same type reside in the same ring. However, 
this will not necessarily be a characteristic of the equilibrium partition we will determine. 
(For example, if there were only one household type, one would not expect all the house¬ 
holds to crowd into one ring in equilibrium.) 
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demands have the utility and profit maximization requirements of Definition 
2.2 built into them, and the mobility requirement would be satisfied from the 
derivation of the partition. 

We must first check to see that the assumptions of Scarf's theorem are 
satisfied. In our application the upper bound vector b will be used as the 
right-hand side vector in the Scarf theorem. Then {r 0 | Av b\, where A 
is the matrix of labels, is obviously bounded, since all the non-side columns 
of A are positive. Thus all the assumptions of Scarf’s theorem are satisfied, 
and hence there exists a collection of rj points { from the grid which 

are close together such that 

X *'( |x ^ ~ ^ 

I ' 

where the summation of the i\ is taken over all / corresponding to columns 
which comprise the labels for the nonside vectors in the set /}V|. 

(The expression “for all /" will refer to / with this correspondence.) In (2) 
the Aih inequality is an equality unless the ^th side vector is a member of 

\p>\...,ph]. 

Next we take a sequence of liner and finer grids on the simplex. With each 
grid in the sequence is associated: 

(A) a desired collection of rj grid points {p'] as described by the Scarf 
theorem, 

(B) a set of partitions {{/•</}}, corresponding to the nonside vectors 
in {/?']; 

(C) a set of non-side labels — s‘ — w + h} corresponding 

to the non-side vectors in {p'J; 

(D) a set of weights {Cj} corresponding to the non-side labels. 

In the limit, as the number of points comprising the grid becomes infinite 
and dense on the simplex, a subsequence of these grids can be chosen such 
that; 

(A') the non-side vectors in the desired collections of grid points {/»'} 
converge to a single point p*; 

(B') the sets of partitions converge to a set of partitions ; 

(C) the sets of non-side labels ( 21 ,r'o — j' — w -f 6 } converge 
to a set of vectors — s*‘ — w -\- 6 };'® 

(D') the sets of weights {a,} converge to the set {vf}. 


“ Since all the s‘ lie in the bounded set P, j** exists. All the vectors in the sequence 
lie in the bounded set {y" e JT/ 1 yi‘ < for k = 1 ,..., i/}, and hence exists. 
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In the limit, expression (2) becomes 

I '’f* IZ - s*‘ - M- 4 h\<b with r* Ss 0, (3) 

t H.i I 


where the /:th inequality is an equality if > 0. Taking the scalar product 
of (3) and p* yields 

Z jz =/'**(! - Z *''*) • (4) 

I 't.i ’ ' I ' 


We obtain an equality in (4) because of the complementary slackness 
relationship of p* and the inequalities in (3). 

^ for one j e {I,..., y] and zero for all other J. For the particular j 
for which rf/ - rj. 





ijj*(p*s*') 

r, 


(5) 


Expression (5) follows from the property that r'tj : 0 implies satisfies 
the budget constraint s:; p‘(h‘/r,) -f > £tnd the continuity 

of 

Using (5) we have that 


i.i 


Z \-p* — 

i ^ '* 


U’< lfl*(p*S*') 

iv 


p*w + ^ tlj*{p*s*') 


— p*w + p*s*^. 


the last equality following from the definition of if/K Hence the expression 
in braces on the left-hand side of (4) is no greater than zero, which implies 



( 6 ) 


Expressions (3) and (6) imply 

Z Z — Y, I'lS*' — It’ 0. (7) 

ij I t 

Since s*' e Fand Fis convex, vf eYC Y. Since r^^y**>' > 0, (7) 

implies Yi vTs*'fZ.t t’f + w > 0. Hence by Definition 4.1, I’z' -h 

w<^b, which implies by (7) that 

Z‘’rzzo*‘^‘/z(8) 

It can be shown that (8) implies that if > 0, y**^’ does not correspond 
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to a satiation consumption.®* Hence by local nonsatiation (which follows 
from (D.lc)) it follows that (5) holds with equality if > 0, since the 
utility maximizing vectors in the sequence which converged to 
would have satisfied their respective budget constraints with equality. 
Since (5) holds with equality, we can strengthen (6) to 

Irf 1. (9) 


Then (3) and (9) imply 

1 ** 11 ^ r*s*‘ - w < 0 , ( 10 ) 

tj I I 

with strict inequality in the kih relation only if pt 0. Let 



I 


( 11 ) 


Then {r,*i defines a partition.®® (Note that the partition {r^} does not necessar- 


** Using (8), there exists an /, call it /, such that <^b for all /, Since rf/ -- r, 

for one call it ), and 0 for all other y, it follows that rjlj' > 0 implies t*'* ^ l>/r,, and 

hence that y*‘>‘c Cj‘. (See the text between assumptions (D.4) and (D.5) in Section 2D 
for the definition of Cj‘,) Thus if r,y '• 0. < Cf'. From the continuity of the 

utility functions, for all / f, rf/ ■ 0 implies u/(y*''') - Then by (D.5), y**'* 

does not represent a satiation consumption. 

*• Froo/. Every set of partitions {{r!,)5i in the subsequence has the property that r{, 
equals r.- for one j e y) and 0 for all other/. Thus E, r\, — Yi and hence E; rf/ = r,. 
Therefore, Ei Ei rfrf/ -- r,- using (9) and hence Ej rf, = r,-. rf, may not be an integer. 
However, since we have chosen r, “large,” it is obvious that a partition obtained by rounding 
off the rf, to adjacent integers will correspond to an approximate equilibrium, in which 
excess demands are small but not necessarily zero. It should not be surprising that the 
assumption of a large number of households plays a role in this discussion. There is an 
indivisibility or nonconvexity present in the household location problem (in the sense that a 
given household must live in only one place). As recent work in mathematical economics 
has shown, nonconvexities tend to lose their sting in the presence of large numbers of 
economic agents. It would be easy to relax the convexity assumptions on preferences and 
the consumption sets. However, we use these assumptions to simplify notation (they allow 
us to focus on attainable allocations in which households of the same type living in the 
same ring are assigned identical consumption bundles), and because we want to highlight 
the locational nonconvexity. By letting the number of households of each type approach 
infinity, we could guarantee integral partitions. However, since our primary concern in this 
paper is with computation, we will not detail these limiting arguments here. Unlike the 
limiting arguments with respect to grid size, which facilitate the exposition of why the 
Scarf theorem can be used to obtain an approximate equilibrium, the limiting arguments 
with respect to the number of consumers would perform no similar service, and would 
add a great deal of technical complication. 
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ily assign all households of the same type to the same ring.)® If > 0 
we define 

^ v*r*/y*"‘jr* . (12) 

i ' 

If rfj ^ 0 we define 


>•*» - 1 - 0, (13) 

What we show below is that p*, {r^}, {y*"}, and .v* ^ t’*'**^ 4 4>* (where 

i)>* is defined by ( 10 )) is an urban land use equilibrium. 

Since (X]j vfs*') e Y, </)* • 0 (by (10)), and Y exhibits free disposal, 
.V* F Y. Since X/ is closed, e X/ if ^ 0, and it follows 

that r Xj* if r^‘ > 0. Since X^' is convex, it follows from (11) and (12) 
that y*'^ e X/ if rfj 0 . 

U.sing the definitions of rfj and y*‘‘ ((11)-(13)) we can rewrite (10) as 

^ ^ v*s*' — H' fC; 0. (14) 

i.l I 

Since <f>* equals the left-hand side of (14) (since (10) and (14) are equivalent), 
it follows that - i* — w - 0. Thus from Definition 2.1, 

I ,,+ijj f+ js an attainable allocation. 

Next we verify that .?* maximizes profits on Y at the prices p*. It is straight¬ 
forward to show that x*' maximizes profits on F at the prices p* for all /. 
Hence J], vfs*^ also maximizes profits on F given p*. We have shown above 
(in our derivation of ( 8 )) that 

0X 1^ (J5) 

I 

For neighboring price vectors in the grid, the corresponding partitions may be quite 
different. It is this “knife-edged” characteristic of location choice which implies that rf.‘ 
may differ from rf/' for / /', which in turn implies that not all households of the same 

type reside in the same ring in (what we show to be) an equilibrium partition (rt'J. All of 
the partitions used in connection with Fig. I, and hence all the partitions {rf/), are “pure” 
partitions in the sense that all households of a given type are assigned to the same ring. 
Thus it may seem a little mysterious that at the end of the algorithm out pops a partition 
{r*j} which may not be pure in this sense. But if {rj,} is not a pure partition, it means that 
there is more than one most preferred ring for some household type. From the standpoint 
of insuring equal utilities for all households of this type, any arbitrary distribution among 
the most preferred rings will do, though the resulting total demand vector for these house¬ 
holds as a whole will clearly be sensitive to the particular distribution. Furthermore, it is 
easy to see that any partition of the households among those most preferred rings can be 
written as a convex combination of the pure partitions, i.e., those which assign ail the 
households of this type to the same most preferred ring. What the algorithm is doing is 
finding the appropriate weights tif on the pure partitions so that excess demands 
will be zero. 


642/19/1-2 
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Since A >■ ir (which folJows from Definition 4.1 and the fact that Oe Y) 
and H’ ■ 0, (15) implies 


- b<^Y.v*s*' (16) 

t 

Using the definition of Y and the convexity of K, (16) implies by a .standard 
argument that maximizes profits on Y at the prices p*. From the 

definition of s*, p*.v* - p* Y.i ‘ P*>f>*- P*^* equals the left-hand side 

of (4) (using (10)), and hence equals zero since ''i*' U Thus p*s* 

P* Z; tJs*’, and hence ,v* maximizes profits on Y given p*. 

Next we verify that the utility maximization condition of Definition 2.2 
is .satisfied. Assumptions (D.3) and (D.4) allow us to rule out the “exceptional 
ca.se.”'*'’ Hence we conclude, using the continuity of the utility function and 
closedness of the choice set, that r*' > 0 implies that maximizes 

u,'(y'^) on [y''e XJ ■ p*x‘’ p*{t\''jr,) y >fi‘{p*.<i*')lrj}. Then using (12), 
quasi-concavity of t//, and p*x*' p*x*, we immediately conclude that 

r*j ' 0 implies that y*‘> maximizes u/ on {y^> € X/ ' p*y'' ■ . p*(w'lr,) ■. 
•I>*(p*x*)/r,]. 

Finally, the continuity of the utility functions and the derivation of the 
partitions which led to {rfj \ and hence {r^’'^) imply straightforwardly that 
condition (c) of Definition 2.2 is satisfied. Hence we conclude that />*, {r,*l, 

{,.* 0 }, constitute an urban land use equilibrium.“ 

Above we have employed a limiting process in finding an equilibrium. 
In practice of course, we mu.st work with a finite grid, and we use a weighted 
average of the n] price vectors with which the Scarf algorithm terminates 
in computing an approximate equilibrium. Loosely speaking, in such an 
approximate equilibrium, excess demands will be small, profits will be close 
to the maximum possible, and the level of utility that a household can obtain 
by residing in a ring different from the one to which it is assigned cannot be 
much greater. This is an appropriate sense of approximation in that excess 
demands will be sufficiently small so as not to induce a revision of prices. 

If 0, then (D.3c) and i/i'(p*s*‘) .• 0 imply that there exi.<its y *‘e X/ .such that 
p*y“ . Thus if we can show p* ; • 0 we will have ruled out the 

exceptional case. Suppose p* - 0. Since p* : ■ 0, there exists k such that pjf ■ 0. Then 
by (D.4) there exists 4 g A"/* such that p*y'i-' < p*{w*‘:lr,^) -I- ^'«(/)*.«*'),r,^ for all 

/and /. In particular this holds for / and j such that rf4 > 0. Hence for household type 4 
we conclude that for all / and ] such thatrf', - 0, maximizes u'y on {y‘i’eX'y I 

P*yii‘ < + •^‘‘(p*j*‘)/ry^). But then if pj = 0, (D.3) implies yj*’*'*' tjy’ 

for all / and j with • 0. This contradicts (8), since Z, vf T,i r*,' -- ri and ft*. 

Hence pK 0, which is sufficient, as argued above, to rule out the exceptional case. 

“ If rj', • 0 for some /, we can arbitrarily assign these households to the outermost 
land in the ring, since commuting time to the city center is assumed to be the same from 
any point in the ring. Thus ring I will consist of a circular CBD which, if it doesn't exhaust 
the land in the ring, will be surrounded by a residential zone. 
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producers will have no compelling incentive to search for higher profits, 
and households will have no compelling incentive to move. 


5. Extensions of the Model 

In this section we sketch how our algorithm can be applied to models 
which allow for various types of zoning and discrimination, multiple work¬ 
places, and other common features of the urban environment. We also 
comment on how the algorithm can be used in urban models in which the 
Walras law and homogeneity postulate, as described in Section I, do not 
hold. Our primary aim is simply to indicate the flexibility of the compu¬ 
tational technique, not to give a detailed treatment of such topics. 

Incorporating various types of discrimination, such as income or racial, 
is straightforward. For example, if we define hou.sehold types on the basis of 
race, we can simply exclude from consideration certain rings when assigning 
households of a particular type to their most preferred ring in creating the 
vector labels derived in Fig. I. 

Zoning certain rings for certain activities can be included in the description 
of the production set. For example, residential zoning can be incorporated 
by excluding from the production set all vectors which use inputs of land 
from certain rings. For a slightly more complicated illustration, consider 
the case of a zoning law which only permits single family dwellings and speci¬ 
fies a minimum lot size. Suppose a household's utility function has housing 
services in the various rings, but not land, as arguments. Also suppose that 
housing services can be produced with a constant returns to scale technology 
using capital and land as inputs. Then in creating the partition and demands 
illustrated in Fig. I, we would first find the co.st-minimizing amount of land 
used per unit output of housing services in each of the rings to which the 
zoning law applies. We would then divide the minimum lot size by this 
amount of land to obtain the minimum number of units of housing services 
which must be consumed by each household in that ring. This constraint on 
the consumption of housing services would then be imposed on the utility 
maximization problems which are solved to generate the partition and 
demands of Fig. 1. In this manner each household would in effect be con¬ 
strained to consume indirectly a certain amount of land. 

There is a variety of ways of introducing public sector activities and many 
other endogenous externalities. The techniques which can be used in con¬ 
junction with the framework in this paper in incorporating such phenomena 
are very similar to those which we have described elsewhere [14-16]. 

In many applications it may be convenient to work with a model which 
does not satisfy the Walras law and homogeneity postulate. For example, 
the rental rate on capital may be determined in a national capital market. 
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and hence may be exogenous to a given urban area. Some of the land in a 
given urban area may be owned by outside landlords, or a portion of a 
household's income may be derived from sources outside of the urban area. 
In such cases the endogenous prices can no longer be normalized to sum to 1, 
nor will the Walras law, which was crucially exploited in our proof in 
Section 4, hold."' 

However, by making assumptions which ensure that the total value of 
excess demands for the endogenous goods is negative if the sum of the 
endogenous prices becomes sufficiently large, wc can still obtain a compu¬ 
tational routine based on the Scarf theorem. Excess demands are calculated 
essentially the same as before (only now they are possibly parameterized 
by some exogenous prices and income). The procedure used is sketched in 
[14], and is similar to one used by MacKinnon [6] in a different context. 

The generalization of our methodology which wc wish to highlight in this 
section deals with the existence of multiple workplaces. Instead of assuming 
one CBD, we now assume there are a fixed number c of commercially zoned 
locations, together with a set of y locations which are available for residential 
use. The demand for inputs, in particular labor and land, and the quantities 
of outputs produced at each commercial location are endogenous. It is 
assumed that the round trip commuting time from any potential residential 
location 7 to any potential employment center Ar can be specified exogenously. 
(Examples of manageable models in which this can be done are described 
later.) 

Each hou.sehold will have a two-pronged choice - where to live and where 
to work. The basic tradeoffs involved in this choice will be the possibly 
different wage rates in the various employment centers and the commuting 
times between various residential locations and employment centers. Here, 
as in the model of Section 2, we are emphasizing the accessibility to em¬ 
ployment opportunities as a prime determinant in the residential location 
decision while essentially ignoring the location of consumer markets as a 
determinant of employment location. 

In modifying our algorithm to accommodate multiple workplaces we will 
treat labor used in different employment centers as different goods. Whereas 
previously represented labor employed in the CBD, we now let 
{k - I,..., e) represent the employment in the Arth employment center. 
If household i lives in residential location j and commutes to employment 
center Ar, it faces the consumption set A7*;. Analogous to the convention in 
the model of Section 2 that y’tj.i tj if e Af/', we now require that 


“ By introducing a “rest of the world" consumer and similar devices it is conceivable 
that the exogenous aspects described above could be incorporated in a model satisfying 
the Walras law and homogeneity postulate. But it may be more convenient to take a more 
direct approach. 
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yy+k =■- and ^ 0 (Sor Jc ^ k, H r- I,..., e) if y*^ e Xj^ . Thus if 
household / chooses to live in residential location J and commute to 
employment center k, he must consume t,* of his nonleisure hours in com¬ 
muting. 

Given a grid point we calculate a profit maximizing vector s' over an 
appropriate production set. Next we create both a residential partition and 
an employment partition of the households and derive a vector y*^‘ by letting 
each household pick its residential location and employment location that 
jointly maximize utility subject to the appropriate budget constraint and 
consumption set. For a type / household that chooses to work in employment 
center A:, we define to be its endowment of nonleisure hours (analogous 

to j/r,- of the earlier model), and let 0 for R =/ k, U — 1. e. The 

initial endowments w/ for J -yt y ( I,..., y + e are exogenously determined 
as in the model of Section 2. 

Then wc form the excess demand vectors corresponding to p' as before, 
the only novel element being that the rows corresponding to goods y + I,..., 
y I e have an I superscript on the total endowment of that good, i.e., 
w/ w’j‘ for J y -) 1,.,., y + e. The limiting arguments go through 

essentially the same as before. Because of the conventions chosen for yi'‘ 

and for A = y 1-1.y -f «?, an excess demand of zero for these goods 

amounts to the statement that the total amount of commuting time to 
center A by its workers plus the total employment hours there equals the 
total quantity of nonleisure hours available by household members choosing 
to work in center A. 

A few examples of possible characterizations of residential and employment 
location are given below. We arc constrained to using characterizations in 
which it is possible to conveniently specify the commuting times . One 
such characterization would involve a straightforward generalization of the 
model of Section 2. Employment opportunities would be confined not .simply 
to the CBD but also to a number of the other rings. For example, one or more 
of the outer rings could be specified as a location for suburban employment. 
It would then be easy to specify commuting times from any ring to these 
suburban rings. Alternatively, employment could be found in local service 
sectors in each ring, much in the spirit of Solow’s model [21]. Unlike the 
Solow model, there would be no need to restrict employment in the local 
service sector of a ring to residents of that ring.*' 


All of the above models have dealt with essentially one-dimensional cities, the key 
parameter being radial distance. However, in studying multiple workplaces, a more 
natural context would be a two-dimensional city. Instead of dividing land into concentric 
rings, one might, for example, consider a checkerboard of land parcels (which Mills P] 
has used in a different context). Given the present stage of development of these algorithms, 
such an approach might piCSRld severe computational difficulties. 
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6. A Numerical Example 

In this section a small numerical example of the algorithm is presented. 
Some of the parameter values were generated from the data underlying 
Muth’s [12] computations, while others were chosen arbitrarily. The example 
is not meant to be a realistic representation of an urban area. 

The city has five circular rings. The first ring has a radius of 1 mile, and the 
remaining rings are each I mile wide. The first and third rings are the only 
ones which are zoned commercially. All rings permit land to be used for 
residential purposes. One-third of the land in each ring is assumed to be 
available for residential or (in rings I and 3) commercial use. 

There are five basic categories of goods. There is a commercial good, 
which can be produced in either ring 1 or ring 3 (reflecting our zoning 
assumptions). The other goods arc capital, land, housing, and labor. 

The commercial good is produced with inputs of capital, labor, and land. 
Capital and land inputs are used in the production of housing. Production 
of the commercial and housing goods is described by CES production 
functions of the following form: 

Q - "''’ + 4.4'' "■•’ -I ", 

where Q is output, a is the elasticity of sub.stitution, h is the degree of 
homogeneity, .Vj denotes the input of capital, x.j. the input of labor, and jt* 
the input of land, with x, 0. The production function parameter values 
used in the numerical example are given in Table I. The ^3 coefficient refers 
to land input from the particular ring in which the good is being produced. 
We are assuming that the production function for housing is the same 
in all rings, but the production function for the commercial good does differ 


TABLE I 

Production Function Parameters 


Parameter 


Good 

(8. 


183 

rj 

h 

A 

Commercial 







Ring 1 

0.10 

7.5 

0.160 

2.00 

0.5 

100 

Ring 3 

0.20 

10.5 

0.160 

2.00 

0.5 

100 

Housing" 

2.42 

0.0 

0.025 

0.75 

1.0 

1 


° and p, for housing are derived conditional on the elasticity of substitution, using 
Muth's [12, p. 314] methodology and data. 
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between rings I and 3 (perhaps reflecting differences in transporting the 
good to an appropriate market). 

The amount of land used in the production of the commercial good in 
rings 1 and 3 is endogenous. If land in ring 1 is used, we say a CBD forms 
(whose radius is endogenous but bounded above by the radius of ring 1). 
If land from ring 3 is used in the production of the commercial good, we say 
a SBD (suburban business district) forms, whose size is also endogenous, 
subject to the zoning constraint. 

There are two diflercnt types of households, with 100,000 households of 
type I and 89,000 households of type 2. All households of a given type have 
identical tastes and initial endowments. Each household is assumed to make 
250 commuting work trips per year, with 8.76 hours available for work and 
commuting on each work day. There are two potential workplaces. The 
number of households of a particular typ>e which commute to a particular 
workplace is endogenous. Commuting distances between the various rings 
and potential workplaces are given in Table II. Commuting times from the 
various rings to the two potential workplaces are generated from the com¬ 
muting distances of Table II under the assumption of an average velocity 
of 21.3 miles per hour. 


TABLE 11 

Round Trip Commuting Distances (miles)" 


Workplace 


CBD 

SBD 



2 3 5 7 9 

3 2 12 4 


“ The distances between ringy (y = 2,..., 5) and ring I (CBD) and between ringy (y = 2, 
4,5) and ring 3 are measured from the midpoint of ring/to the midpoint of ring I or ring 3. 
The distances in column 1 are measured from the outer edge of ring 1 to the midpoints of 
rings 1 and 3. The distance in the third column of the second row is measured from the 
edge of ring 3 to its midpoint. The equilibrium solution is not very sensitive to the con¬ 
ventions used in deriving these distances. 


Each household of type 1 has an initial endowment of 15 units of capital, 
while each type 2 household has an initial endowment of 6 units of capital. 
Type 1 households own seven-tenths of the land in each ring which is available 
for residential or commercial use, with type 2 households owning the 
remaining three-tenths. (Land not available for commercial or residential use 
is not privately owned.) Profits from production are distributed equally to 
all households. 
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The preferences of each household are defined by a CES utility function 
of the form 

U =■ -I- 

where U is the utility level, S is the elasticity of substitution, is the con¬ 
sumption of the commercial good, and y.j is the consumption of housing in 
the ring in which the household resides, and are assumed to be non¬ 
negative.“ (See Table 111.) 


TABLE 111 

Preference Parameter Values 


Household type a, [«2 S 


1 0.75 0.25 1.05 

2 0.50 0.50 1.20 


Some of the results of the numerical computations are presented in 
Table IV. In the equilibrium solution of Table IV, the absolute value of 
excess demand for land in any ring is less than 1 percent of the total supply 
of land in the ring whose use is endogenously determined. The absolute value 
of excess demand for any of the other goods is less than 0.03 % of its total 
equilibrium supply or demand.’**' 


We have chosen production and utility functions for which closed form solutions for 
profit-maximizing quantities and utility maximizing quantities as a function of prices can be 
found. Without such closed form solutions, the computational requirements of the al¬ 
gorithm would be prohibitive. Also note that not all the assumptions of Section 2 are 
satisfied by our specification of tastes and technology. (For example, (D.lb) is not satisfied 
by our CES utility functions.) However, these assumptions are sufficient, but not necessary, 
for the successful convergence of the algorithm. If we did want to modify our description 
of tastes and technology to ensure these assumptions are satisfied, we could do so in an 
ad hoc way. For example, in order to satisfy (D.lb), the CES utility functions could 
simply be truncated at some arbitrarily large levels of consumption of the two goods. 

™ These excess demands can easily be reduced, but at the cost of additional computa¬ 
tional time. The approximate equilibrium in the numerical example was found in about 
89 seconds of CPU time on an 1BM370-148 computer. (On a faster computer such as an 
1BM370-168, this CPU time would be reduced by a factor of roughly 16.) Excess demand 
vectors corresponding to 484 different price vectors were calculated before the approximate 
equilibrium solution was found. No prior information about the equilibrium prices was 
used (that is, search was initiated at the center of the price simplex). Fixed point methods 
in general are less efficient the higher the the degree of nonlinearity of the functions involved. 
The numerical example presented was deliberately chosen to be highly nonlinear (as 
reflected in the low values chosen for the elasticities of substitution). 
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TABLE IV 



An Approximate Equilibrium Solution 






Ring 




1 

2 

3 

4 

5 

Land rental' 

1115 

993 

753 

649 

550 

Housing price'' 

1923 

1911 

1884 

1870 

1856 

Population density' 

21.59 

19.79 

16.06 

8.98 

7.93 

Fraction of type H 

CBD 

0.12 

0.39 

0.11 

0.00 

0.00 

SBD 

0.00 

0.00 

0.38 

0.00 

0.00 

Fraction of type 2 

CBD 

0.00 

0.00 

0.00 

0.00 

0.00 

SBD 

0.00 

0.00 

0.00 

0.47 

0.53 

Capital/land in housing' 

179 

164 

133 

119 

105 


Additional prices 
Commercial good $ IS6I 
Wage' 

CBD $4732;yr 

SBD $4633/yr 

Capital S108/yr 

Size of commercial zones 
CBD' 0.19 

SBD 0.08 


“ Dollars per year per acre. Prices arc normalized by setting the rental on a unit of capital 
at SlOS'yr. (See Muth [12] for the derivation of this rental value on capital.) 

'' Dollars per year. 

' Number of households per acre of residential land in the ring. 

^ Entries in the CBD row denote the fraction of all households of type I who reside in 
the particular ring and commute to the CBD. Similarly, entries in the SBD row denote the 
fraction of all households of type I who live in the particular ring and commute to the 
SBD. (Fractions have been rounded to the nearest hundredth.) 

” Units of structure per acre. 

' This does not represent annual wage income, which equals the wage multiplied by the 
time per year spent working. 

' The amount of land in ring I devoted to commercial use divided by the amount of 
land in ring I available for commercial or residential use. An analogous definition holds 
for the SBD entry. Under the assumptions that land closest to the city center within ring 1 
is used commercifiily, and that the fraction of land in any annulus within ring I that is 
available for residential or commercial use is the same, the CBD entry implies a CBD 
radius of 0.43 miles. 
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The computation time rises quadratically or faster with the dimension of 
the simplex. This can be a serious problem since goods such as housing must 
be parameterized by their ring of origin. However, there are a number of 
ways of taking advantage of the special structure of some of these models 
to reduce the computation time substantially. 

First, the version of the Scarf algorithm we used allows one to initiate the 
search for equilibrium prices anywhere on the simplex. Thus prior information 
about the nature of the equilibrium prices (e.g., the general shape of the land 
rent gradient) can be used in deciding where to start the algorithm (rather 
than simply starting at the center of the simplex.)™ 

The most time-consuming part of the computations is the calculation of 
the excess demands, in particular the exponentiation involved in finding 
demands and supplies. If we can describe production by means of a constant 
returns-to-scale technology (using continuous production functions and/or 
an activity analysis framework), then we can use an alternative labeling 
scheme which greatly reduces the number of exponentiations which must be 
performed. Price vectors in the grid are labeled by cither a vector of demands 
(calculated in the same manner as described in Section 4) or a profit- 
maximizing activity vector, in a manner analogous to Scarf’s procedure in 
[17]. 

The most direct way of increasing the algorithm's efficiency is to exploit 
relationships which must characterize an equilibrium position to reduce the 
dimension of the simplex over which search is conducted. For example, 
we know that in equilibrium, constant returns to scale industries with 
positive production levels must make zero profits. We exploited this property 
in our numerical example to reduce the dimension of the simplex by 5, 
confining our search to a unit simplex involving only the prices of the 
commercial good, the wages in each workplace, the price of capital, and the 
land prices in the five rings. Given a grid vector p' of these prices, a general¬ 
ization of the procedure illustrated in Fig. 1 of Section 4 was used in deriving 
appropriate excess demand labels. This generalization is illustrated in Fig. 2. 

Corresponding to p* we derive a profit-maximizing production vector x 
(whose coordinates correspond to those of p') for the commercial sector only, 
and an associated level of profits p*j. (Here we exploit the property that 
housing does not appear as an input in the commercial good production 
functions.) Next we impose zero profit conditions on the production of 
housing (one for each ring), given the land prices and capital price embodied 
in p', to derive a vector of housing prices consistent with profit maximiza¬ 
tion in these industries.®^ Then, conditional on p‘ and f>* and the profits p‘j 

*" Using ditferent starting points may also be useful in checking on the possibility of 
multiple equilibria. 

“ It is crucial to the efficiency of the algorithm that the unit cost function for housing 
can be written as a closed form expression in the factor prices. 
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net production: commercial sector 
profits 

implied housing prices 
partition 

demands (excluding housing) 
housing demands 

net production 
Figure 2 

(there are no profits in the housing sector), we derive in a manner analogous 
to Fig. I a partition and utility-maximizing aggregate demands for all the 
goods. (We have broken the utility-maximizing demand vector into two 
vectors in Fig. 2.) Next we calculate the cost-minimizing amounts of capital 
and land from the various rings needed to produce the vector of demands 
(minus the endowments of housing, which are zero in our example). Then 
these amounts of capital and land are added to the net commercial produc¬ 
tion vector .V to obtain the net production vector .r'. Then the r\j , and j' 
are used as in Section 4 to create excess demand labels. As before, the 
algorithm will guarantee zero excess demands for all goods whose prices 
arc represented on the simplex. For housing in the various rings, zero excess 
demand is built into each label as described above. 

King [4] and Arnott and MacKinnon [I] exploit zero profit conditions in 
analogous manners in their papers. However, Arnott and MacKinnon also 
exploit the property that the equilibrium level of utility of a household of a 
given type will be the same in any ring in which hou.seholds of that type 
reside in the equilibrium partition.^® By exploiting some additional special 
structure of their model (in particular that households do not own any of the 
land in the urban area) they are able to confine their search to a simplex 
involving a single price. While we cannot expect to obtain such a drastic 
reduction in the dimension of the simplex for the more general models 
discussed in this paper, a considerable increase in the efficiency of the 
algorithm can still be obtained by exploiting certain characteristics of 
equilibrium positions. Also, if one can eliminate from the simplex prices 
that are parameterized by ring (such as housing and land prices), then the 

Given the structure of their model, the maximum utility level {/' attainable by a 
household of a given type in one specific ring can be derived from a grid price vector p‘ 
on a simplex of reduced dimension. Then, using the indirect utility function, the maximum 
levels of utility attainable in other rings (which will be functions of other prices in addition 
to p') are set equal to U', and those equations are then solved for those additional prices. 
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urban area can be divided into many more rings without increasing compu¬ 
tational requirements prohibitively, and hence better approximations to 
continuous cities can be obtained. 


7. Concluding Remarks 

In this paper we have described a computational technique which we feel 
will be a useful supplement to purely analytic models in studying resource 
allocation and distribution in urban areas. We have touched briefly upon 
just a few of the empirically relevant characteristics and policies which can be 
simulated using our framework but which are analytically intractable in 
most of the current urban models. Much work remains to be done, however, 
especially in analyzing the location of concentrations of production and the 
associated issue of scale economies. We feel that the techniques developed 
will be most useful in the study of relatively small scale models, much in the 
spirit of Muth [12], with parameter value choices based upon empirical 
evidence (such as cconometrically estimated demand and production 
functions). 
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I. IN1«0I)IK'7I0N 

The development of price and extraction of a nonrenevvablc resource 
owned hy a monopolist has been analysed by Kamien and Schwartz [4], 
Levvis |5]. Stiglitz |X], Sweeney [9], anti others. The present paper analyzes 
how the extraction of a resource owned by a monopolist is alfected by the 
existence of a perfect substitute for the resource. 

To focus on the existence of a substitute produced by a “backstop 
technology” (see [6]), we disregard changes in the demand function over lime 
(see f8]) and costs depending on current extraction (see [9]), or on remaining 
rc.serves (see f2. 7J). Section 2 gives the monopolistic extraction paths in 
three cases; (I) no substitute exists. (2) the resource owning monopolist 
controls the production of the substitute, and (3) the substitute is supplied 
competitively. Section 3 compares these three cases for a general class of 
demand functions. In Section 4 the special case with a constant demand 
elasticity and zero extraction costs is treated, before some conclusions are 
given in Section 


2. fiiH Ihrik Monopoi.y Casfs 

In all three cases a monopolist is assumed to maximize discounted profits 
ly, where 


IT -- r e-'''[/'(A{t) i , 1 ( 0 ) - hx{i) ('.)■(;)] tit, (1) 

• I) 


* An earlier version of this paper wa.s written during a one year vi.sit at MIT, and pre.sent- 
ed at The European Meeting of the Eeonometrie Society in Vienna, September 1977. 
Financial support from The Bank of Norway’s Fund for Economic Research and The 
United Slates Educational Foundation in Norway is gratefully acknowledged. I would 
also like to thank Donald Hanson, Hal Varian, and two anonymous referees for useful 
comments, 
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subject to 

.S’(/} xUh 5(0) S„, (2) 

SXt)-0, .v(t) 0, }■(() ■ 0. (3) 

Here v and i> stand for resource extraction and substitute production by the 
monopolist, while A' is the remaining resource stock (iSj, is given). The discount 
factor (/■) and the unit cost of producing the substitute (r) are both positive, 
and the unit cost of resource extraction (h) satisfies 0 ■ h ■ c. The function 
I'{\ ; r) gives the monopolist's total revenue. 

In the case with no backstop technology we have the additional constraint 
y(t) 0, and the revenue function is 

F(x) x/(x), (4) 

where / '(/<) is the demand function and p is the price of the resource. 
Throughout our analysis we assume that 

Lim /(.v) xi (5) 

so that we can disregard the possibility of zero resource extraction when there 
is no substitute. We also assume that /' ■. 0 and that is strictly 

concave, so that the marginal revenue function declines with .v everywhere. 
Under these assumptions it is well known (5, 8] that the monopolist’s optimal 
extraction path makes the marginal current profit rise with the rate r, with the 
initial extraction determined so that 

r.v(r)r// A'„. (6) 

• 0 

Defining 

<7 ^ .ff( v) fix) + x/'(x) — b (7) 

as the marginal current profit, we therefore have 

r/i(0 Vi(0)f'^', (8) 

where the subscript I refers to case number I. The value of (/i(0) is determined 

so that (6) holds when .v ■- g ‘(c/) is used. 

If substitute production is possible and controlled by the monopolist there 
are no additional constraints to our problem (l)-(.3), and /'(.v ■ r) 

' y)f{x • >■) like before. Since c ■ h and r ■ 0. it is obviously not 
optimal for the monopolist to start producing the substitute before the 
resource is exhausted. F-urthermore, after the date of exhaustion we must 
have marginal revenue equal to marginal cost, i.e., qJ,l) - h --- c from (7) 
(the subscript 2 refers to case number 2). Like before, we have qj(t) rising 
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with the rate r as lontt as resource extraction takes place, and it is easy to 
verify that 7 //) must reach its long-run value (r -- h) exactly when exhaustion 
occurs (sec, for instance, [3asgupta and Stiglil/ fl] or Hoel [3]). The solution 
in this case is therefore given by 

7,(/) U- (9) 

where T., is the dale of exhaustion. The value of T., is determined by the fact 
that ( 6 ) must hold with .v(/) g '( 7 -(/)) for / ■ T., and .v(r) 0 for / T, 

inserted. 

Our third monopoly case is slightly more complicated than the two 
previous ea.ses. Mere we have the constraint i’(/) - 0 like in case number 1 
(remembering that y is the quantity of the substitute produced by the 
monopolist). Furthermore, the monopolist cannot sell any resources at a 
price exceeding the competitive substitute price c. To simplify the malhe- 
malics, we assume that the monopolist can sell as much as he wishes, up to 
the total demand / \/t), at p c. Since r ■ 0, it will not be profitable for 
the monopolist to have 0 .v(/) - / '(<') for any period, since he at the 

price c could obtain a higher discounted profit by letting .v(f) - / '(c) first 
and .v(t) - 0 later in such a period. We can therefore solve the optimization 
problem by introducing the additional constraint 

■v(/) . / '(c) or .v(r) 0 . ( 10 ) 

For the same reason as 0 < .v(r) j' '(c) never would be optimal it is clear 
that it cannot be optimal to have .\{t) ■ 0 after a period where x(f) - 0 . 
The optimization problem (l)-(3) with the additional constraints v(r) 0 
and ( 10 ) therefore has the same solution as maximizing 

I c "[F{v(t)) -- /xv(f)] cJl 

‘II 

subject to (2), (3), and .v(/) / '(c), where the date of exhaustion T, is a 

control variable. The Hamiltonian corresponding to this problem is 

//(.V, A, f) c '■'[F(.r) — h.x\ - A.v, (11) 

where A is a positive constant since S does not enter the function //. The 
optimal extraction path .Y;,(/) must satisfy 


A, t) 0, 


where < implies .Vaft) - - J He). Together with (4), (7), and (11) this means 
that 


g(Xj(t)) < C'A, 


(12) 
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where < implies .v(/) =- The horizon must satisfy 

A, 73 ) 0, i.e., from (4) and (11) 

(■/';,)) - h) - A] =- 0. (13) 

From (12) we see that .V 3 (/) is nonincreasing. Furthermore, the constraint 
x{t) , / ’(e) must sooner or later be binding, otherwise the present case 
would be identical case 1 , and since ( 8 ) implies that .y,(/) •; / ’(c) for a 
sufficiently large value of r, this would give us a contradiction. These two 
properties of the solution x^{t) imply that x.j(Ta) — /“’(c), so that (13) gives 
us 

A = e-'\c — h). (14) 

The solution for q.Jlt) j?(-V:,(r)) follows from (12) and (14); 

c,,{l) - Min[. 7 ,(c-fo)e-’<^-"], (15) 

where 

4 ,<f(/ '(f)) - (f -• *)■ (16) 

l.ikc before, T, is determined by the fact that ( 6 ) must hold with .v{/) -- 
.? 'Uh(t)) for / T;, and .Y(t) 0 for / > 77 inserted. In other words, the 

monopoly solution in this case has two phases: In the lirst phase the marginal 
current ()rolit rises with the rale r until the resource price reaches its upper 
limit f in the end of this phase. In the second phase the resource price is 
constant and equal to c, and this phase lasts until the resource is completely 
exhausted. Notice that the second phase must always occur in a solution 
(cf. (15) and (16), which imply that ^ 3 (^ 3 ) ' <7 for t sufficiently close to Tj). 
However, the first phase need not exist. This is true no matter how large ■S’,, 
is if 7 0. Since h 0, it is clear that a siiffii ient condition for </ .. 0 is 

that the demand elasticity ( fj{ xj')) is smaller than one for all p < c. If 
the second phase docs not exist (due to cj ■"[ 0 or 6 ’,, sufficiently low to make 
c ''-‘(c 6 ) ■ < 7 ), the monopolist’s solution is simply to set x(t) f ’(c) 

until the resource is exhausted. 


3. Comparison of the Three Cases 

We now compare the three monopoly solutions. In particular, we compare 
the initial price and extraction, remembering that/; is strictly increasing in q 
(P .7(k' ‘(f/))) anti Ihtd -t' is strictly decreasing in q (.y - .!,'"’(«/)). 

The first dilTercnce we notice is that while the natural resource never is 
completely exhausted when no substitute exists, it is exhausted in finite time 
in both the cases in which a substitute exists. 


643 / 19 / 1-3 
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Since the first two monopoly cases both are characterized by r/0) increasing 
with the rate r whenever extraction takes place, q.^t^ — 7 i(r) must have the 
same sign for all t ■. T.^. But since the resource is exhausted in finite time 
when a substitute exists, and x is higher the lower q is, we must have < 7 .//) < 
r/,(/) for all t T.,. I’rom the relationship between q{l), ir{t) and x(t) we 
therefore can conclude that 


/>i(0 for all /, 

. A,(/) for all f < . 


(17) 


In other words, the resource is extracted at a faster rate before exhaustion 
occurs in the case with a substitute than in the case without a substitute. The 
price of the resource and substitute is therefore always lowest in the case with 
a substitute. 

Let us now compare the date of exhaustion in the two cases with a sub¬ 
stitute. Assume first that T), • 1'.,. From (9) and (15) we see that this implies 

. </a( 0 ‘tt>dx'.(/) .v.j(r), with a strict inequality holding for / sufficiently 

close to 7a. But since the same total st<Kk 5# is assumed to be extracted by 
the date of exhaustion in both cases, this inequality must imply T;, < fa • 
This contradiction proves that 7’., T. cannot be true, i.e., we have 


Tt<n. 


(18) 


In other words, the resource is exhausted at an earlier date when the substitute 
is supplied competitively than when it is controlled by the re.sourcc owning 
monopoly. 

From (9) it is clear that we may well have/>.//) > c for all t. Since /?.■,(/) c, 
this means that pjij) /',i(/) for all t is possible. However, we see from (9), 
(15), and (18) that 


/’;.( 0 ) ^ ■ 7 ’ 2 ( 0 ). 

.V 3 ( 0 ) < Xa( 0 ) if 773 ( 0 ) < c. 


(19) 


This result is rather surprising. The case in which the substitute is supplied 
competitively is in a sense more competitive than the case in which the 
monopolist controls substitute production as well as resource extraction. 
Intuitively, one might expect the price alway to be lowest in the most com¬ 
petitive case, at least for some well-behaved demand functions. The result 
above shows that this is never true unless the constraint p^{t) <; c is binding 
for all f. The initial price is higher, and initial extraction lower, in the case 
with a competitively supplied substitute than in the case in which the 
monopolist controls the substitute production, as long as p^{0) < c. 
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Since T.^ 
i.e., 


, we obviously must have x^{t) > x^{t) for some t < T^, 


Pjj) 


( 20 ) 


for t smaller than but sufficiently close to T-^. This result helps explain why 
PJS>) -' /'a(O) is not so surprising after all; The existence of the constraint 
P;j(/) '; c when the substitute is supplied competitively prevents the mono¬ 
polist from charging as high a price sometime in the future as he would have 
if he controlled the production of the substitute. It then seems reasonable 
that some of this reduced future price will be compensated for by raising the 
price early in the period of extraction. 

From (17) and (20) we see that 


Psit) < Pi{t)> 


.Vj(/) > .Y,(<) 


( 21 ) 


for t smaller than but sufficiently close to T.^. However, with the general 
assumptions used so far it docs not seem possible to sign p^(P) — /7,(0) or 
.V;,(()) - .v,(0) unambiguously even for the case in which Pa(0) < c. In the 
next section we see that this can be done for the special case with zero extrac¬ 
tion costs and a constant demand elasticity. 


4. Zero Exiraction Costs and a Consiant Demand Elasticity 
In this section we assume that h -- 0 and that 

f{x) A"'*, where 0 < a < I. (22) 

This implies that 

q == g(.v) = (I — o) and 17 = (1 — a)c. (23) 

From ( 8 ) and (23) we get 

JEi(0 - ^ -YifO) e <'■/“>', (24) 

which inserted into ( 6 ) gives, after integrating, 

A-i(0 - ^ •Soc"'’-/"". (25) 

It is well known [5, 8 ] that the extraction path described by (25) is identical 
to the exiraction path under perfect competition. 
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From (9) and (23) wc get 


1 — a i*'“ 




,<r/«)(r. I) 


Inserting this equation into (6J and integrating (remembering that .v^(f) - 0 
for f - gives 

so that (26) may be rewritten as 


[-'■ S' I 

/I - - </ \’/"1 


7 7 J 


which holds for all t T.,. Comparing (27) with (25) of course confirms 
our general result (17). 

Oasgupta and Stiglitz [1], Hoel [3], and Nordhaus [6] have shown that the 
competitive extraction path when a substitute exists is given by (9), except 
that q., is substituted by p., - h. fn the present case this is the same as sub¬ 
stituting c with c(l - a) '■ in (9). This means that the competitive solution 
is given by (27) with (1 — a)jc substituted by Xjc (see [1, Sect. 2.1]). We 
therefore have the following result for our present case; While the compe¬ 
titive and monopolistic extraction paths are identical when no substitute 
exists, the presence of a substitute gives the competitive path a higher rale of 
resource extraction up till the date of exhaustion than the rate of extraction 
is when a monopolist controls resource extraction and substitute production. 

Let us now turn to the case in which a monopolist extracts the rcst)urcc 
and the substitute is supplied competitively. From our result (19) and what 
wc said above, it is clear that unless pJlfS) c, this intermediate market 
structure does not have an initial price and initial extraction rate which lies 
between the prices and extraction rates of full monopoly and full competition. 
To study the present market solution in more detail, we find an explicit 
solution for .x,,(t). 

From (15) and (23) wc get 

(h(0 ■■= 

which together with (23) gives 

x-lf) = c-''“ • Maxll, (1 - Oj (28) 

The case in which p/t) c for all t is uninteresting, as it simply gives 
x-Jit) ^ for all t until exhaustion occurs. Let us therefore assume that 
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Sg is sufficiently large to make p^{0) < c. Denoting the time when p^t) = c 
is reached by , we see from (28) that 

(29) 


T’a /a 


^ ln(l - a). 


(29') 


In other words, the period with constant extraction is independent of c and 
Inserting (28) in (6) and using Y;,(f) ^ 0 for t ^ 7j gives us 

[(I -- a)''" I c ''-/'”* f// i ('/’a - /,) = , 

*■<» 

which after integrating, using (29) and (29') and rearranging terms gives 

(1 - ay " -- -sy -'" -1 - -? 1 , 

a a 

By inserting this expression into (28) vve obtain 


xy) 


- Max jc 



a ! ln(J - a) 
a 



(30) 


which is valid for all t < . From our assumption Pa(0) < c we have 


.vs(0) 




ln(l 

a 


o) 


(31) 


Since 0 < a < I, wc have « | ln(l — a) < 0. Comparing (31) with (25) we 
therefore can conclude that in our present case 


/’slO) ' - /7,(0), 

■V 3 ( 0 ) < .v,(0) if p;,(0) < c. 


(32) 


In other words, the initial price is higher and the initial extraction is lower 
when a substitute is supplied competitively than when no substitute exists. 
This rather surprising result can be given an interpretation similar to the 
one we gave after (20): Introducing a competitively supplied substitute 
affects the monopolist in the same way as introducing a maximal price c. 
If such a maximal price depresses the monopolist's future price, some of 
this price reduction may be compensated for by raising the price early in the 
period of c traction. 


^•43 T9'i-4 
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When a substiluic exists, one expects the price to be lower the lower this 
cost is. This is indeed the case when the monopolist controls substitute 
production: From (27) we get ixj^t)jic < 0 for all t, which means that the 
extraction will be higher, exhaustion will occur earlier and the price will be 
lower the lower is the cost of producing the substitute. From what we said 
above about the competitive solution, it is clear that the same results hold 
under full competition. It is also easy to see that these results arc valid also 
for the more general case treated in Sections 2 and 3. 

From (31) it is clear that as longaspaft) c we get f > 0. In other 

words, the initial price is higher and the initial extraction is lower the lower 
the cost of producing the substitute is. F’or larger values of t we have pj^t) c, 
so that the opposite result is true for this part of the extraction period. 
Clearly cp^{0)/i-c 0 must imply : 0 by the definition of r, (i.e,, 

- f )- But since 7’;, — is independent of c (cf. (29')), this means that 
the resource will be exhausted earlier the lower is the cost of producing the 
substitute. 

We saw above that the initial resource price is higher the lower the cost of 
substitute production is, as long as this cost is relatively high. For lower costs 
of producing the substitute (giving p^iO) ~ c), the initial resource price is 
lower the lower this cost is. One may be interested in knowing more precisely 
how low c may be before p^(0) c. From (30) it is clear that the critical 
value of f, denoted by c, must satisfy 


i.e. 






r —ln(l — fl)-|« 
I /-.Vo J • 


(33) 


From (33) we see that c is higher the lower the initial resource stock Sg is 
and the lower the demand elasticity l/o is (i.e., the closer to zero 1 — a is, 
remembering our assumption a < I). In the limiting case when c = 1 we get 
c — + 00 , i.e., pgiO) — c no matter what values Sg and c have. 


5. Conclusions 

We have seen that for quite general demand functions, the intermediate 
market structure in which a monopolist controls resource extraction, but a 
substitute is supplied competitively, gives a higher initial price and a lower 
initial resource extraction than we get when a single monopolist controls 
both resource extraction and substitute production. This conclusion holds 
as long as the cost of producing the substitute exceeds the initial price charged 
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by a single monopolist in control of both resource extraction and production 
of the substitute. 

In the special case treated in Section 4, we found that introducing a 
competitively supplied substitute would increase the initial price the resource 
monopolist would charge, as long as the cost of producing the substitute 
exceeds this price. 

A market structure with resource extraction fully monopolized and 
substitute production perfectly competitive is of course a very special 
situation. If our results were only valid for this special market structure, their 
significance would be rather limited. However, there is nothing in the 
preceding analy.sis indicating that these results hold only for the market 
structure studied. There probably also exist more realistic market structures 
giving similar results, for instance some cases in which the market conditions 
both of resource extraction and substitute production lie somewhere between 
perfect competition and full monopoly, with the resource extraction being 
more monopolized, in some sense, than the substitute production. 
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1. IN7R<)DU<"II0N 

This paper applies results for quadrivariate normal orthant probabilities 
to election situations to derive probabilities of the occurrences of several 
interesting events as the number of voters approaches infinity. Since large 
electorates are not uncommon, the derived limit probabilities have obvious 
relevance for practical situations. This is discussed further in the final section 
of the paper. 

The generic voting situation used throughout the paper consists of m 
candidates or alternatives n,, a.,a ,„, and an odd number n of voters, 
liach voter is assumed to have one of the ml linear orders on {ai , w,,,) 

as his or her preference order. The distribution of voters’ preference orders is 
presumed to be governed by the so-called impartial culture hypothesis. This 
means that a randomly chosen voter will have a randomly chosen linear 
order as his or her preference order with probability )//«! , and that this 
probability is independeni of other voters' preferences. 

The events whose limit probabilities arc derived in ensuing sections involve 
aspects of the simple majority relation on (</, ..... a,„) along with several 
point-count methods for determining winners in voting situations. Liach 
derivation is based on four discrete variates, say I'j through r,,, that involve 
the linear orders on the alternatives and have zero expected values under the 

* This research was sapporled by a grant from the National Science l-ounilation to The 
Pennsylvania State University. Dr. Lishburn's present aditrcss is Hell l.aboratories, Murray 
Hill, N..1. 07974; Dr. tiehrlcin's present address is Department of llusiness Administra¬ 
tion, University of Delaware, Newark, Del. 19711. 
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impartial culture hypothesis. The variates are defined in each case so that the 
primary event under consideration occurs if and only if p, ; ■ 0 for each /, 
where r, is the average of the values of v, for the n voters’ preference orders. 
Since the event {f, ; 0: i — i, 2, 3, 4} is equivalent to > 0: 

i 1,2, 3, 4|, wc obtain the limiting quadrivariatc normal distribution of 
fjAj'“) from the four-variate extension of the central 
limit theorem [12, 18], This distribution has zero mean and covariance matrix 
[f(c,rj)] with corresponding correlation matrix p. The desired limit proba¬ 
bility of the primary event is then obtained as the positive orthant probability 
of the limiting distribution, liach correlation matrix that we obtain has a form 
for which the positive orthant probability is known from previous research. 

rile foregoing approach is applied to live types of voting events. These 
events and the results obtained for their limit probabilities arc outlined 
followiiig a few introductory definitions. L'ach event is then examined more 
clo.sely in succeeding sections. 

l.ct .S' be the binary relation of strict simple majority for a generic voting 
situation, so that a.SOj if and only if more voters prefer cif to Oj than prefer 
f/j to u, . An odd number of voters with linear preference orders ensures that 
5 is complete. An alternative is a ConJorcet allernaiii c if and only if it bears 
the relation S to [has a simple majority over] every other alternative. An 
alternative is the Comhrert loser if all other alternatives bear the relation S 
to it. 

Given a real vector ir (u’l. ir.,,..., the ir score of alternative a,- 
equals 2]!, . where it,, is the number of voters who have a, in the Jlh 

position in their preference orders. (First position is most preferred: /»th 
position is least preferred.) An alternative is a w-allcrnuiii c if and only if its 
iv score is as great as the ir score of every other alternative. When ir 

(HI I, HI 2 . 1,0), a u'-alternativc is called a Bordu ullcniuiive, and, 

when ir (1,1).0), a ii'-alternalivc is referred to as a simple pluruHty 

altcriuilire. 

riie first event of interest occurs if and only if there is a Condorcet alter¬ 
native. As Condorcet [2] mrlcd, cycles in .V can prevent the existence of such 
an alternative. Let P„, be the limit as n <• ocj of the probability that there is a 
Condorcet alternative with m alternatives. Guilbaud [11] showed that 

A, ? : (3/(277)) sin U. (1) 

May [14] presented a theorem that was later proved by l ishburn [7] which 
implies that 

P, i - (3/77) sin ' I (2) 

Neimi and Weisberg [15] extended the work of Ruben [17] to obtain values 
of P,„ for all m 49. However, since Ruben's approach is a recursive 
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procedure involving evaluation of functions by quadrature, it yields only 
numerical values of witiioul giving specific forms as in (I) and (2). Specific 
forms for anci are derived in the next section of the present paper. 

T he second event we consider occurs if and only if the simple majority 
relation .S' is transitive. I.et PJ be the limit probability that S is transitive 
when there ai'e iii alternatives. Although P;,' P ^,, P.^' is not equal to P, 

since there can be a C'ondorcet alternative when S cycles on the other three 
alternatives. An expression for P^' is obtained in Section 3. 

Our third event involves the effect of abstentions on election outcomes. 
It is assumed that each potential voter has the same probability k f.- [0, 1] 
of aelually voting. Given m alternatives, we then let P,„(k) be the limit 
probability that there is a Condorcet alternative for the set of all potential 
xolers, there is ;ilso a C'ondorcet iilternative for the set of all nonabstaining 
voters, and these two C'ondorcet alternatives are identical. The conditional 
probability that thei'c is a Condorcet alternative for the nonabstaining voters 
that coincides with the global C'ondorcet alternative, given that the latter 
exists, is therefore Pi„(k)!P,„ ■ Gehrlein and Fishburn [ft] have shown for the 
two-allernativc ease that 


P.^k) (l/jr)cos ■( k' -^). 

In Section 4 we derive a simple expression for f’.i(A'), thus extending the study 
of the elfects of abstentions on Condorcet alternatives to three-candidate 
elections. 

The fourth event is concerned with coincidence between the Borda and 
simple plurality point-count winners. Given m alternatives, let Q,,, be the 
limit probability that a Uor<la alternative will be identical to a simple plurality 
alternative. (As ii ro, the probabilities of tied Borda alternatives or tied 
plurality alternatives goes to zero, so that it sufiiecs to consider eases with 
unique Borda and simple plurality alternatives.) Since the Borda and simple 
plurality m’s are identical when ni 2, (2., I. An exact relation for (2, is 
determined in Section 

The fifth event considered is the coincidence between the Condorcet loser 
and the plurality winner. As before, the probability of lied plurality winners 
goes to zero as n ► so if is suflicicnt to consider the case in which the 
simple plurality winner is unique. For ni alternatives, let T,„ be the limit 
probability that a Condorcet loser will be a simple plurality alternative. 
Section 6 presents an exact relation for . 

Gf related interest is the likelihood of coincidence between the Condorcet 
alternative and the ti'-alternalive. Given m 3 and ir (1,A, 0), with 
0 - A • 1, Gehrlein and Fishburn [10] obtain an expression for the limit 

probability P-^iX) that there is a Condorcet alternative and the w-alternative is 
identical to the Condorcet alternative. These limiting coincidence proba- 
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bililies for Ihe Borda and simple plurality cases are given, rcspeclivSj^ by 
2 - (3/(27r))[cos •{8’/=‘/3) i cos ‘(2'/=!/3)]. 

P.*(0) 1 i (3/(4,r))[sin >(2'-73'^=') i-sin '(l/b' ^ ! Isin-’i] (3) 

(3/(47r7)Usin '(2''73‘ 7J- - ^sin-”,Fl 
, (3/(47t7)/-, 

where 

L . 2Z,/,(,/;cos ' i) - LL(f-.cos ■ ‘) f ILLlf*) - \Li./,f^) (4) 

with/ 2 3’/,/,.(c) the dilogarithmic function with real argument z, and 

ti) the real part of the dilogarithmic function with complex argument 
(r, (i). Lewin [13] provides a detailed analysis of dilogarithmic functions. 
A simpler expression for L is obtained in the next section. 

Numerical values of the foregoing coincidence probabilities that are 
accurate to six decimals are 0.822119 and PflO) 0.690763. The 

latter two numbers should be divided by 0.912260 to obtain the 

respective coincidence probabilities given that there is a Condorcet alternative. 
Numerical values of other events arc noted in later sections. 

Our main purpose is to develop analytical expressions for the probabilities 
of the events mentioned above. Section 7 discusses some of the practical 
implications of the derived results. The references that we have found most 
useful in this effort arc cited as we proceed. In addition to these, we note here 
that I3ult [fi] has developed an efficient method for evaluating quadrivariate 
normal orthant probabilities based on Gaussian quadrature that is used by 
Dull and Lin [6] to compute a tabic of orthant probabilities for a variety 
of specific correlation matrices. Although none of their matrices coincide 
with those in the present paper, their approach provides an alternative 
method of computing the probabilities of the events that are analyzed in 
ensuing -.ections. 


2. CoMJORLi r Alifrnaiivfs 


f'o determine /L , the limit probability for the existence of a Condorcet 
alternative when m 5. we obtain the limiting probability P-' that Oj is the 
Condorcet alternative. Then /A by the symmetry of impartial 

culture. The four discrete variates for this case are «, through Uj, defined 
on the set of linear orders on {o,.</-,! by 


II, I if rt, is ranked ahead of (preferred to) a,. , 
u, -- — I otherwise. 


~-TWfKrf 
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Since the probability oC ii, 0 vanishes as /r «■ x, P,,' is the limit of the 
probability that [u, 0: / 1,2, 3. 4|. 

For each voter the probability that u, 1 is 1, and the probability that 
tt, I is i under impartial culture. In addition, 0, E(Ui^) I, 

and l'.{u,u,) for / / /. Hence, as n gets large, the distribution of 
-, ti 2 n‘ i(i«' ') approaches the quadrivariate normal distribution 

with correlation matrix 

I 

:i 
I 

I 
:l 

1 

Hence 7’-,' is the positive orthant probability 0,,(pj) of the quadrivariate 
normal distribution with correlation matrix . Cheng [3] presents an 
expression for 0|(p?) when 

I x yfi 
I 'yJS 

- - I x ’ 

_ - 1 

which, in our special case of .x J and j3 1, yields 

P, (5/16) , (1.5/(477)) sin ‘ J ■■ (5/(47r“))[sin'' 1 -(S/tt^)/., (5) 




where I. is given by (4). Since (3) and (5) both contain P-, can be written 
in terms of /'iJ'lO) and sin ^ values. 

However, a simpler relation for A’-, can be obtained from Abrahamson [I] 
or Posnyakov [16], who examine orthant probabilities when ail correlations 
arc equal. Posnyakov's relation implies that 

I-'-'-’ sin Tv/d 1- 2v')l 

Pr, (5/16) ! (1.5/(477)) Sin 1(15/(277=')) r, - (6) 

•0 I I ' 7 J 

Together, (5) and (6) imply that 


' Isin-' M- = » MQ- ' 




which can be used instead of (4). Substitution of the new cxpres.sion for L 
in (3) yields a simpler expression for Ff(0). 

An expression for Pg is obtained directly from (I), (5) or (6), and the 
recursion relation 7*6 SPj 1 3/'5dcrived by Gehrlein and Fishburn [8]. 
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The result is 


/^, (3/16) I (15/(477)) sin-*' 


( 45 /( 27 r**)) f 


sin ‘ [y/(l i- 2 y)] 


dy. 


Numerical values of through are /*;, 0.91226, A*,, 0.82452, 

A, 0,74869, and 0.68476. 


3. Tran.siiive Simple Majority 


To delermine P,', llic limit probability that .V is transitive on {«,, a.,, Wj, t/j), 
we obtain the limit probability R^' for the event that both of and a,, stand 
in the relation S to both of ‘<i ■ Since R^‘ accounts for four of the 24 

linear orders on («, , w.j, a ,,, «il. it follows from the symmetry of impartial 
culture that T*,' 6 )?.,'. 

The four discrete variates for the R^' derivation are .Vi through .v., . defined 
on the linear orders on U'l r^i) rts follows; 


for i 

1,2: .V, 


.V, 

for / 

3,4: .V, 


•V, • 


1 if r/, is ranked ahead of a.,., , 
I otherwise; 

1 if a., is ranked ahetid of a ,, 

1 otherwise. 


It follows that Ri is the limit of the probability that {.v, 0: / 1.2, 3, 4]. 

Under impartial culture, 6 ,'(.v,) 0, /:(.v/'*) I, /r(,Vi.V 4 ) Rix-.x^) 0, 

and /■{xix.,) /-'(-Vi.Vj,) - ATva-v,) - P(X:fX,) Hence, as/; <- oc.'. (.?,/;* '•*. 

.Vo/J*'-. .xyi*.v,/i''“) becomes quadrivariatc normally distributed with 
correlation matrix 

1 1 \ ^01 


I 


so that Ri Cheng [3] and David and Mallows [4] derive an 

expression for when p* is the same as p., with replaced by .v. In our 

special case of « the David and Mallows result yields 


P^' 



' [--7/(1 

(1 - y2)i 


2y^)] 


dy. 


Numerical evaluation shows that P 4 ' is approximately 0.73946. This may be 
compared to P^ 0.82452. Hence the probability of getting a Condorcet 
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;illernalivi; when S cycles on ihc other three alternatives is P, - P^' 
().()SS06. 


4. AliSJl.NtlON.S AM> CONDORCI T At I I RSiA I IVl S 

Ixt P;,'(A) be the limit probability that «, is the global Condorcet alternative 
from [ii, . ( 1 .,, Wa) and that, when each potential voter has probability k ■ 0 
of actually voting, is also the Condorcet alternative for the set of non- 
abstaining voters. Then, by .symmetry, PalA) iP.,'(k). We shall comment 
later on k 0. 

The discrete variates u.sed for the derivation of /’;i‘(A') are dclined as follows: 

for / 1 , 2 ; tv 1 if is ranked ahead of rt,,,, 

f, 1 otherwi.se; 

for / 3, 4: _i', I if is ranked ahead of a, , and the voter 

actually votes, 

tv 0 if the voter abstains, 

f, 1 if a, I is ranked iihead of ^/| and the voter 
actually votes. 

The probabilities for y, - 1,0, and I for /i.r{3, 4| arc respectively k/l, 
1 A, and A/2. The desired probability /^‘(A) is the limit of the probability 
that { y, 0: / - 1,2, 3, 4]. Note here that the probability of p;, 0 or 
Pi 0 vanishes as n gets large, provided that A - 0. 

In the present case T(y,) - 0, -Pi}-/) l,t'(.iV-) ft.iV") A, 

AXyi.i'a) a, £( I’ll 2 ) i. and £( r, r,) - AX.iv.Vs) £(.13 Vj) - 

A/3. Hence the distribution of ^ Vj/i' ", ys'i' ", y.!«' '“) approaches the 
quadrivariate normal distribution that has correlation matrix 


■ A''" k'^i 

I A'-73 A' “ 

I 

I 

so that £;,'(A) - 0i(p;,). Cheng [3] presents a result for when 



I A /J a/3' 
-I ^ 

-- - I X 
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which, for our special case of n J and ft k' yields 

P,{k) (3/16) I (3;(4,7))fsin * ■ | sin >(A> “) ! sin *(A‘V^)] 

i (3/(47r“)){[sin ^'1=“ 1 [sin - [sin '(A’Wl- (8) 

riie following values of /’s(A) are accurate to six decimal places: 


/'afO.I) 

0.386449, 

^ 3 ( 0 . 3 ) 

0.482587, 

/>3(0.5) 

0.564283, 


0.650084, 

P.JSiM) 

0.763094. 


The value of fafO) depends on our interpretation of Condorcet alternatives 
in the set of nonabstaining voters when the latter set is empty. The values 
PjiQ) 0, PafO) Pj , and P^ii can be obtained under different 

interpretations. We get /’a(0) 0 under our original definition since no 

alternative beats any other alternative by a simple majority within the empty 
set of voters. The value /f)(0) P 3 arises if we relax the original dclinition 
and say that a Condorcet alternative is any alternative that ties or beats 
every other alternative, so that all alternatives arc Condorcet alternatives 
within the empty set of voters. If within the latter context we arc concerned 
about the probability that there is a global Condorcet alternative that is 
the same as the winner based on a random selection from the set of Condorcet 
alternatives determined by the actual voters (when this set is not empty), 
then /f,(0) P 3 / 3 . When A 0, the same value of /';)(A)is obtaincri under all 

three interpretations. 

It may also be noted that none of the three values for /fj(0) in the preceding 
paragraph equals the limit (0.277406) of P,i{k) as k ► 0 since, by (8), this 
limit is /V/3. In other words, the result obtained by selling k 0 and then 
letting n x is dilferent from the result obtained by first letting n >■ x 
and then letting k >-0 which, as May [14] notes, should come as no surprise 
in this type of situation. 


5. Borua and Simpi i: Pioralhy 

To determine C?a, the limit probability that the Borda and simple plurality 
alternatives coincide when m .3, we obtain the limit probability ^3’ that o, 
is both the Borda alternative and the .simple plurality alternative. Then 
C73 3£l3‘. Hie variates for this case are r, through z, . defined on the linear 

orders on {oi , , a-^] as follows: 
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r, I iff/, is I'lrsl, I if w, is first, 

I ifi/.j, is first, 1 ift/., is first, 

0 W' Uj is first, 0 if is first, 

for ;■ .f, 4: r, 2 ifr/, is first and a, , is last, 

I ir«| is ranked inimcdiiilely before a, ,, 

1 if a, , is ranked immediately before «, , 

2 if </, , is lirsl and is last. 

Thus, for n voters, lt^ beats a., and r/;, under simple plurality if r, ■ 0 and 
t., 0, and u, beats and under the Borda point-eount system iff;, ■ 0 

and f, 0. 

Under impartial vulture, /;(;,) 0. A'(r./) i;, 

2, f,, E(z.z.,) .1. and 

I. Hence the limiting distribution of (?,«’■ “. f.g/* -, fyt^''", f,/d''^) is 
quadrivariate normal with correlation matrix 

5 31 / 2/2 3''-/4‘ 

I 3''V4 3*'72 

I i 

i 

so that Since coincides with as given by (7) when -x = -i 

and fi 3''^/2. Cheng's result for this special case yields 

Q,, (12.3/144) I- (3/(4,r7)[sin '(I3''V4)F, 

which is approximately 0.758338. 



6. SlMI'I 1; Pi URAt ITY AND CoNDORt'hT LOSKR 

Let T";,' be the limit probability that alternative in the set of alternatives 
{«! , a-i , Wj] is both the simple plurality winner and the Condorcct loser. 
The symmetry of impartial culture implies that 7, - 37;,'. 

The four discrete variables that are used to obtain a relation for are 
as follows: 

for i - 1, 2: w, ^ I if Ui is ranked first, 

ir, - - — 1 if , I is ranked first, 

11 ', 0 if is ranked first; 

for / 3. 4: le, • -1 if o, is ranked ahead of o, , , 

ir, = 1 if is ranked ahead of <7, . 

The value of T',' is given by the limit probability of {iv,- ' 0: / - I, 2, 3, 41. 
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Under impartial culture, /i(w,) 0, E{w^) -- 

£(>‘V’) U £(mT>'’ 2 ) £(«VF 4 ) >, £(WiU' 3 ) -- £(m,jM’ 4 ) --- - I;, and 

E{}\\Wi) = E{WiW^) As/j >■ 00 , becomes 

quadrivariate normally distributed with correlation matrix 

1 _ 2 '/ V 3 ‘'* — 1 / 6*/2 - 

1 --l/6‘'’== ^2^rijyri 

1 i 

I 

so that - ^\{pr). Cheng [3] presents a relation for dJjfp;) when 



I ft -ift 

— 1 .xft ft 

I <xft-^ ' 

I 

which, for our special case of .i - i and ft = yields 

£3 ■ 1 - (3/(47r))[sin '(2''-/3’/“) 1- sin ‘(I/6«/“) - .1 sin- * ‘] 
I (3/(47r“)){[sin '(2‘/=*/3'/^)P - i]=} 

I (3/(477-))/.. 

where L is given by (4). Numerical evaluation yields 7';, —0.033843. 


7. Discussion 

Table I summari/.es the numerical results obtained in this study. A major 
contribution of these results involves the comparison of election procedures 
for large electorates when the impartial culture hypothesis is applicable. 
For example, suppose a large electorate wishes to choose the Condorcel 
alternative as often as possible when there is one, but hesitates to adopt as 
a procedure that requires direct comparison of each pair of alternatives for 
the purpose of determining if there is a Condorcct alternative. The electorate 
might then consider either the plurality or Borda procedure. Table 1 shows 
for III 3 that the probability that the Borda winner is the Condorcct 
alternative, given that the latter exists, is 0.9012. Moreover, the probability 
that the plurality winner is the Condorcct alternative, given that there is a 
Condorcel alternative, is 0.7.572. Hence a direct comparison of these proba¬ 
bilities favors the Borda procedure. 

This advjinlage, however, must be weighed against the increased complexity 
ol the Horda procedure. For example, the Borda method requires \oters to 
rank al!ern; 'ivcs, wliere.is plu.-ality asks them to slate only their first choices. 
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TABLr-. I 

Probabilities for UIcclion Outcomes iimicr 
Impartial Culture with ni Alternatives 




fll 


Outcome 

y 

4 5 

6 

A (.ondorcct alternative 
exists 

0.91226 

0.82452 0.74869 

0.68476 

Simple majorities arc 
transitive 

0.91226 

0.73946 


Borda and plurality 
winners coincide 

0.75834 



Borda and Condorcet 
alternatives coincide 

0.82212 



Plurality and Condorcet 
alternatives coincide 

0.69076 



Plurality winner and 

Condorcet loser coincide 

0.03384 




A potential effect of using Borda instead of plurality could be to increase the 
proportion of voters who abstain, and this in turn would affect the likelihoods 
of electing the global Condorcel alternative (based on all potential voters) 
when there is one. 

Other factors also enter into the comparison of plurality and Borda. For 
example, for m 3 these procedures produce the same winner about 
75 percent of the time. Another consideration is that a Condorcet loser 
cannot be elected by the Borda procedure--assuming no abstentions and 
sincere voting—whereas the plurality procedure has about a four percent 
chance of electing a Condorcet loser, given that one exists. 
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We examine solutions vt of the equations , , .v,, .v,+ ,) 0 and 

derive conditions for the existence of objective functions G, so that .v solves 
niax^,.,.^ f'iCr, ,.r(+i). We 5pcx;iali/.e the conditions to time autonomous equa¬ 
tions and apply them to a competitive industry in temporary equilibrium. The 
objective function in the example is of the cost benefit form: consumer surplus 
minus opportunity cost of labor minus industry-wide cost of investment. 


I 

Wc examine conditions under which a system of seeond-ordcr difference 
equations is the Luler equation for a calculus of variations problem. Such 
systems can arise in economics from a group of agents individually optimizing 
their own behavior which generates the system of equations. If this system is 
also the IZuler equation for a single optimization problem then this can both 
simplify the analysis of such sy.stcms and provide economic understanding 
of them. 

Presented here is a discrete time analog of the continuous time problem 
studied by Brock [2]. The gist of the problem is: Since the solution to an 
optimal control problem satisfies a .second-order difference equation 
(dilTcrential equation in continuous time), can wc reverse the procedure and 
start with a solution to a second-order difrcrcncc equation and find an 
optimal control problem that has the same solution? (This is not a new 
question. See, for example, [1]). 

We show that if the second-order system satisfies certain conditions then 
we can find a corresponding optimal control problem, regardless of the 
underlying mechanics that gave rise to the system in the first place. 


* I am indchlcj lo W. A. Brock, wtn> sukel'sIciI Ihi.s problem anil made many helpful 
conimcnls on thi.s material. It was prepared under the support of the Modelling Rcsearel; 
Group, Department of teonomies, University of Southern Calil'orniu, June-July, 1977 
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Wc present here the general time dependent solution, the special case of 
the time-autonomous solution, and an application to a temporary equilibrium 
model of a competitive industry. 


2 

Mathematically, the problem is: Given an clement .xre'/,(/?") and a 
sequence of C functions, h\ . that satisfy 

Fix{t 1), .va),.v(/ ! 1)) 0, (1) 

where .vlO) = a (a given initial condition), when docs there exist a sequence 
of real valued C- functions, G,, such that x also satisfies 

D.,G’, iWf l),-v(/)) 1 DfiAx(tYx(t \ D) 0, / 1 , 2 ,..., (2) 

where the arc the partial differential operators? 

Note that (2) is a system of n equations, and hence for (I) to be compatible 
with (2) we shall assume that F, is a map into /?". 

First, wc outline the optimization problem (hat leads to (2) as a necessary 
condition for optimality. Define 

//.(.V) t C,(.v(0, .v(f D). (3) 

( 0 

l or a given i\ we seek to maximize //,(.\) for .v , 1. If wc assmue: 

(a) (I'l are concave C functions; 

(b) sup 52^-1 ! G,(.v(r). .v(/ !- 1)) oc. ,v . 1; 

W ,(.v(/ l),.v(f)) i /?,G,(.Y(r).,v(f D) X, .T , . 1: 

then a maximizing clement, x, exists. Furthermore, if .v ■, < I. then 
necessarily A)//,(.v) 0. (Here, Z)//,(.v) is the Frcchct derivative of //, at .v. 

Sec [8] for details.) This latter condition, along with the fact that />//, r 
implies 


aG',_,(A(r l),.v(t)) I ■' D) 0, i 1.2. (4) 

This optimal control problem is not as restrictive as it appears. If we 
parameterize the problem by .v • r then for each r 0. a solution .v, 
exists in that 

HJx) HMrl -V , r. 


t)42/r<j/i-s 
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Then if for .some r, x,. , r, we have 

MJx) xefAR'’). 

that is: A solution to max{//,(jf) | a'C:/,{/?")! exists. Note that if !| r 

for all r then there is no .v f- /.,(/?") such that HJx) - sup{//„(A:) | x e /„(/?")!■ 
Since in these types of optimal control problems we seek bounded solutions, 
either the objective functions G, have to be of .some restricted class or we have 
U> place a bound on i ,v . 

See Dechert [5] for the development of the existence of a solution and the 
necessary condition for optimality. 


3 


First, let us explain the notation that is used. The integrals in Sections 3 
and 4 are line integrals in the following sense: Let/: R" -* R’‘ be measurable 
with component functions/(,v) (/i(jf),/i(.v),...,/„(jf)), and let <f>-. [0, I] >■ R" 
be continuoulsy ditferentiable with component functions <^t) - 

(UD . 'f.m 


■'./.(<!) •» I f I 


f(x) (ix is said to be exact when this integral does not depend on the (path) 
function <^. The necessary and suHicient condition for a C* function f to be 
exact is '('fijf^x, ■■ cfjjr'Xi. 

Furthermore, if/: R" > R"' is the matrix of functions 


./u(v) - /,„(.v) 

fn(x) — /„„(V)J 
Then the /th component of is 

r! t ««'»#! 


M) ( j I 


For the most part we have tried to keep the notation clean so that the material 
is readable. Unfortunately, this places an additional burden on tho.se who 
want to work out the proofs in detail since it involves using the more cumber¬ 
some notation. Also, [ ]* denotes transpose. 

The main result in answer to the question posed in Section 1 is; 


Theorem I. Let F/ be a sequence offunctions, F,: R" x i?" x /?" ->• R". 



SECOND-tJRDER EQUATIONS 


53 


The necessary and sufficient conditions that there exist a sequence of 
functions, G,: R” x R” y R which satisfy 

DiGt-i{x,y) f l\Gt(y,z) F,{x,y,z). t 1,2,..., (5) 

are that there exist C' functions a ,, h,: R“ x R” * R" such that 

(i) F'i(x,y,z) a^x,y) \ bt(y,z), 

(ii) D^anfx,)') [/) 26 ,(.y, v)]*, 

(iii) ai{x, y) dy and bt(x, y) dx are exact, 

('v) D^ll^a,{x,■Tl)dr, ll^[D^at(x,ri)\* dq, and D.,\'^b,(ty)d$ - 
f^^[DMLy)Ydt 

Proof (Necessity). Since the C, are C* functions, (5) implies that the Ft 
arc functions. Differentiate (5) to get 

l^i\G,^fx, >•) DtF,(x, y, z), (6a) 

Di^G,(y,z) D^Fi(x,y,z). (6b) 

Since (6a) is independent of z and (6b) is independent of (i) follows. 
Match up the variables and subscripts in (6a) and (6b) to get (ii). Condition 
(iii) is the statement that Dfit .^^x, y) dy and 0,C,(.v, v) f/.v are both exact. 
Finally, differentiate (with respect to .v): 

r" 

a,(x, q) dq ^ G, ,(.v. y) — C, .,(.v, i „) 

• 'll 

to get 

n, ( a,(x,q)dq -,(-V, 1’) — ,(.Y, r„) 

• “ii 

A, .,(a-, j ) — A( ,(.Y, r,,) 

[ Df}, i(.Y, q) dq 

■' y « 

-- [ [/>!«, (.Y, q)]* dq. 

‘ 

Similarly for the second condition of (iv). 

(Sufficiency). Define the functions C,: 

f;,i(.V, .1’) - f <J,(.Y. q) dq O) 

G,(x. y) f' A,(f, v) </f I f fl,+,(.v„ .q)dq, / 1, 2. 

•' r.. • 
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Then 


iind 


Alsn 


Thus 


D.Xj,1 \-, y) )■), 

.f) ■ I hi(^, f) i a,. ,(a„ , .1’) 

f"[/Vh(f, >•)]*£/? ! iVrM(-'o,T) 

I I l(f< J’) 1 n(-'o . J^) 

at-, i( v. r), I 1,2. 

n^Gi(x,y) ^ b,(.x,y), t ---- 1,2. 

0.<2/-.( v, y) I- D,a,{y, z) = FAX, y, z). Q.l-:.D. 


The inherent lack of uniqueness in the functions G, is due to the fact that 
tqs. (7) define the G, up to an additive constant which is determined by the 
choice of (.v„, v,,) in the line integrals, 

C’oR()Li,ARY. The fiiiuiions G, given hy fu/s. (7) ore differentiably eonvat e 
if the matri.x 


rf;,fc,(.v,r) D.J}Ax,y) 

1 0 , 0,1 ,(.Y. y) DMt^ fx, v). 


is negative semidefinite. 

Conditions (ii) and (iii) of the theorem imply that (8) is a symmetric matrix. 
Also, by replacing F, with F, . the G, arc convex when (8) is positive semi- 
definite. 

It is worth pointing out that the specification of the functions G, by Eq. (7) 
could also have been given by 

C 

6'„(.y, r) a,(x, rj) dr), 

• "II 

f f/,, ,(.v, Tj) r/r; |- f A,(f, .1’,,) f/^, 

' v„ •'■f.l 


G,(x, y) 


t - 1,2, 
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That these two functions agree can be shown by defining 


V) j y) (Ji T J <7(+j(,v„ , rj) (1-q 


J a,, i(.Y, rf)dy] — j bi(^, J’n) dt 


Then Ki{y,y) is continuous, A^,(.Yo,j’„) 0, and DiKS.x,y) = b,{x,y) - 

Dil''ji^aifi{x,ri)d’q - A,(.v, >’„) 0 by conditions (ii) and (iv). Similarly, 

D.iKi(x, j>) 0 , and hence 7 ) 0 . 

Hcforc turning to an application of (his theorem we should make some 
comments about this theorem vis-a-vis the optimal control problem in 
Section 2 and the question raised in Section I. Basically we arc interested 
in answering the question: Given an element .xtr-J,(R’‘) that satisfies the 
second-order difference equation F,(.v(r • t), .C(/), .v(/ 1 - ll) - 0 with 

:v( 0 ) a, when is this the optimal policy function for the optimal control 
problem: max X G/( v(t), .y(/ 1 1)) with .v(0) -- a? The theorem is only a 
partial answer to this question. It gives conditions for the functions (7, to 
satisfy l:q. (5) for all (.v,e), and not just the specific values (.v(/ - 1), x(t), 
x{t 1 )) for which I'l 0 . 

In certain cases the solution to the second-order dilTercnce equation is the 
solution to an optimal control problem. A set of sufiicient conditions arc 
given by: 


Thi;«jrl'M 2. Suppose Ft sotisfy conditions (i)-(iv) of Theorem 1 and 
matrix (8) is ncgatice seinidejinite. Further, let .v c /, (/?’") be such that .x(()) -- «, 
and 

Ft(.<it ~ 1), .<(/), <{t I D) • 0, f - 1, 2. (9) 

Let Gt be defined by Fqs. (7) and suppose that 
f ! O'i(.v(0, •'■(/ -I-1))! < 00 

t-(\ 

f II /?,(7,(.((/), x(t -!- I))i; < » 1.2. 

U-i) 

Then .■0 is a solution to the optima! control problem 
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Proof. (1, is concave since matrix (8) is negative semidefinite. Hence, 

I I)) - O',(.£(/), x(r i 1)) 

.xiO) I (D.,G,X.i(/ I I) x(f I I)), 

where 

Dfi, - D,0\(x(t), £(t I 1)). 

Thus for any .v e 

X {ri/(.Y(/),.v(/ i i)) o,(xu). iit i im 

f 0 

X HD,(7,)(.xU) .x(t)) i {/X(;,)(,v(/ -; I) x(t 1 1))'. 

/ 0 

The sum on the right converges absolutely, and so we can rearrange the terms 
to get 

X {0’<(.v(t),.v(/ ! D)-r;,(.v(/). .v(t-1 1))) 

I 0 

. t i) ! (/?.G,)]Wt) .v(t)) = 0, 

I I 

where we have used .v(0) - « ^ .^(0) and Rqs. (5) and (9). Q.E.D. 

Note that the summability conditions are for the single clement x, which is 
assumed to be known and which satisfies the diflercncc equation (9). 

4 

The corresponding time autonomous system of Eqs. (1) (3) arc 

8‘ -‘T(x(t- l).x:(0,A(/ ) 1)) 0, (!') 

S<-W,G(x(t - 1), xil)) I 8‘Z),<7(.v(t), .x(t I D) 0, (2') 

f;5‘<7(x(f),x(r I D), (3') 

i-O 

where S > 0 is the discount factor. 

The conditions of the theorem and corollary can be stated as: 

(i') F(x, y, z) = a{x, y) + 8 b{y, z), 

(ii') DMx, y) == PA A, y)]*, 

(iii') a(x, y) dy and b(x, y) dx are exact. 
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(iv') a(-T. 5 ?) rfr? fZ)iaCv, 17 )]* i/ij, and y) -- 

G(x,y)- rb(^,y)di+ ra(Xo,v)dv, U') 

rD^h(x, y) DMx, J')] yg.. 

l/)in(.Y, >-) D^(x, >-)] 

is negative semidcflnite. 

When S < 1 the solution to the optimal problem specified by the function F 
becomes simple: 

Theorem 3. Let F satisfy (i') (iv') and (8'). Let .y(0) -= is, and x e l,X^’‘) 
satisfy 

F{x(t 1 ),A( 0 . Tf/+ 1))- 0, / 1,2,.,., (10) 

and let G be defined by (!')■ Then .v is a solution to the optimal control problem 

max y S'C(.v(/), .v(/-! I)), (11) 

( 0 

.v(0) 

Proof. Since G is continuous, for any .v f /,(A'‘), 

I f h<G(x{t\ x{l i l))j (I - S) ' ,max 1 G($, 77)1 , 

' i -0 ,n * ,-d 

and so (II) is a well-posed problem. Matrix (8 ) implies that G is concave 
and so 


C(.v(/),.v(r i I)) 0 '(.<(f),'fI-t D) 

< 0i6(f)(.v(r) - .<it)) !- O.Xi(t}(x(t ( I) - A(f + 0). 

where W.G(r) / 3 ,C(.<(t). .((/ I l)).Thus. 

f; S‘{G'(.y(/). .v(f + D) - G(.T(r), .'•(/ ^ >))} 

/ =0 

:' f 6XDMt)(x(t) - '(0) i DiGUXxU -I- 1) -- -'■(/ + 0)}. 

f- 0 

G is continuou.sly differentiable, so an argument similar to the one at the 
beginning of the proof shows that the sum on the right converges absolutely. 
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We can rearrange the terms to get 

V <y{6(A(/)..v(/ i I))- C(.((/),.x(f I- 1))] 

I II 

■ X6‘ '[/)./;(( 1) f SDMO](x(t) - ,v(0) 0, 

(-1 

where we have used the fact that .v(0) = - it ^ .<!(0) and Eq. (10). Q.li.D. 


5 

As an application of some of these ideas consider an industry which 
consists of N competitive firms, where the /‘th firm chooses a sequence of 
utilization levels of capital and labor, (/;,(/), 1,(0) f‘>r t 1 , 2 ,..., that 
satisfy the second-order equations; 

0 ~ •)>! 

/X/) 2' ''M) -I -1- 0 - ^i(O) 
l-S '■ , (12) 

where ^,(0) arc given initial stocks and the variables are 
p{t), the current price of output, 
w’(f), the current wages of labor, 
fi , the ith firm’s production function, 

Cj, the /th firm’s cost of investment, 

and c't denotes marginal cost of investment. 

While we might choose to interpret (12) as the necessary condition for 
{kit), to solve 

fn 

max £ 8*{p(t)MkM, m - »*(0/.(0 - c,(Ar,(/ +\)- Ar,(/))}, 

we might also choose to consider (12) as describing /,(t)as the behavior 
rules of the /th firm. In Brock [4] the schemes for expectations give rise to 
second-order (differential) equations which can be interpreted as the behavior 
rules for the economic agents. 
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In a temporary equilibrium framework, Eqs. (12) for i = 1 ,..., N and the 
market clearing conditions 

P(l) - t , (13) 

«'(0 

define ^,(/), ?,(/) as the Lucas Perfect Foresignt Equilibrium, where D is the 
market (price) demand function for output and .S' is the (wage) supply function 
of labor. In equilibrium the sequence of input decisions made by the ith firm 
satisfies 


- ku - i))| 

0 J 

D(Q(t))'J/-{kXt)J.U)) \ r'xk^it \ I) -- ;?.(r)) 
f- (S ^" * 


(14) 


where ^(0 ^ and /-(f) Sf-i Uf). and A,(0) is the given 

initial capital stocks, liquation (14) represents a system of/» ^ Nm equations 
which, with the following notation: 



we can represent the functions f/(.v(/ — I), .v(f)) and .x{t \- 1)) by 


«(.v(f — 1), -v(/)) -- [[ 


-c;(A-,(f) - A-,(f - D) 
0 


11 ■ 


b(x(t), xit -I- 1)) = 




(15) 


DiQit))^:' (A,(f),/,(/)) I c;(A.(/ + I) - - A,(f)) 

( hf 

mQiO) (A',(/), /,(0) - s(L(t)) 


where Q(t) Ya /,(/)) and L{f) - /(f)- Conditions (ii'), (iii'), 

and (iv') arc satisfied, and a function G defined by Eq. (7') is: 

Gix, y) -- f /7(</) ‘k - •^5(/) d! - Y. c,('r, - A,), (16) 

-0 -''1 i-1 
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where 



and the lower limits of integration have been arbitrarily chosen. Equation (16) 
is in fact the result of evaluating the line integral of Eq. (!'), which can be 
verified by differentiating (16). 

The integrals in (16) arc l.ebesgue integrals, which we assume exist for the 
given functions D and S. Along an optimal solution, the objective function 
can be written as 


G(.v(/), .v(/ i I)) Kt) Q(t) - uit) Ud - X c,(4(f + 1) - Ht)) 


cOit) 

I 

•'0 

■'n 


This demonstrates the welfare economics principle that producer surplus, 
con.sumer surplus, and labor surplus arc maximized in competitive equi¬ 
librium. 

The matrix of second partiais of G{x,y) given by (16) is: 


0„G D'(Q) 




f/l' 

- 1 




f D(Q) 


_0 ] 

I 0 a'CL) J 




I 0 0 J 






[ 6 


--1 

s'(L) y 


r 

® 1 

1 0 

0 J 




DiiG and D-^^G = —Di^G. The notation here is: dfi is the vector of 
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partial derivatives of / , is the matrix of mixed partial derivatives of / , 
similarly for c, . Under the usual assumptions that D{Q) ^ 0, D\Q) < 0, 
S{L) > 0, S\L) , 0,/ are concave and c, are convex, this matrix is negative 
semidefinite. 

A more elegant proof' that G(x, y) is concave is to note that each term in 
(16) is concave. For example, 

f(Q) f D(q)dq 
•'o 

has F'(Q) ■-= D(Q) • 0 and F"{Q) D'(Q) -- 0. Since Q , /,) is 

concave, then so is F(Q). In applications, the matrix of mixed partial deriv¬ 
atives of G is necessary to analyze the local stability of the solution (as in 
Dechert [6]), and so we present it here. 

The conclusion of this analysis is that the Lucas Perfect Foresight 
Equilibrium Solution of (13) (14) is also the solution to the optimal control 
problem 

max ^ (VG(.v( 0, .Y(f ' 1)). given .\(0), 

I I 

where G is given by Eq. (16). This objective function can be thought of as the 
consumer value of output (the integral under the demand curve) minus the 
opportunity cost of labor'' (the integral under the supply curve) minus the 
total cost of investment in the industry. 

This type of cost benefit analysis can be found in a variety of contexts. 
Samuelson [9] examines a spatial equilibrium with consumer surplus minus 
transportation costs. In an intertemporal model, Lucas and Prescott [7] 
inve.stigate an investment equilibrium with an objective function of consumer 
surplus minus investment costs. Two of the advantages of this type of 
analysis applied to a system of equations such as (12)-(13) aie, first: a basic 
economic interpretation of the equilibrium solution, especially with regard 
to welfare economics; and second: a mathematical analysis of the equilibrium 
solution, especially with regard to stability of steady state solutions. 

6 

In this paper we have given a partial answer to the question: If .v e /(/?") 
and n e /?", is there a sequences of functions Oj so that .v is the solution to 

max Y, C((-v(/), .v(/ | I)), 

.v(0) - -x? 

’ An anonymous referee pointed this out to me. 

^ Barbara White pointed out this interpretation. 
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We have tried to motivate this problem in economics with our example of 
Section 5. There is more work to be done here. In Section 3 we pointed out 
that we have answered the question only when there exist 6’/ such that 
l).Xi, i(.v, r) I Z)jf/,( 1 , c) F,(x,y,z) for all .v, y, r, and not just for the 
particular values of.v(/ - 1), a(/), .v(/ { I). At the end of Section 5 we referred 
to the question of stability of solutions, which plays an important role in 
economic analysis (sec Brock's survey article [3]). We need to find suHicicnt 
conditions so that an .v c. R" that sati.slies T, .v) 0 has the property 

that lim,| .v(0 .v | 0 for « / x. Also important is the question of 

sensitivity of solutions with respect to initial conditions. That is. if .v satisfies 
T,(.v(t 1). v{t ), .<■■(/ i I)) 0 with .v(()) IX and x satislics F,(.v(t 1), 
a(/), .v(/ J I)) 0 with .v(0) -/i, how does |! .t - .v'j behave with respect 
to i V - /3 j? These arc important issues because they answer the question. 
How do present difi'erences alVcct future differences? 

Another area of application of this inverse problem of optimal control is 
to adaptive control proces.scs.^ In models where an agent has a rule for 
behavior, u(l) - R(x(l - I), .v(/)), and the consequence of this action is 

x{r i - 1) - /(.v(/), h(/)), tine can analyze the rule R through the corre¬ 
sponding optimal control problem. This po.scs the following questions 
concerning robustness of solutions for rules of thumb; If R is from some 
class of rules (c.g.. linear rules, first-order rules, etc.), how sensitive is the 
time path x(t) of the state of the system to changes in R'} (This is important 
for modeling purposes: Is the solution well behaved even though the rule of 
thumb R is only an approximation of the agent’s behavior?) If the transition 
function/is from some paramertized class of functions, how sensitive is the 
time path x(t) to changes in the parameters? (This is important for the agent’s 
estimation problem: If the tran.sition function is unknown the agent will be 
attempting to estimate its parameters. We would anticipate that if the 
solutions were very sensitive to which / prevails, the system would be highly 
unstable.) 
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I. INIRODUCIION AND SUMMARY 

In recent years there has been extensive research on multiperiod decision 
problems in which economic agents are assumed to possess preferences over 
certain current/uncertain future consumption plans. Frequently, these 
problems are cast in a simplified two-period .setting—see for instance, the 
papers of Dreze and Modigliani [2,3], Leland [9], Sandmo [16-18] and 
Mirman [11], which deal with the consumption/savings (portfolio) problem. 
Almost without exception the agent’s preferences are assumed to be represen¬ 
table by an expected TPC (Two-Period Cardinal) utility function, with the 
reader generally referred to the classic axiomatization of von Neumann and 
Morgenstern [22] (or Savage [19]). 

The purpose of this paper is to investigate relationships among three types 
of preferences and their associated utility repre.sentations in a two-period 
context. The objects of choice are ordered pairs (.v, F) in the product set 
S C’l X A' where C, (0, (») is the set of certain consumption possi¬ 
bilities for the first period, and A' is the set of cumulative di.stribution 
functions on C, = (0, oo), the elements of which represent risky consumption 

* The second author's research wa.s supported in purl by National Science Foundation 
Grant SOC 77-27391. This paper is an extensively revised version of an earlier manuscript 
[15]. The authors gratefully acknowledge helpful discussions with Karl Shell concerning 
existence questions addressed in Section 4 and very useful suggestions offered by Peter 
Fishburn and an anonymous referee. Finally, we have benefited from the comments of 
John Donaldson and There Johnson. Of course, responsibility for error remains with 
the authors. 
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possibilities for the second period. We consider the following three types of 
preference utility structures; 

(i) time preferences over certain consumption pairs in C, / Q 
described by the binary relation =■'' on Ci / C. and represented by a 
(continuous, strictly monotone) ordinal index U: C, y C., ► R with 
(c, , e..) ' ' (f,' , < 2 ) iff (/(< j , t j) ■ U(e', , r^); 

(ii) a set of eonc/ilionat risk preferences {- 'j. .v. C\l, each of which is 
defined over A' and conditioned on a fixed level of fiist-period consumption 
and is representable according to the expected utility principle where 
y/. C 2 ♦ R is a (continuous and strictly monotone increasing) second-period 
NM (von Neumann Morgenstern) index such that, for all f, G e X\ 

F -G iff (' VXc,) (IFiCi) < - f yfe^) dG(e.,) (1.1) 

■<~2 

(each is unique up to a positive affine transformation); and 

(iii) preferences over S C, X A', described by the complete pre- 
ordering and represented by a (continuous, strictly monotone) TPC 
(two-period cardinal) utility function tV: C, x Cj >• R for which 

(.V. F) (.v'. 6) iff [ C2) me,) - f ff'f.v'. c^) dCic^l (1.2) 

•>('2 •’Cj 

The two-period NM index If'is unique up to a positive affine transformation. 

Assuming the existence of a two-period von Neumann-Morgenstern 
utility {V, we consider in Section 2 when and how such a function can be 
constructed from a time preference index U and a single conditional NM 
utility function Wj .. These results formalize a procedure suggested by 
Hirshleifer [7] and Drte and Modigliani [3]. 

Unfortunately, even when the necessary conditions for constructing a TPC 
utility are satisfied, not every (perfectly standard) U and If'j, pair is compatible 
mathematically and economically. Several interesting examples of incompa¬ 
tibilities arc presented in Section 3. For instance, if time preferences are 
representable by a strictly quasi-concave ordinal utility function (from a 
subclass of the constant elasticity of substitution, or CES, family) and if the 
conditional index tVj. exhibits risk aversion, then for x' infinitesimally larger 
than .V the constructed conditional NM utility need not be risk 

averse everywhere and, in fact, can exhibit strong risk affinity. 

Now instead of a.ssuming the existence of a TPC utility function, one can 
ask whether it. in fact, is implied by the set of axioms sufficient for the 
existence of the ordinal time preference function U and a complete set of 
conditional second-period NM indices (KJ. This is seen not to be the case. 
In Section 4, we identify that additional axiom, referred to as “coherence," 
which is necessary and sufficient for the existence of T TPC utility function. 
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The ciiherence postulate essentially requires a very special kind of meshing 
together of the consumer’s set of conditional risk preferences { '^.1 and time 
preferences - 

Our notion of coherence is formally similar to the concept of “time 
adjuslmenl calculus” formulated hy Prakash [13] for the case of “date- 
income" pairs. We comment on this paper briefly toward the end of Section 4. 
Some related issues also arc discussed by Kreps and Porteus in their paper [8] 
on temporal resolution of uncertainly and by I'ishburn [4] in the context of 
multilinear expected utility. 

In the last section, the IPC utility model is compared with the OCE 
(“Ordinal Certainty Equivalent”) representation hypothesis developed in 
Sclden [20]. We show that the OCE representation of < is a two-period 
expected utility representation if and only if coherence is assumed. Since 
under the OCE. theory given time preferences and conditional risk preferences 
arc not incompatible (in the sense di.scussed above), it is the addition of 
coherence and hence the desire to have a TPC utility function which produces 
the possibility of incompatibilities. 


2. Cons I RUCTION of a I PC Indi-x 

Imagine a decision maker confronting a choice among alternative “certain 
.V uncertain" consumption pairs. Suppose we A/iow that a two-period expected 
utility function exixtx. Then how can it be constructed from the individual’s 
“time" preferences and “risk" preferences? 

To begin, we assume the following: 

Assumption 1. There exists a complete preference prcordcring < on 

c, X a:. 

Assumption 2. The preordering is NM representable as in Eq. (1.2), 
where iV is the continuous TPC index. 

It follows from (A.I) that there will exist a conditional prcordcring on 
each subset {.v[ x A', where .ve Ci, and from (A.2) that each such ordering 
possesses an expected utility representation with fV/. R being the 

coiulitional NM utility. The collection of orderings {'<,,] is referred to as the 
individual’s “risk preferences.” 

Turning next to “time preferences,” a basic assumption required for the 
results in this section is 

Assumption 3. There cxi.sts a complete preordering on C C, X C., 
which is (i) continuous and strictly monotone and (ii) representable by the 
real-valued continuous time preference index (/; C - >■ R. 
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We make extensive use of the following notation to highlight an important 
characteristic of time preferences. 

Di.i inition 1. If .V c. Cl, then C{xl denotes the class of pairs in C 
(temporally) indilferent to some pair in the set C[.y] ' nef {.v} X Ca; i.e., 

C'l.Yj ,ier {(Ci, ('a)' C !(<i, Ca) (.v, c^), where (at d) c CMj. 

As proved in Lemma 1 below, four types of regions may appear as C{a:) when 
• J is continuous and monotone. This is illustrated in Fig. 1, where each 
type of region except the fourth is exhibited by a member of the CES 
class of utility functions: (1) t/(c,, = CiCi, (2) U^c■^ , c.,) -- (r^'^ |- 

(3) U(t\,r.,) ^ (I’l ^ej‘) '. (For an interpretation of the elasticity of 
substitution as a measure of (intuitive) intertemporal complementarity 
cf., Selden [21].) 


Cj C[»] 



C2 CW 



( 2 ) 



FlliURE I 


642/19/1-6 
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1,I:MMA I. // ■ ,' /.S' cutuinuous and Strictly monutonc, the set C[a'J. x c C, , 
is one of the following four types'. 

(1) n.V| Cy '/.C.,, 

(2) - \c \ c' -J e\for .some c't C, 

(3) C{.v| {c ! (■ c“\ for .some c" e C, 

(4) C{.vj {e \ c'V- f c’\ for some c', c" e C. 

The proof follow.i from (he continuity and strict monotonicity of , ‘ and 
the conncctednc.ss of C. 

f'inally, let us explicitly relate (he time preference and TPC utilities. 

As.sinnption 4. I he preference orderings ' and - ! are related by the 
condition W h • U, where h is some strictly monotone increasing function. 

(In Section 4 we invoke an analogous assumption independent of the 
existence of IV. Our present goal is to state a simple but quite useful relation¬ 
ship which must be satisfied by fT, U, and a single arbitrary prespecified 
conditional NM utility H'.j.. Tor this purpose. Assumptions 1 through 4 arc 
adequate.) 

Given a conditional NM index iVj. and a time preference relation on C{.v], 
the following formalizes a procedure sugge.sted by way of an example in 
Hirshleifer [7, pp. 237 239]^: 

TiihOKEM I. Let X c Cy he arbitrarily chosen, and suppose (A.1)-(A.4) 
hold. Let Wj, he the conditional N M utility function {corresponding to on 
{<■]} X iV). Then for all c c C{.v), W can be computed according to 

W{Cy,C.f) W,U~AU{cy,c.fO, (2.1) 


where a: e Ci and U\ C[.v]. 

The proof is given in Appendix A. Thus the composition Wx ° defines 
the increasing monotonic transform h which distinguishes the TPC index 
from the time preference function U. 

A number of brief comments about Theorem I are in order. First, it does 
not prove the existence of an expected utility representation; rather the 
theorem only provides a computational formula which is valid provided a 
TPC utility exists. Second, as can be seen from the proof, the restriction of 
the validity of the formula to the domain C{x} is absolutely crucial. Third, 
whereas Wx and in general, depend on x, h does not. 

We shall use Theorem 1 to shed some light on interconnections posited by a 
TPC utility between and the collection of conditional risk preferences 

‘ Hirshleifer credits Dr6ze and Modigliani [3] with introduction of this procedure. 
However, the latter seem more concerned with indirect utility for wealth than with con¬ 
ditional (period-two) expected utility for uncertain consumption. 
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( ., I .Y (: CV,. The first question for us to consider is whether a prespecified 

- and a single conditional risk preference relation on {jrj X X may be 
incompatible with the existence of a two-period von Neumann-Morgenstern 
utility representation of on the whole oi'S C, X X. 

3. iNCOMl’AllBLb TlME AND CONDIIIONAE RISK PREIHRENCES 

We continue for the moment to suppose that the orderings and 
satisfy (A.I) (A.4). Let .yc C, be preassigned and suppose that in C C{.y} 
has an upper boundary (i.c., it is of type 3 or 4 in terms of Lemma 1). Any 
(ordinal) utility function U representing the corresponding time preferences 
must be comlitionnlly hoiinJecI which, in turn, forces the boundedness of ITj. 

The impact of this boundary condition is illustrated by the following 
example, in winch a specific (- 3, - j^)-pair is seen to be incompatible with 
the existence of a TPC representation of - 

I'xAMi'i-F I. Suppose time preferences are represented by f/(t’| , C 2 ) 
(('l" ■ c .^’') ' ^ where S 0. If c, .v, Uj . is bounded by .y. Assume further 
that for some .v, the conditional risk preferences '.' 3 . are NM representable 
where the second-period NM index takes the form (up to a positive affine 
transform) log <’ 2 , which is not bounded above. According to (A.4) these 
utility functions must satisfy, for r, ■ .v, the equation 

log (-2 h(U{x,c.,)). (3.1) 

Hut since the log function is not bounded above and since is bounded, the 
required relation (3.1) cannot hold for any increasing function defined on all 
im (J (0, CO). Therefore, N M representable preferences ' over S cannot be 
compatible with the given --j' and -3^. This conclusion is echoed if we 
formally compute - ■ log((/’ ® - .v ®) since the transform ( 1 ) 

is not defined for every possible value of U and (2) is not strictly increasing 
everywhere.-'’ 

The following result, complementary to Theorem 1, states simple compa¬ 
tibility requirements on and a single S, such that there can exist an 
ordering on all of S ■ Q X X satisfying (A.I) (A.4). 


® To see this, note first that sup U \ C’[xl is finite since there is a c' e C such that for each 
i c Cfvl, UU) < Uir"). If ;< is NM representable, the conditional risk preference index 
If, must also be bounded above. Assumption 4 guarantees that K’ /i = 1/ on C; and, 
since sup U\ Cfr] -c. U(c') for some cf c-C, the monotone function It is bounded on 
im U I f'[.v], forcing the boundedness of W | CU] W, . 

“ This example also illustrates the fact that the conditional NM index may be bounded 
for reasons q-'ite distinct from a desire to circumvent the St. Petersburg paradox (Arrow [1]). 
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liiiORiM 2. A.\.siinH’ ' .'<ati\lk’S {/\.?>), and let the initiul condition Cy -- .v 
he fiire/i. A witine that the continuous, strictly monotone function H ',.: C., > IR 

is a conditional NM utility for ■ over {a-; A. I hen there exists on 
S f'l ■, .\ an ordering satisfying (\A) (A.4) compatible with - A and ^ j. 
iff one of the foHow'inj’ is true'. 


(i) 

G{a-| 

■v t ype 1 : 

(ii) 

riA'i 

's type 2. and IP„. is hounded helow". 

(iii) 

r{.vi 

s type 3, and Wj. is bounded above', or 

(iv) 

r!vi 

's type 4, and Wis hounded below and above 


Only in caw (i) must the ' . he unique. 
The proof is ^liven in Appendix B. 


Remark. Though many preference relations on S arc obtainable from a 
(U, fTr)-pair under cases (ii) (iv) of Theorem 2, all of the resulting TPC.’, 
NM utilities coincide in C{.v!. 

I heorcms I and 2 together provide the framework for investigating a 
second question. Given that ■ and satisfy the conditions of Theorem 2 
so that there exists a for which (A.I) (A.4) hold (i.c., - , is “NM repre¬ 
sentable"), may they nevertheless be incompatible in some behavioral sense? 
For instance, will the resulting T PC index fP exhibit undesirable properties? 
We continue to assume Cli.S time preferences 

+ (3.2) 

where S > 0 and the elasticity of substitution is given by 1 } • 1/(8 1 1). We 

denote the two-period analogue of the Arrow-Pratt [1,14] relative risk 
aversion function (in the spirit of Sandmo [16, 17]) by 

■rR(<'i, c») =(i,.f CaiV 22(C|, c.^)/fVz(ci, C 2 ), (3.3) 

and the conditional relative risk aversion function by 

r/(r,) -dor -c, W'Ac.fi, (3.4) 

where .veCi. Suppose the conditional NM index assumes the form 
l^.r(co) ^ —8t;j^/j3, where )3 >- 0 and fi ] 1 (the constant value 

of relative risk aversion being denoted simply t).* Formal application of 
Theorem 1 yields an expression for IV in C{x} and hence one for , Ca) 
also in C{.v}. 

Example 2. Let us assume the following: /3 = 1,8 = 2, and x = 10,(XX). 
* Note that xjj' being constant does not imply that (x' ¥= x) will be. 
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Then the resulting TPC utility (unction may be described over Cf.v] (but not 
over all of C) by H'{ci , <■„) 2(c;" 1 -- 10 For this function, 

direct computation reveals that tk-^ 2 and j) - 1/3. If we consider the 
point f, .V lO.OtK), c.. 22,4(X) in r{A-J, another direct computation 

using (3.3) yields Ty,( 10,00(), 22,400) t«'(22,400) 2. However, if current 

consumption is increased by only 10 to c, 11,000, then for 
(11,000, 22.400) r q.vl we obtain t*(I 1,000. 22,400) - 4.76! (See l ig. 2.) 
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More generally, any values of the constant elasticity of substitution and 
relative risk aversion function satisfying 0 •. rtj • I and t; • . I will produce 
preferences for which the property of being conditionally risk atersc is 
unstable under small perturbations of (irst-period consumptii>n. Yet this 
Mxinini’ly luilhnhi^kal hi'/iarioi- ofl/ic TPC rcpn-M’iiliition inrnr.'i when L' ami 
(('V exhihit perfectly “standard" properties. 

We leave to the interested reader consideration of i>ther properties of the 
constructed TPC’ utility functions. Our only concern here is to indicate the 
possibility of behavioral incompatibilities between the time preferences and 
coiulilionul risk preferences underlying two-period expected utility functions. 


4. l•,xlSTlNn: 

In this section we consider the existence of a TPC representation of 
preferences over .V( C, x A). Necessary and suHicient conditions arc derived 
within a framework which directs attention to the interplay of conditional 
risk preferences and time preferences. By contrast, virtually all previous 
discussions of -existence known to us proceed by applying directly the 
classical von Neumann Morgenstern axiomatization. However, such an 
approach ir the present setting confronts an immediate stumbling block in 



72 


ROSSMAN AM) SH.DLN 


pni\ iciing Ihc choice space .S’ with a mixture structure. Specifically, if (c'i , F") 
is a mixture of (c, ./■') and (cj' how should c\ be interpreted and/or 
defined v\hen c, and cj arc distinct? To form general “lotteries" appears 
to require dropping the distinction between current consumption being 
"certain'' and future consumption being “ri.sky” or “uncertain." On the 
other hand, without a mi.xture structure on .S', the NM axiomalization cannot 
be direef/y applied. 

In the present discussion, we overcome this dilliculty by relying solely 
upon mixtures defined only within the “slices” fvi Further, 

the classical NM axioms will be applied to conditional risk preferences, not 
to the rel.ilion over .S’. Specifically, we rela.x Assumption 2 to read 

As.stiniplion 2'. For each .vs O, , the conditional risk preference relation 
- , (i.e.. • S’f.v]) is NM representable as in Eq. (I.l), with the continuous 

NM index F,,, strictly monotonically increasing. 

This assumption implies that we have a collection of second-period, 
conditional N.M indices .v(. C,;. but no longer have the TPC utility 
function iV. As a result, it is necessary to use a reformulation of (A.4) which 
does not presume the existence of a W. To do so, first define the natural 
embedding t: C >S by mapping (c, , (ci, F*) where Fj is the one- 
point c.d.f. with its saltus point at ve Q . 

Assumption 4'. The preordcring , satisfies the condition that time 
preferences are preserved under the natural embedding, i.e., c '7 c' 
ic - ic'. Vc, c' r C. 

(It is easily verified that (A.I), (A.2), (A..1), (A.4) • • (A.l), (A.2), (A.3), 
(A.4').) 

I'or the ensuing existence discussion, we u.sc the modified axiom structure 
(A.l), (A.2'), (A.3), and (A.4'). This represents a substantive weakening of 
the assumptions used in Sections 2 and 3. since the OCE preferences intro¬ 
duced in [20] and discussed in Section 5 satisfy this new axiom set but need 
not be NM representable. 

rhe results of Sections 2 and 3 imply that the present modified set of 
axioms must be supplemented by some property interrelating conditional risk 
preferences. Theorem I, in fact, suggests the nature of this interconnection. 
I.ct us rewrite Eq. (2.1) as 

lV,(c,) fVyUy(l/(.y,r.,)) 

where .v. .v' e Cj . According to this expression, the conditional NM index fF,. 
can be obtained from fF,.- by using The function provides a 

map from points in C[-v] to points in C[.v'], which we call the transfer and 
denote y. 
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Dkiimtion 2. If .V, A"'(. Cj , the fraiis/er mapping y; C[.v] r\ C{.v'I 
C[x'] is characterized by the relation c yc, for each c in the domain of y 
(cf., Hg. 3a). I^t .S’f.Yf denote the set of pairs (c ^, F) in S such that {c,j >; 
supp fC C{.y], where supp f is the support of F. The induced transfer 
mapping 5[.y] n 5{.y') >■ 5[.y'] associates to a pair ix,F) the pair (.y', O’), 
where F(y) -- U(y') if y(.v, > ) (.v', >■') (cf.. Fig. 3b). 

The induced transfer mapping will be denoted by the same .symbol y as 
that used for the transfer mapping. 

If (.Y, F) is in the domain of the induced transfer y, then the corresponding 
pair ( y', 0) y(.Y, F) is obtained by “sliding along the intertemporal 




(b) 


FwiURF 3 
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indilTciviKv cur\c,s.'' i/uis for inslancc, suppose F has //-jump points 

1 r, . j „l. riien uiidi;r ihc induced transfer one conslrucls a c.d.f. 6’ which 

(f) also has //-junip points, { r,'.v'(, where each r,' is obtained by Unding 

that (a", 1 ',') r[A 'l lyin,e on the same indifference curve as fv, j\) and (2) has 
the same "probability structure” as F, i.e., F( y,) 6( j -) for each y, and y,' . 

Hence, the transfer is determined completely by the prcrerence relation - 
It is clear that the induced transfer is an afline mapping: y(A-, aF y hO) 

F) />y(A, O') where n, h 0 and « h 
The simplest interpretation of If,. Oj. involves asserting that the 

h/dt/ced /rii/>sfi‘i' /naps VfA] onto •iT-v']- More formally, we provide 

Dlumiion 3. Conditional i-isk preferences f , a c C,| are loIicitiiI if 
V.v, . s.. > .S'[ v] n .S'fv'l, v, .v^ - y.v, ys., . 

A'isumptio/i 5. ('onditional risk preferences are coherent. 

C'oherence of the set of conditional risk preferences implies that the 
induced transfer y maps a conditional indifTcrence set in 5[\-] into a condi¬ 
tional indilTerence set in ^'[a']. Since y is determined purely by - /, coherence 
is thus a property interrelating time and conditional risk preferences. As 
should be clear, this integrative property underlies both Theorem I and the 
existence of Examples I and 2 in Section 3. Moreover, it plays a crucial role 
in the proof of our basic two-period NM representation result. 

Tttt.oRi vt 3. (A.I). (A.2'). (A.3), (A.4'), a/id (A..3) are together necessary 
and stifficieni conditions for the existence of a continuous, strictly monotone 
increasing TPC' utility If': C’ ► 11?. 

The proof is to be found in Appendix C. 

The relation .v ^ y.v which plays a crucial role in the proof of Theorem 3 
can be given an interesting compensation interpretation. Consider a distri¬ 
bution /-’with probability mass concentrated at y, and so that Probf r,! p, 
Probl y^l 1 p (sec Fig. 3b). Let y(A', F) -- (.v', C). Wc can regard y(,v. F) 
as being obtained from (.v, F) by a compensation process: using “time 
preferences” ■ the increase Ax x' x in current consumption is 
compensated by adjusting the levels y, and y- downward to y,' and yo without 
altering the probability structure (i.e., without changing the value of p). 
So far wc have assumed nothing which would imply that the conditional risk 
preferences on .S[a''] arc or arc not compatible with y. If the transfer com¬ 
pletely compensates, according to the preference relation -for the alteration 

■■ Note {ah' i hG){y) aF(y) 4 hG{y) == ah''{y') \ hG'(y') (ah ' i bG'){y') by 
Det'milion 2 . 
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J.v. then {.V, 7 (-v, /■'). In this ease, therefore, the utility of (.v,/') deter¬ 

mined by any index ,S’ - ► R representing - . would depend on the time 
preferences for the possible outcomes of the distribution, and the induced 
transfer mapping y\ ,S'[a] r\ »■ S[x'] would map indifference sets into 

indillerenee sets. 

Rcnuirk. Given the family {fV,! of conditional NM indices, there is a 
naturally associated function f'dclined by l^(c, , c.,) This mapping 

f': C - R must be interpreted with the greatest of care. The temptation is 
great to view this expression as a TPC utility. However, this would be 
totally imwarrantcd on the basis of (A.2'). As we have been arguing, (A.l), 
(A.2'), (A.-l), and (A.4') are not sullicicnt to establish the existence of a rPC 
representation. One is only justified in using , 4-) fnr choices between 

points in .S’ eharactcri/ed by a common value of fivst-peried consumption. The 
fact that V depends on c, rctlecis a dependence of the second-period risk 
aversion (as, for instance, in the Arrow Pratt sense) on the preceding period's 
level of consumption. 

Remark. The thoughtful reader may well note the possibility of an 
alternative approach to the existence question. Let •'/' be the space of joint 
c.d.f.'s defined over C\ >: C.,. Clearly, many elements of •‘/' may not be 
meaningful economically (because whereas future consumption will in general 
be uncertain, current consumptiiin will not be). Nevertheless ■'/' is mathe¬ 
matically dctinabic and supports a natural mixture structure which permits 
application of the traditional von Neumann Morgenstern axioms (e.g., 

I ishburn [5]). The idea would then be to embed the economically meaningful 
world of - , .S' (where .S' is not a mixture space) into the mathematically “nice” 
world of and assert the following: 

is NM representable on .S ifl' there is a complete preordering 
over '/ which satisfies the traditional axioms and which agrees 
with - when restricted to .S’. 

■fhis result is easily verified. However, the approach may not be operationally 
meaningful since (i) the decision-maker may simply not possess preferences 
outside of .S’ or (ii) he may have an ordering over all ■'/ which, although NM 
representable over.S, is not consistent with the NM axioms over other regions 
of '/'. [’he embedding approach has still another disadvantage which is more 
significant economically: the traditional axioms for TPC utility are not 
known to reveal the interconnection between time and conditional risk 
preferences developed in this paper. Finally, the result provides no indication 
of a test which could determine when such an extension is possible: as a 
consequence, the condition given for existence would be difficult to verify 
or to disprc' c m any particular theoretical discussion. 
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Remark. The comieclion between lime and NM preferences has also been 
invesliyated recently by Prakash [13], though in a quite dilfcrcnt context. The 
notion of a “lime iidjustinent calculus” is used to consider preferences over 
dale income pairs (/,/»).. M < IR where R, [0,'Tj). In addition to 
relatively minor differenees in setting occasioned by Prakash's use of the 
closed half-plane rather than the open positive orthant, more fundamental 
dilTercnces arc produced by his use of the standard assumption that un¬ 
certainty is present at each time I. Nevertheless, his Theorem 3..‘i (restricted 
to the domain of 8,() should be compared with our Theorem I (reformulated 
in terms of the transfer). Despite the differences in economic context, the 
results arc mathematically analogous. However, Prakash's argument depends 
upon a claim (his Proposition 3.4) which amounts to asserting that con¬ 
tinuous, strictly monotone NM preferences over date-income pairs imply 
ordinal time preferences whose regions are only of type I (cf.. Lemma 1 
above). A counterexample in his conte.xt is provided by preferences defined 
by the utility U{l, m) (cxp( 2t) ! exp( 2iv))~^, since the date-income 
pair (log 2, log 2) is then superior to every income at time / 0.® Prakash 

examines neither the question of existence addressed by our Theorem 3 
(possibly because in his setting mixtures are always available) nor that of 
the possible mathematical and/or behavioral incompatibilities considered in 
Section 3. 


5. OCIv Utii.h y 

In this section we show that the coherence postulate represents the 
conceptual link between TPC utility and the OCL (“Ordinal Certainty 
Equivalent”) representation ofdeveloped in Selden [20]. 

Let us first introduce some additional notation. Given a first-period 
consumption of .v, the certainty equivalent period-two consumption 
associated wjth the c.d.f. Fis denoted ol.v, F). Then the “OCF. Representation 
Theorem” can be stated as follows: 

TiiroRLM 4 (Selden [20]).’ Under (A.I), (A.2'), (A.3), and (A.4'), the 
ordering - on S is OC'li representable, in that V.v, .v' C, and F, G e .V. 

(.V, F) (.v', G) U{.x. r.,(.r. F)) U(x', A(.r', G)), 

where r.,(.v, F) E,' Lie.) dF{c,) and G) ^ V,} E^.(c.,) dG(c^). 

“ The "discontinuity” argument in the proof of Proposition .1.4 incorrectly asserts that 
(.r, m') I for all p e (0, I). 

’ Although the assumptions employed here are not exactly the saine as those introduced 
in [20], the essential logic of the proof is. 
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In relating the OCl-i and TPC representations, we ean slate the following 
result as an immediate consequence of Theorems 3 and 4. 

CoRoi I.ARY 1. Under (A.l), (A. 2'), (A. 3), and (A. 4'), any OCE represen- 
lation can also he expressed as a TPC representation if and only if risk 
preferences are coherent. 

This result ean be expressed in another, related way. If, in addition to (A.l), 
(A.2'). (A.3). and (A.4'), one invokes the coherence postulate, then corre¬ 
sponding to a given ((./, TJ-pair will be a two-period NM index W which 
dilfers from U by the transform // T, ■ U~'. But this transform is exactly 
what is required to undo the nonlinear (in the probabilities) OCE represen¬ 
tation:" 

/,. r(.v, k;‘J’ VAifidFic.^) k, ^ t/;'o c, (k,;' VAc.^dFUf)) 

(■ yAeftdFic.,). 

•c. 

We conclude this paper with a brief discussion of the implications of 
invoking the coherence axiom. Consider once again the case of the pairs 
(.V, /') and (.v', G) described in conjunction with Kig. 3b. One can compute 
tlic conditional certainty equivalent period-two consumption values as 
follows: 


y ^ ! (I -rr) Vf},)), 

y' -■ VA^VAfy) ■ (1 n) K,'(y:.)). 

On the basis of conditional risk preferences, (.v, f) will be indiflerent to (.v, /■’), 
and (.\'. O') to (.v', (/). Now, in terms of Fig. 4 it is straightforward to see 
that if (.\. I'l) (.v', )'[) and (.v. i^) ( '■'. .I 2 ), then coherence requires that 

(,v. y) and (.v'. y') lie on the same time preference indifference curve (and 
similarly for all such lotteries). In contrast, the 0('L representation hypo¬ 
thesis would, in general, allow an indilfercnce curve passing'through ( v,y) to 
lie above or below (.v', y'). As this cvidcncc.s. the coherence axiom in con¬ 
junction with the other iissurnptions produces a very strong interdependence 
between lime and conditional risk preferences. It is as a consequence of this 
interdependence that the incompatibilities described in Section 3 arise. 
Dnder an (X'f! representation, a given (t/, {['^.O-pair will not exhibit such 
incompatibilities as long as coherence (which certainly possesses some 
intuitive appeal) is not assumed. (This, of course, is not to say that an 


’ Clcarlv. no increasing nionolonic transform of U, such as li, will atfecl the ordering -< 
(cf., 120, f'o nllary 1]). 
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arbitrarily spccilicil (</. 11 ,.j)-colleclion might not imply unreasonable 
behavior for instance, in specific applications such as the consumption/ 
savings problem.) As argued in f20], the OC'fc' representation permits one to 
prescribe U and {r,.l and hence model the interrelationship between time and 
risk, preterences. In contrast, under the TPC approach, this interdependence 
is determined by a desire for the "mathematical simplilication” of linearity 
in the probabilities, or equivalently by adoption of the coherence axiom. 


Aimmndix 

A. I'roof of Theorem 1. Let T be a TPC index defined throughout C. 
Then by (A.4), we have T h ■ U for a strictly increasing function h: 
im ty - >■ R. By restricting consideration to C{.v} and noting that im U ' C{.vJ 
im Ur, we obtain V CfivS /i I im (/.,. ■= C i n.v|. On the other hand, by 
restricting to r[.v], we obtain Tj. - hWm Uj. <■< t/,r. Therefore, /; ; im Uj. 
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Tj.- (//. Since 7',. and Wj. arc both conditional NM utilities for -'j, on 
|,v| X A', we may write -- - A -j Wj. . where A is affine. Consequently, 

/■ I C{a-1 A - Wr - C, ' . C ! C{.v;. It follows that IV, '> u ■ Cf.vj is 
also a TPC, NM index over C{a-}. Q.E.D. 

Observe that /; \ im U, is affinely equivalent to IV,' which is not the 
same as having // affinely equivalent to IV, • U,' unless im U, im U. This 
distinction is at the root of all of our labor in proving Theorem 2 (Section 3), 
where we begin with a candidate for /; ' im U, and are required to obtain the 
extension h. 

B. Proof of Thoonm 2. fhe general line of argument establishing the 
necessity of one of the conditions (i) (iv) is indicated in the discussion of 
I'xample I. To establish sufficiency, i.e.. existence of -we shall consider 
the cases separately. 

Ct/ic (i). Where C'f.vl Cj X Q, we have im (J, =- im U. But if the 
monotone transform h: im U, —»■ R is defined by /; W, - C"*. then h j U 
is well defined. Consequently, the function W h ' U defines a ^ on 
■'»( <it'f C| ■■ A ) for which it is the TPC index. Moreover, the resulting W 
has IV, as its conditional NM utility for (on {.v} X .V). The uniqueness 
assertion is clear from Theorem I. 

Case (iii). Again take h ■■■■■ IV,U,^. In this case the domain of ft is 
equal to im U,. But im U, is just the open interval (inf (/, sup U,), where 
sup U, is finite and less than sup U. Moreover, since IV, is bounded above, 
It is also bounded above. Therefore, lim„ .supu, /'(«) exists. But this is exactly 
what is required to extend /i to a monotone function //: im C R. Now 
take ' to be the relation over S having IV // " 7/ as its TPC index. This 
preordcring is not unique because the extension If is not unique. (Note that 
if IT,, and U are continuous, we can choose a continuous extension. Therefore, 
W is continuous if .so desired.) 

Cases (ii) and (iv) can be verified by a similar argument. Q.E.D. 
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; O.- ccum H^-p^noO. unccr!.„n scconJ-pcn.cl.cUj ,, ■ 

Ls inpcr u ihc lc^d ofri.Uc-^^ am->umpt<,^n pun., the trun.la ,n.„ .„, , 

„™v;d' no more tlr.m u mmsiumlurd. formul .peaheuuon o, 
y The imhieed trund'er. form u clu.s of eMcn.ion. n,, 

tr.'in.fcr concept to the level ol' conditional risk prclerenee.. an eUen-.:,:,, 
elntniclenWd by the properly that the indueed mappings be <if/iih\ ll,i~. 
sinictLirc can he taken into :iccoun( provided it is compatible Mith the 
structure imposed by the a priori relation - on »5’ In particular, the transl'ei 
allows an atUne representation on S'lx], where .v is an arbitrary current 
consunipttLin /evo!. to be extended to S(.\! (w/n'c/i in some cireumstanees 
may be all of S). In the general case, the desired representation can be 
established throughout the entire choice space S by dcliniiig the represen¬ 
tation over each set .S'J.vj of a collection of sets covering S, and by verifying 
that these definitions are identical where the covering sets .S'{.y} overlap. 

Let us first define the following properly of an induced transfer mapping. 


Dei (NIHON. Risk preferences {-■ id are invariant under transfer if ,v ~ y.s 
for any .y in .S'[.y] n 

In (he context of this paper it is easy to show that coherence and invariance 
are logically equivalent properties. 

T)ie following lemmas show that the representation can be extended 
from .'i>{.Yj to the entire space S, and therefore that the TPC utility can be 
captured by re.stricting the extended alTinc index to the set i(ci , c.p as in [6]. 


Lemma 2. Cliven x' e C, , let \ be a representation of preferences on ^[x'] 
which is affine in the probabilities. Then a (slicewise) affine index A on i?{.Y'} is 
defined by A(.v) - Ay(.y) for each s e S{.y}, where y is the appropriate transfer. 

Proof. Given that conditional risk preferences are coherent, as suggested 
above, they will also exhibit invariance, i.e., ys ~ s for each s. Therefore, 
-< s.j ;■ A(.y,) < ^(.yj), and .V, ~ .Va - • A(.v,) = ALv,). Therefore, A represents 
on S{x'}. Since both A and each transfer y are affine, the extension A mu.st 
be affine slicewise. 0 

The above lemma cslabli.shcs the desired repre.sentalion for arbitrary 
regions of the form S{x}, xc-Cj.To extend this representation to all of S, 
a framework of subsets C^’, = 0,1,2,..., is chosen such that (1) C'"’ C 

c C, (2) ij,v C'-''* C, and (3) an affine representation over choices 
supported by can be extended to an affine representation over choices 
supported by Accordingly, the existence of an affine representation 

over all .S' is proved inductively. The following lemma provides the material 
for constructing as a union (Jn—w C{x„] of fundamental equivalence 
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regions determined by the time preference relation The regions 
are themselves inductively defined. 

Lemma 3. There is a subset {,v„ i n -- 0, ^-1, of C] such that 

(i) n y- i:. for each n, 

(ii) x„ < for each n, 

(iii) Un C'{.e„| C. 

Proof Proceed inductively by choosing .v„ arbitrarily. It will suffice to 

demonstrate the extension of the chain C’fv v}.to the chain 

C{.v ,v -.I. -, C{a.v| ..}. If C{jr.v} has no right boundary, or if the right boundary 
approaches no point in (0, oo) ;< {0), define .Vy, i and .y.v i a by .Vy+i - 1 | .Yy, 
.v.via 2 i .Y.v; if the right boundary approaches (.v. 0) c (0, oo) X {0), 
then set .v.y^ o .v and choose .Yv 4 | to satisfy Xm .Yy+, < Ay,.;. The choice 
of .Y. V 1 and .Y...V 2 's made in a similar way based on discrimination among 
left boundaries. 

It is clear that the inductive step preserves properties (i) and (ii). Moreover, 
from the construction we shall prove that a-„ • » co as n >■ a;, and similarly 
.v„ > 0 as /I > ai. These limiting behaviors guarantee property (iii) of 
the claim. 

Suppose sup .Y„ • ' CO. Then the left boundary of C{.y] must lie to the right 
of C[.v,|], where .y sup .y„ . Since these verticals approach C[.y], the left 
boundary must lie in fx, oo) x Cj. But strict monolonicity of makes 
this impossible. Therefore sup x,, = oo. 

In a parallel fashion, one may sec that inf a'„ -- 0. [?) 

Before proceeding to establish the principal inductive step of the extension 
proof, we need a preliminary result. 

Dffinition. If KC Cl y. C-i, then S(K) denotes the class of all scS 
whose support lies in K. 

With this notation, 5 [,y'] 5({.y'] X Q) and S{.v'] is 5'(C{x'}). Observe 

that S(K n L) S(K) n S{L) if /f, Z. C C. Moreover, it is easy to show 

Lemma 4. If K. LC Ci X are two nondisjoiut open intervals determined 
by =^ 5 *, then each .v, 6 S{K U L) is indifferent to an element s^ e S{K) U S{L) C 
SiKuL). 

To prove the theorem, it is enough to establish 

Lemma 5. For W = 0, 1, 2,... there is a (slicewise) affine index Ay repre¬ 
senting < over C{x„}) such that Ayn | domain Ay =- Ay . 

Proof. 1 -mma 2 supplies Aq . Proceed inductively. Let = (J-y C{.v„}, 
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1. CIa v . )1- Hy Lemma 2 ihere is an adinc imiex A representing - ' over /.. 
Since both /. and A are intervals determined by - ' (use Lemma 1 and 
prepositions (i) and (ii) of Lemma .1), An L is a subinterval of L. We propose 
to show that some afiine modi/ieation of A will coincide with Ay in S{A) n SU-) 
by using the classical NM uniqueness result, f irst view S{A n L) as 
( r, V.)), where yi C.,. Since S(A Ct A) C S(L), both A^ and A 
provitic allinc indices representing - , over S{A n /.); by classical expected 
utility theory, there is an afiine transform r such that r ’Al.S'fA'n /,) 

Ay S(A n L). C\)nsequently, Ay,, may be defined by 

( Ay(.V). .V. .VIA), 

Ay.,(v) 

I T A(.s), .VC .S'{L). 

According to Ixmima 4, the extension to.S't A) u ,V(Z.) determines the extension 
to ,V(A U /.). 

Two points must be verified: (I) Ay., represents over .5(A U A), and 
(2) Ay,, is slicewise afiine. 

To establish that Ay., represents -consider ,v and s'. Suppo.se s - s'. 
Then we may suppose lh;it s cr, s' - ic', where c, r' e A u /,. Since s < s', 
it must be true that c - <■'. Since wc need not consider the cases where 

{c. c'}L. A or where {c, c'J C A, wc may a.ssume ct. A and e'e A. Now if 
(•' >t K, then c c" and c' c'", where {<•', c"'} C C[.v,vh] and c" -' c'". But 
the same may he said for any cy A such that ci L and c <' c. Therefore, 
Av.i(') A,v(.y), A.viiCv') ■ T A(.v'), and t > A(.v') - sup Ay,, Ay |,(.v). 

I'hus. .V •; .v' implies Ay . i(.v) • Ayii(-0- If s^s', then c c'. Thus 
{c, (•'} C A n A, and clearly Ay,,(.v) Ay,i(.v'). Now it follows immediately 

that .V -, s' ilT A,vi,(.v) s; Ayn(.v'). 

Finally, to establish that an affine representation is possible, we use the 
classical uniqueness result once again to show that Ay,, coincides with an 
afiine transform over for every .v such that S[x] C S(K u A). This clearly 
implies that the inductively defined representation over all of S is (slicewise) 
afiine. First, note that there is some afiine index 9 ; over S[x], for x e C,. But 
then tp and Aygive affine indices over S[.v] r» S(A). So Ay,, | S(A) n S[.v] = 
T,o ip\ S{K) n A’[.v]. Moreover, Ay,., I S{L) n S[x] - 93 1 S(A) n ^[x]. 

Consequently, t, o 93 1 S(A n L)n S[x] = xg» 9 > | S{K n A) n SM. Since 
S(K r\ L) n S[x] contains at least two elements which are not indifferent, 
the afiine transforms t, and must be identical. Therefore, Ay,^, | [S(A)U 
A(A)] n ^[x] T - V) I [S(K) U S(A)] n S[x]. Therefore, Ay,, | S[x] -to,, 
when S[x] C S(K U A). As 93 is affine, Ay+i must also be affine on each slice 
lying in S(K U A), [x] Q.E.D. 
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I. InIRODIK TION 

A number of rceent vsorks rely on a description of tlie allocation of 
resources in an economy where prices arc fixed at a value which may not 
achieve equilibrium of supply and demand in the classical sense. They all 
rest upon a concept of equilibrium at fixed prices which appears to be related 
to a number of important issues in economic theory. At the microeconomic 
level, this approach stems from the study of non-tatonnement processes 
where transactions take place in each period at the prevailing prices while 
prices adjust from period to period [18]. In an economy with public goods, an 
analysis carried out in a similar framework leads to a characterization of the 
set of Lindhal equilibria flO]. At the macroeconomic level, the concept of 
equilibrium at fixed prices seems especially fruitful: It makes it possible to 
obtain within the same model, by varying the characteristic data of the 
economy, situations of Keynesian unemployment, stagflation, and repressed 
inflation [4. 5, b, 7, 8, 14,21,29]. It also provides a tool to describe the 
functioning of centrally planned economies where prices are administered 
by the planning agency [26]. And. finally, it paves the way to a reconciliation 
between macro and micro theory, since, when transactions are not restricted 
any more to a single price system but may take place at any price, the model 
gives back the traditional competitive equilibrium (see particularly [22, 23]). 

Many of these studies use the Hicksian fixprice method. That is, it is 
assumed that prices are temporary fixed and that the market clears during 
the period under consideration by means of quantity signals perceived by the 
agents (quantity rationing). Moreover, it is often postulated that money is 
the only medium of exchange so that one can imagine that the economy is 
composed of separate trading posts, where the traders exchange each com- 

* This work w-as parlially supported by National Science Koundation Grant SOC'74- 
11446 at the Institute for Mathematical Studies in the Social Sciences, Stanford University. 
The work of Grandmonl has also been partly supported by the University of Bonn. De¬ 
partment of Economics, during a visit in the spring quarter, 1975. The work of l.aroquc 
has been partially supported by a Ford Foundation Grant 6R90114. 
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modity against money at the ruling prices. Finally, the rules obeyed by a 
rationing scheme in these studies are simple. If at the ruling prices, the 
demand and sypply currently expressed by the agents on a given market are 
compatible, then everybody should realize his plan. If there is an excess 
demand, then all sellers should realize their plans, while some buyers must 
be rationed, i.c., compelled to buy less than they intended. One speaks often 
in this case of a ‘■‘sellers’ market.” 

The basic features of this equilibrium concept are by now well established, 
although there may be variations among the authors in the way to present it 
[7, 8, 13, 28, 30]. 

Yet its e.xact status does not seem to be clearly perceived by all workers in 
the field. The ambiguity comes from the fact that these models are intended 
to describe “disequilibrium” states where there may be an excess supply or 
demand on some market, by contrast with the Walrasian model where all 
markets clear. In any given period, however, the final allocation is clearly 
the result of a idtoimenu’nt on quantities. On reason comes from the assump¬ 
tion that the agents on the “short side" of a market always realize their plans 
(e.g., the sellers when there is an excess demand). When there are several 
buyers and sellers this assumption appears to involve a sizeable and costless 
exchange of information among traders, so that eventually no seller is left 
with an unsold commodity in the case of an excess demand. Another reason 
is that there is a simultaneous adjustment on the various markets. Conse¬ 
quently. the allocation reached on some market is inlluenced by the existence 
and the extent of a disequilibrium on others (spillover elTects). In any case, 
the final allocation defined by the axioms postulated in the fixpricc method 
appears to be result of an equilibrating process on quantities within the 
period under consideration. 

The purpose of this study is to get a deeper understanding of the exact 
nature of this equilibrating process by using the theory of games, A simple 
example may help to justify the need for such a study. Consider an exchange 
economy with two commodities b 0, I (commodity 0 being money), and 
two consumers ; and /. If w'e look at the Ldgevvorth box drawn in Fig. I, ir 
is the initial allocation, and the line AB represents all admissible exchanges 
at the ruling price system p. In the picture, there is an excess demand for 
commodity 1, consumer / being the supplier and consumer / the demander. 
T he rules described in this section lead to a final allocation represented by D, ; 
there, consumer / is constrained by the supply of consumer /. > et the process 
leading to such an allocation is far from clear. It is indeed ea.sy to understand 
why allocations described by points of AB outside the segment Djy, arc 
unlikely to be observed. For instance, at any allocation represented by a point 
of AB on the left of D, . both traders can improve their situation by moving 
along AB towards D, . But any allocation represented by a point of O,/), in 
Fig. la, of 1>,C in Fig. la, would appear to be “stable" in the sense that any 
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move IVoin it while staying on AB, would hurl one of the traders and there¬ 
fore would be opposed by him. 

This heuristie diseussioii shows that the equilibrium concept leading to a 
liiiiil allocation like D, , involves some kind of bargaining among traders 
which makes the sellers somewhat more powerful than the buyers when 
there is an excess demand on some niiirkei. The purpose of this paper is 
indeetl to make this bargaining process clearer. A lirst result in that direction 
was already obtained by Younes f28, 30] and later t»n by Malinvaud and 
Younes [22. 23). Their analysis, applied to the case of the fixprice method, 
shows that allocations like D, are obtained if one postulates a rccontracling 
process obeying the following axioms: 

1. When recontracting, the traders take the ruling price system as given. 

2. When recontracting, the traders can only exchange a single com¬ 
modity against money. 

3. The linal allocation must be efllcient commodity by commodity 
given the price system. 

4. Nobody can be forced to exchange more than he wishes. 

In the present study, we keep the lirst three axioms,and derive the fourth one 
from more basic considcratit)ns. Our starting point is that bargaining takes 
place among coalitions of traders. We assume that, when trying to improve 
upon a proposed allocation, a coalition will take into account, in a way that 
we make precise, the possible reactions of the traders who are left out of the 
coalition (compare with the definition of a bargaining set by Aumann and 
Maschicr [3]). Our basic result is that allocations where the agents on the 
short side of a market realize their plans are the only ones which are stable— 
in the sense that no coalition can improve upon it—in large economics. 
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It is perhaps worthwhile to end this informal description of our analysis by 
emphasizing an important limitation of our study. In all our paper, the price 
system is fixed cxogcncously and we consider only bargaining processes 
which take place ;il the ruling prices. However, .since a fixprice allocation is 
not in general a full Pareto optimum, it would in general be profitable to 
the agents to change prices during the bargaining process. A more satis¬ 
factory theory would be to design bargaining processes taking place without 
any price limitation which would yield endogencously determined price 
systems and corresponding fixprice allocations as stable outcomes. It is 
hoped that the present study will be a useful first step in this direction. 

I he [Kiper is organized as follows. In Section 2 we describe our assump¬ 
tions and the concept of equilibrium which is used in this work. We study in 
Section ^ the cllicicncy properties of this concept, and investigate in Section 4 
the connection in large economies between equilibrium allocations and the 
set of allocations which cannot be improved upon by some coalition. All 
proofs, as well as some auxiliary results which arc of independent interest, 
are gathered in Section 5. 


2. Disi.ouilibriiim Au.of.vi ion.s 

We consider an exchange economy with I 1 I commodities indicated by 
/) 0, I,...,/. Commodity 0 plays a particular role in the analysis and is 

called money. There arc m consumers indicated by / 1,.T!ach con¬ 

sumer owns an endowment le, r R\‘ * which he wishes to trade with the others. 
The set of feasible net trades r for the /th consumer is a subset /i,- of 
Consumer i has preferences among feasible net trades given by a complete 
preordering on 7, . The following assumptions are made throughout the 
paper; 

AssiiMI’lION 1. Z, is coniex. 

Asst iMi’i ION 2. The preferences >, arc strictly eonrex. 

The price system is fixed and equal to a vector p {Pu,Pi . pi) in 

R' ', all components of which arc positive and such that /i,, I. A trade r is 
said to be admissible if c Z, and p ■ z 0. The result of the trading process 
is an admissible alloealion which is described by a collection or admissible 
net trades (;,) such that Xi" i = 0- 

Since adjustments on the markets do not take place by price movements 
but by quantity movements, clearing of the markets is brought about by 
epumtity constraints , z,) perceived by the agents that set lower and upper 
bounds on the net trades that they are allowed to make. An important 
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assumption ot'lhi: model is tlie fact that the traders do not perceive constraints 
in the ease ol commodity 0. Thus e, and z,- are vectors of R' that satisfy 
. '\ particular intcrpreiation of the model is that there arc separate 
markets, or trading posts, one for each commodity h / 0, where the traders 
exchange commodity h for money at the ruling prices. The traders however 
trade simultaneously on all markets. l-or every h / 0, let 1(h) be a vector 
(in It' ') representing an exchange of one unit of commodity h for />,, units 
of money: t„(h) p,, . //,(/;) I and /t(/t) 0 for A / 0, h. Then any 

trade such that p • 0 can be written z, xl- i and conversely. 

I'hen z,i, can be interpreted as the intensity of the /tli consumer's transaction 
of commodity h against money, and the constraints z,,, z,,, ■ z,,, , li / 0, 

can be interpreted as constraints on these intensities. Given such a signal 
(z, , the set of feasible trades satisfying the budget constraint p ■ z 0 
and the quantitative constraints z,,, Zh , h / 0. is denoted y, . 

i.et a ilisciftiilihriuni ullocaiion be described by an admissible allocation 
(z,‘) and by quantity signals (z,, z,) such that for every /, z^ maximizes the 
/th consumer’s preferences on the set y, . Clearly, such a definition does not 
involve any restriction at all, since every admissible allocation (z/) can be 
described in that way by choosing z,* - z,* z,,, for every h / 0. Uy 

contrast, the concept of a Keynesian allocation involves much more stringent 
conditions which wc review now. 

To describe whether, at a di.scquilibrium allocation, the /th consumer 
perceives binding constraints on the market for commodity li, we introduce 
the set y,'' which is obtained from y, by dropping the constraints associated 
with that commodity. That is, y,'‘ is the set of net trades z,- 1 ? Z/ which satisfy 
p ■ z, 0 and z,/i. • , z,,.. ■. z,;., A / 0, A. The consumer is actually con¬ 
strained in commodity h if there is a net trade z, in y/' such that z, >-, zf- 

Dt:i-iNi riON I. A /f-allocation is a disequilibrium allocation (z,'*', z,, z,) 
such that for every h / 0, either 0 • z-^ < z,,. for all ; and Zj e y,* such that 
z, ;Zj", or Z/i, z*/, . 0 for all / and z, e y/' such that z, >, Zi. 

A K-allocation displays the following properties. If maximizes the /th 
consumer’s preferences on y/‘ for all /, there is no excess demand or supply 
for commodity h and everybody realize his plan on that market. On the other 
hand if, for instance, 0 .; zj^ < z./, whenever Zj e y/ and z,- z*, there is an 

excess demand for commodity h and all sellers realize their plans, while 
some buyers are compelled to buy less of commodity h than they would like. 

We study in Section 3 disequilibrium allocations which satisfy les stringent 
requirements than a Af-allocation. Specifically, we consider the following 
condition: 


(z,ft — z,*)(Zj„ - z*J > 0 whenever Z( e y,'*, Zj 6 y/ and Zi >i z*. 
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This condition means that the traders who perceive binding constraints 
tor some commodity h should all be constrained in the same direction. We say 
that a disequilibrium allocation satisfies the Hahn Negishi condition if (H) 
holds for every h, because such a requirement was first discussed in the 
context of non tcitonncnumt models. 

An e.xample may clarify the meaning of these conditions. Consider the 
exchange economy with two commodities (/ — I), and two consumers / and j 
which was pictured in Kig. 1. There, iv is the initial allocation, and the set of 
admissible allocations is represented by the segment AB. The set of admissible 
allocations which satisfy the Hahn-Negishi condition (H) is represented by 
the closed segment W,/),-. There exists a unique A'-allocation which is re¬ 
presented by the point I), . 

Remark. The foregoing definition of a A'-allocation does not specify how 
shortages are distributed among the agents. Benassy [7, 8] has proved the 
existence of a A-allocation corresponding to an arbitrary rationing scheme, 
using a concept of ellcctive demand as in [I I, 15]. 


3. F.intThNCY 

It is natural t*) ask whether a A-allocation displays any cHicicncy property. 
It is first clear that, if we wish a A-allocalion to be efficient in the Pareto 
sense, we have to restrict ourselves to trades that satisfy the budget constraint 
/) ■ .r 0, i.e., to admissible trades. The following typical example [8, 23, 29] 
shows, however, that a A'-allocation need not be Pareto optimal among the 
class of admissible allocations if we allow the consumers, when recontracting, 
to trade simultaneously on all markets. 

Consider an exchange economy with three commodities (/ == 2), and two 
consumes / and./. Assume that there exists a A-allocation {z*, r/), where 
there is an excess effective supply of commodity 1 as well as of commodity 2, 
and where consumer / is a net demander of commodity 1 and a net supplier 
of commodity 2, while the situation is reversed for consumer /. The situation 
so described is similar, although the analogy must not be pushed too far, to 
Keynesian unemployment, where there is an excess supply both on the labor 
market and on the market for output. At the A-allocalion, the only binding 
constraint that consumer / perceives is a constraint z,„ < 0 on his supply of 
commodity 2, where z,, ^ ~z% . Then zf is the result of the maximiza¬ 

tion of the preferences >,• subject to/? • z ^ 0 and z^ z,,. If the preferences 
>, are representable by a continuously differentiable utility function t/,, and 
if r,‘ is interior-to Zj {«’,} 1 a straightforward manipulation of the 
Kuhn -Tucker conditions yields the two relations t/l, — /?, L'/o = 0 and 
— P«U\- < 0. where the partial derivatives are taken at z*. Similarly, one 
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iicts lor consumer /, <//, /),6'7„ 0 and IJ', pJJ',^ 0. Il is now clear 

lhal the two aecnls can both improve Iheir position by trading simultaneously 
on all markets. Indeed, consider the new admi.ssible allocation (r,, Cj), where 

r/|?' ! with /' ( Pi, 1,0), t- ( p,, 0, I), r/j 0 and 

rtj . 0 being “small” numbers. Then 

(/,(;,) L',(c;) p,(./;„) : o. 

diiUji PiL-'jn) P-A'in) 0. 

When «| and a., are dilTcrent from zero, the trade z, z/ —(Zj z/) 

involves in general an exchange of all commodities. Suppose now that the 
traders must exchange only a pair of commodities when trying to improve 
their position, starting from the given Ai-allocation. If we allow them to 
exchange directly commodity 1 for commodity 2. this corresponds to the 
case «,pi i f/.jp.j 0, and then both traders can be made better off. On the 
other hand, if the traders arc restricted to monetary exchanges (cither a, - 0 
or o., 0), then a trader cannot improve his position without making the 

other worse olf. 

This example suggests that wc have to restrict the rccontracting process to 
tiikc pliice on a single market at a time. 

Di.i iNffioN 2. A disequilibrium allocation (z,*, z,, 5,) is efficient market 
by market if there is no commodity It 0, and no collection of admissible 
trades z, r y/‘, / 1,..., /?;, such that , z,„ -= 0 and z, z/ for all /, with 

strict preference for some /'. 

Note that the consumers, when they recontract by exchanging commodity 
h iimong themselves, ignore the quantitative constraints associated with lhal 
commodity, but plan to modify their transactions in the other commodities 
k / /;, subject to the constraints perceived for these commodities. 

If wc go back to the example described in Fig. 1, wc see that the set of 
enicient allocations (in our restricted sense) coincide to the closed segment 
DiOj. Indeed, for any point between A and Di , for instance, it is possible to 
improve the situation of both consumers by moving along the line AB 
towards D,. A similar statement is true for any point between D, and B. But 
this is no longer possible if wc start from points in the segment DiDj, for if 
wc wanted to improve the situation of the traders, wc would have then to 
leave the set of admissible allocations which is described by the segment AB. 

We saw in Section 2 that the set of admissible allocations which satisfy the 
Hahn-Negishi condition was represented too by the closed segment DiDj. 
The following proposition states that this is a general result. 

Proposition 1. A clLsn/uilibrium allocation i.s efficient market by market 
if am! only if it satisfies the Halm Negishi condition. 
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4. Ri.CONIRA( TING 

Wc showed in the previous section that the Hahn Negishi condition (H) 
characterized disequilibrium allocations that were edicient market by market. 
We now investigate the connection between A'-allocations. and the set of 
disequilibrium allocations that cannot be improved upon, or “blocked," by 
coalitions. Our goal is to find a notion of blocking such that these two sets 
tend to coincide when the number of agents is large, and when each of them 
is negligible compared to the size of the economy. 

Uy analogy with the traditional study of the core, and in view of the 
restrictions that we imposed on the rccontracting process in the previous 
section, one might be tempted to say that a disequilibrium allocation (Cj", 
r, , 5,) is stable if there is no coalition S of consumers, no commodity h 0, 
and no collection of admissible net trades r, fc y/'. /e.V such that (i) Y.,~-s 
:,,i 0, and (ii) z, >,■ r/ for all i in .S’, with strict preference for some member 

of S. One would then study the relationships between the set of stable 
disequilibrium allocations, and the set of A'-allocations. The following 
example shows however that, with such a definition, a A'-allocation would 
not in general be stable. Indeed, in many cases, there would be no stable 
disequilibrium allocation. 

Consider an economy with two commodities (/ I), three consumers. 

Assume that in the absence of any perceived quantitative signal, consumer I 
is willing to supply, say, 20 units of commodity 1, while each other consumer 
wishes to demand 30 units of commodity 1. There is an excess demand of 
commodity 1. A A'-allocation is thus described by an allocation where 
consumer 1 delivers 20 units of commodity 1 to the other agents, while 
consumers 2 and 3 receive, respectively, c.. and r-., units of commodity I. where 
(jo, Z;,) : 0 and Z;, - 20. There arc many such allocations, but no one 
of them is stable if we adopt the definition prescnlcil so far. I'or if, say, 
z., -, 20, then consumer I and 2 can redistribute their endowments among 
themselves so as to make consumer 2 better ofl’ without making consumer 1 
worse off. The origin of this phenomenon is the fact that we have allowed so 
far to much competition among the traders who are actually rationed at a 
A'-allocation (here consumers 2 and 3). The phenomenon can be avoided by 
requiring that a coalition, when rccontracting, must improve the position of 
crery member of the coalition. We would not need, however, this additional 
requirement for the universal coalition (the set of all consumers) since the 
phenomenon cannot occur in such a case. One thus might be tempted to say 
that a disequilibrium allocation (z*, z,, z,) is stable if it is eflicient market by 
market, and if there is no coalition S, no commodity h V 0, and no collection 
of admissible trades z, e y,", i t S, such that Xi. .s -th d and z, >, z- for all 
members of ,S'. We see later on that with such a definition, a A'-allocation is 
always stabh But we also prove that the set of stable allocations can then be 
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mufli larger Ilian the set nT A'-allocation> even in large economies (see 
Section 5). At this stage of the argument we restrict ourselves to showing 
these points by looking at an example. 

Let us go hack to the example described in l-'ig. 1, and assume for the sake 
of simplicity that there is a continuum ofagent-s of types / and j. We already 
saw in Section 3 that the allocations represented by points of AB outside the 
segment /AO, were not efricient. Consider now an allocation described by a 
point P of the segment D,n, which ditfers from D, and D, . Let .f,, • 0 and 
0 be the Walrasian supply and demand of the consumers of types / and 
/, respectively. There exist iv, ■ 0. ■<; • 0 with ix, f- ^ i such that ^ 
0. If we consider a coalition .S' composed of a proportion it, of 
consumers of type i and a proportion .Xj of consumers of type /, it is possible 
for every member of .S’ to achieve his most preferred trade and therefore to 
improve his position compared to the allocation represented by P. On the 
other hand, if we consider the A'-allocation represented by /J, , then no 
coalition can improve the position of all its members for such a coalition 
should be exclusively composed of consumers of type /. A similar reasoning 
shows that the allocation described by D, would be stable with the definition 
presented so far, as long as the trade wDj diKs not make the traders of type / 
worse off compared to their initial endowment. Therefore, with the definition 
pre.scntcd so far, the set of stable allocations is described by the points D, and 
Dj in the case of Figure la, and reduces to the A’-allocation Di in Figure lb. 

If we wish to eliminate the allocations like Dj where, on some market b, all 
the buyers do realise their plans although there is an excess demand, we 
clearly have to allow more coalitions to recontract out than were permitted 
in the last definition. In doing so, we have to pre.sent a concept which captures 
the idea that, when there is an excess demand on some market, the sellers are 
somewhat more powerful than the buyers. It turns out that it is possible to 
achieve this goal by borrowing some features of the definition of a bargaining 
set. 

Consider a disequilibrium allocation. Let A be the set of agents and let S 
be a coalition of consumers who wish to recontract out on some market h. 
The coalition S may need the help of some disjoint subset of traders T in 
order to achieve its goal. That is, the coalition S wishes to propose a collection 
of net trades c/ which belong to y,'* for all i in S u T, such that Licsur 
z,* = 0, Zi >-j zf for all i in S and z,- zf for all i in T. V/e saw at the 
beginning of this section that a X-allocation is not in general stable if we 
allow such coalitions to always block. It seems however natural to assume 
that this coalition will indeed propose the new allocation (z,) and block if no 
member of T is likely to face an equivalent, or better proposal made by the 
complementary coalition U -- A\(S U T}. This will be the case if U is empty, 
which means that an allocation which is not eflicient market by market is 
blocked, of if T is empty, which corresponds to the second definition of 
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blocking that we considered. In all other cases, the allocation will be blocked 
by S if for every V U kj 7”, where T is an arbitrary nonempty subset of T, 
there is no collection of trades z', which belong to y," for all / in V such that 
S-cT 0 ttntl -i w lor !ill members of V. 

II we go back to the example described in I’ig. I, we find that this concept 
of blocking seems to succeed in capturing the asymmetry between sellers and 
buyers when there is an excess demand, i.et us assume again for simplicity 
that there is a continuum of players of each type / and /. At the allocation 
represented by Dj , all sellers of commodity I are compelled to sell more than 
they intended. But they can all achieve their most preferred trade wD, by 
exchanging with only a part of the set of the buyers, say T. The buyers who 
are left out cannot make an equivalent proposal to the members of T. I he 
allocation represented by /), is blocked. On the other hand, at the A'-alloea- 
tion described by D, , the buyers arc forced to buy less than they intended. It 
is true that a part S of the buyers can achieve the planned trade wl)j by 
exchanging with all the sellers. But in that case, the buyers who arc left out 
can make an equivalent proposal to part of the sellers. 

Oi'i iMTioN 3. I he coalition S blocks the disequilibrium allocation 
(r *, z, , if, for some It / 0, 

(ix) there exists a (possibly empty) set of traders T, disjoint from S, and 
a collection of net trades r, u y,'*, / c. S u /', such that -</i - 0, 

z, V- ,■ Zi for all / in 5, and z, z,*' for all / in T: 

(/?) whenever U /1\(S u T) is nonempty, for every V U u T, 
where T' is some nonempty subset of 7", there is no collection of net trades 
z[ c. yj\ i c. y, such that 2],^ y z',^ 0 and e,' >,• r/ for all members of F. 

A disequilibrium allocation is stable if there is no blocking coalition. 

We wish to show now that with this definition the set ol stable allocations 
and the .set of A-allocation tend to coincide when the number of agents is 
large and when each of them is negligible compared to the market. To prove 
this claim, wc use the procedure of replicating the economy [12]. The economy 
tS'' is composed of mr consumers indicated by a ((, < 7 ), with / ^ I,..., m and 
f/ 1,..., r. Two consumers corresponding to the same index / have the 
■>ame preferences and the same endowments w, . Wc say then that they 
belong to the same type /. The rth replica of a disequilibrium allocation 
, z,) of the original economy is clearly a disequilibrium allocation ot the 
replica economy (&'. The same is true for replicas of Af-allocations, These 
replicated allocations are denoted by the same symbol (c’, z, , c,). Then, 

Theorem 1. A disequilibrium allocation which is stable for all r is a K- 
uUocathm. 
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Is ji true iliiit a A'-alloctition is stable for every replicated cconotny or at 
least wlieti r is lariic enoupfi? The following example shows that this con¬ 
jecture is lalse. Consider an exchange economy with two goods (/ - I) and 
three types of consumers. Assume that, at the ruling prices, consumers of 
type I wish to sell 20 units of commodity I, while consumers of types 2 and 2 
would like to buy 10 and 15 units of that commodity, respectively. At any 
A'-allocation, consumer 1 actually delivers 20 units of commodity 1 to the 
others, while consumers 2 and 2 receive and units of that commodity, 
with c.j rj 20, 5 • 10 and 10 - Zj - 15. fake any such alloca¬ 

tion in the replicated economy where r is “large," and a.ssume that 
5 • z.j 10, 10 ■ rj - 15. We claim that this aIh)cation can be blocked. 

Indeed, consider the coalition .S' in tS'' coinpo.sed of all buyers of type 3, and 
of till buyers of type 2 except one, and let 7’ be the set of all sellers. Ky ex¬ 
changing with the set all members of .V can get what they bought at the 
A-allocation, plus a bonus equal to :ii\2r I), which is small enough to 
make all of them better olf when r is large. To prevent the formation of the 
coalition, the buyer of type 2 who was left out must propose to a metnber 
of /'to buy 20 units of commosliiy I. Ifsuch a purchase makes him worse olf 
compared to what he got at the A'-allocation, (ft) of I.XMinition 3 is saiislied, 
and .S' blocks. 'I'he phenomenon will occur for any large but finite r. 

The example suggests, however, that the phenomenon cannot occur if we 
ha\e it continuwn of consumers of each type. Kor in that case, any coalition 
S of the type thtit we tlescribod would have to exclude a posiUre proportion of 
consumers of type 2. 3 hese consumers can always make a counterproposal 
to a small enough proportion of sellers. Therefore, we may conjecture from 
the example that, if we reason in an abstract economy with a continuum of 
consumers, a A-allocation is stable. We sec that this conjecture is true (see 
the remark below at the end of Section 5). Such a result, however, would not 
be very c»)mforting if we were unable to prove some stability property of a 
A-allocation in finite economies. The example and the remark about econo¬ 
mies with a continuum of consumers suggest that we might succeed if wc 
postulate that, in a replicated economy <&', a blocking coalition .S' must contain 
at most Sr consumers of each type, where 5 < I. This is the motivation for 
the following definition. 

DFFiNtTioN 4. Given 0 S if 1, a disequilibrium allocation is S-stable 
in the replicated economy C'' if there does not exist a blocking coalition S 
which contains at most Sr consumers of each type. 

Then, 

Tiiforem 2. Gii cn 0 <: S < 1, and a K-aUacalian, there exists r such that 
it is 8-stahle for all r f. 
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As a matter of lact. Theorem 1 is still valid when one replaces the word 
stable by 8-stable. Thcretore we have the following characterization of 
A'-allocations in finite economies; 

Coititi.LARY. Ciircn 0 • 8 - t, « (lise</uilihrium alloccilion /,v a K-aUoca- 
lioii if and only if there exists r such that it is 8-stahle for all r f. 

Remark. Definition 3 can be restated in the following equivalent way. S is 
said to block a disequilibrium allocation if for some h / 0, (i\') there exists 
a possibly empty set of traders T disjoint from .S' and a collection of net 
trades in y,'' such that s^r -,i, 0, r, in S and r/ in T, and 

(/J') whenever U ^ A {S U '/’) is nonempty for every V U U T', where T' 
is a nonempty subset of there is no collection of z\ in yf such that X" v 
-a, 0> -/ ^ tind z, >, Zj in T'. The reader will immediately verify 

that a disequilibrium allocation is blocked in the sense of this definition if 
and only if it is blocked in the sense of Detinition 3. 

titJicr definition can be reintrepreted by using the language of the definition 
of a Bargaining Set [3]. Whenever there exist .S' and 7' such that (iv) or (iv.') is 
satisfied, we can say that .S U T has an objection against the complementary 
coalition U. Then (ji) or (/S') can be interpreted as saying that U has no 
justified countcrobjcction. Our concept, however, departs from the usual 
definition of a bargaining set in one very important respect: The comple¬ 
mentary coalition U is not allowed to make a counterohjection to any member 
of S. The equivalent of the definition of the bargaining set in our context 
would be obtained by replacing in ifi'), “7''is a subset of 7'" by "T' is a subset 
of .S' U 7". I his obviously would give more power to the complementary 
coalition U to make a countcrobjcction, and one would expect that the set 
of stable allocations would then be much larger than the set of ^'-allocations, 
even in large economics. As a matter of fact, in the example described in 
1 ig. la, when there is a continum of traders of each type, it can be shown that, 
with this new definition, the set ol stable allocation is described by the closed 
segment /),,V, where .V is the point of 77,7), satisfying I (ir.V) - Max( I (ir/),), 
I,'(ii77,) l/(>i’7>^)). The concept of a bargaining set was therefore not 

suited to our purpose. 


5. Pr(X)is 


Prdwisihon 1. A disequilibrium allocation (z,'.z, , r,) is eflicieni market 
by market if and only if it satisfies, for all h ,/ 0: 


and z, -, 


zf„) -0 wheiierer z,i y, , z,' 


(H) 
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Proof. Note that if'r, ■ y/', r,', then r,/t / r,',, , ollierwisc, z', woultl 

not maximize the preferences on y, . 

I.et Us first show that if there exist z,( yz^r- y f such that z, 

-V ii'id (c,;, r;„) 0, for some /,/, A. then {z;,z,.z,) 

cannot be eflicicnt market by market, indeed, there exist A, and A^ in (0, I) 
such (hat A,r,;,) -• A,(-,/, r,;) 0. l.et z^ - zf for all a / 

z'l A,z, (I A,) z‘Lind z' A,z, • (I A,) r/. Wc have r,'r-y,/'for all 

X'l 1 -.<// 0. e', ' z/ and zj l -jZj' because the preferences are convex. 

Thus (r, , z, , z,) cannot be cilieient market by market. 

Conversely, let us prove that if a disequilibrium allocation is not ellicient 
/narket by market, then <r,,, z,l)(Zj/, zf^,) ■ 0 for some A and some 

-/ ' y/'- -/' y/' with z, -, Zi and r, zf. Now, there exist A and z„ yj' 

for all o such that X,” l f*. -« fzZ,< -a ^or all a and r, . - , z- for some /. 

One has surely z,,, / z,\ . 1 hus, since Xl” i ~nh) there exists / 

such that (z,i, z,),) (z,,, cj*) 0. Because the preferences are strictly 

convex, any c,'t. (r, .r/) satisfies z', r yf. z',, -, zj and (z,,, ■ 

r‘,) ■ 0. Q.F.f). 

We introduce now ;i set of disequilibrium allocations which is larger than 
Ihc set of A-jillocations. At a A-allocation, if there is an excess demand on 
some market A. till the .sellers realize their plans, while some buyers are 
compelled to buy less than they would like. The following definition keeps 
open the possibility that, in such a case, ail buyers realize their plans, while 
some sellers are compelled to sell more than they wish. 

Di uniikjn 5. A disequilibrium allocation , r,) is an K-allocation 

if. for all A / 0: 

(1) {z„, z',,) • 0 whenever r, I y/, Cj r y/’ and r, 

“f ' 

(2) either r,,, 0 for all i and c, fe y/' such that z, z,f or z,,, 0 

for all / and z, t y/' such that z,, zf. 

Condition (I) is the Hahn Negishi condition. Condition (2) states that 
only side of the market for commodity A may be constrained. If we look 
again at the example described in I'ig. 1. we see that the set of allocations 
satisfying (I) and (2) is represented by the points P, and P, in I ig. la, and 
reduces to the point P, in Fag. lb. In the general case, a A'-allocation is always 
an W-allocation, while the converse is not necessarily true. 

We wish also to work temporarily with a weaker concept of stability than 
was given in F^cfinition 4. 

Dt fiMrioN 6. A di.scquilibrium allocation (cf, r, ,f,) is weakly stable 
if it is efficient market by market and if there is no coalition S, no commodity 
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h, and no collection of net trades z, - y/, s such that X,..y 0 and 

z, Zi for all members of 5. 

Wc indicated in Section 4 that the set of /{-allocations and the set of weakly 
stable allocations tended to coincide in large economics. The following result 
makes this statement precise. 

PR(ti*()siTi(jN 2. A (lisequilibriiini iilincalion /.v an R-allocalion if and only 
if it is weakly stable in all replicated economies. 

Proof. Let us first show that an /{-allocation is weakly stable for all r. It 
suffices to do so for the original economy. 

Proposition I shows that this /{-allocation is ellicient market by market. 
Let us suppose now that there exist a coalition .S', a commodity //, and a 
collection of net trades z, c y/', / c s. such that Jl.r.v z,i, 0 and z, zf for 
every member of .S. Condition (2) implies that, say, z,,, ■ 0 for all i in S. But 

this would imply Xit.s- -./< ' 0- Wc get a contradiction, which proves that an 

/{-allocation is weakly stable. 

Conversely, consider an allocation which is weakly stable for all r. Propo¬ 
sition I tells us that (I) holds. On the other hand, since the disequilibrium 
allocation cannot be improved upon by one-member coalitions, z, 
z, ( y/' implies z,i, / 0. It remains to show that (2) holds. Suppose that it 
does not. rhen, for some h. there exist z, c y,". z, ; zf and z, c: y/‘, Zj -'j z' 
such that z,f, ' 0 and Zj,, - 0. Hence, there arc n, ■ ■ 0, a , • 0 with a , •- 
A, I such that A,z,,, i i\,z„, 0. From (I), wc know that (z,,, cj*) and 

(z,/, • z,5,) have the same sign. Suppose that they are both negative (the other 
case is treated in a similar way). Define /i,' as the largest integer less than or 
equal to rw, and «/' as the smallest integer greater than or equal to r t, . Let 



For r large enough, one has z,,, z-,, - z,\ and Zj,, z/,, ■.. z/„ . In 

addition, 

n,'z',, ■ n,'z% ri\,z,^ 1 i,z,„) 0. 

Fix such an r. Let z,' (resp. z') be the convex combination of z, (resp. z,) and 
of z/ (resp. zf) such that z',„ z',, (resp. z'^ z;,,). Wc have z,' i y/' and 

Zi zf and the same thing for /. Therefore, in the rlh replica, the coalition 
composed of consumers of type / and of n/ consumers of type / can do 
better for all of its members. This leads to a contradiction. Therefore (2) 
holds, which completes the proof of the proposition. Q.I-'.D. 

We proceed now to the proofs of Theorems 1 and 2, They arc independent 
of Proposition 2. 
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I'm OKI M I. tiiscquilihrium allocution which is stable for all r is a K- 
allocalion. 

Proof, ('onsidcr a disequilibrium allucation which is stable for all r. It 
must be elfieieni market by market. Consider an arbitrary h / 0, and pick 
e, in y/‘ such that e, , r/ Cor all types / who are constrained in commodity 
/;. We know that i,/, has the same sign for till these types. Suppose that 
.5,/, z,), 0 for till types who arc constrained (the other case where i,/, 

0 is treated in a similar fashion). If the disequilibrium allocation fails 
to satisfy the delinition of ti A'-allocation on mtirket h. there must exist a* 
nonempty set ,S* of types of consumers who arc constrained with r/,, : 0 

for all / in .S '. Since Y."' , j,*, 0, this implies; 

X ■ Y. ' Y -a, ■ Y ■ 

I) » <'-s' ;o.v’ 

Therefore, if r is large enough, one can find an integer • r such that 

r Y I ' '■ I! (5.1) 

l-'ix such an r and //, . Let .S' be the coalition of all members u (/, r/) of the 
rth replica such that ii.S*. We claim that S can block the disequilibrium 

allociition. I.et I' be an arbitrary set of consumers a (/, q) eompo.scd of 

agents of each type / such that r,*,, • 0. f or every u (/, q) in T let z-. 
l or every a (/, </) in S. let r„ Ar* (I A) 5,. where A is chosen so 
that Y"i .sut-. 1/1 0. It is readily checked that 0 • A ■ I, because of (5.1). 

Thus r„ t-' y," for every a - (/, q) in .S’ U 7’. J],,, 0. z„ ' r,' for all 

a (/, r() in .V and r„ r/for all « (/,</) in /'. 

Let /!'■ be the set of agents in (he rth replica. Then U A''.(S'J T) is 
certainly nonempty. Consider an arbitrary coalition V which is the union of 
U and of some nonempty subset T’ c>f 7'. 

Consider an arbitrary collection of net trades r' , a l k' such that z'„ r y,/' 
and >„ zj for all o in L (with the convention - c/ for all a (/, q) 
in C). We have 

I I r,:„ . I . 

(K V ff' r 

Hut ' Z./L.VU 7 -o 0. part of (5.1) means that 

Y'K.foT ~it ' Therefore, Y.,„ ^ z'„„ - 0. This means that 5 blocks, a contra¬ 

diction to the assumption that the disequilibrium allocation is stable for all r. 
Therefore, the disequilibrium allocation is a Tf-allocation. Q.E.D. 

Remark that the foregoing proof shows that a disequilibrium allocation 
which is stable for infinitely many r is a /^-allocation. Also, it is obviously 
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possible to choose the blocking coalition S in such a way that it contains at 
most Sr members of each type, where 0 < S < 1. 

Theorem 2. Given 0 ■ S -; I anJ a K-allocation, there exists r such that 
it is 8-stable for all r f. 

Proof. Let 0 < 5 < ], and consider a A'-allocation (zf, e,-, z,). For every 
h 0, let be the set of types / of consumers who are actually constrained 
in commodity h. If is empty, let f* — I. If S'* is not empty, choose for 
each / in .S'* an arbitrary vector in yf such that >, zf, and let be 
the //th component of Define fl* : | Y.usl ^i*)! 0. Let be the 

maximum of | z*^ \ over all i such that i^S* whenever there are such and 0 
otherwise. Then define r,, as the smallest integer greater than or equal to 
“ ^))- Let f be the maximum of all f*, h / 0. We claim that the 
/v-allocation is 5-stable for all r • r. 

Choose such an r, and let A'' be the set of all consumers in the rth replica. 
Consider an h -/■ 0, let S be a nonempty subset of A'' which contains at most 
5r consumers of each type, and let T be another (possibly empty) subset of A' 
which is disjoint from .V. Assume that there exist z„ c; y/' for every a (/, r/) 
in S U T such that Sassur ~«i> ‘ 0, z„ zf for all a (/, q) in S and 
for all a ■ (/', q) in T. Since a A'-allocation is eflicient market by 
market, the complementary coalition U ZINCS' u /') is nonempty. We 
wish to show that U can make an equivalent or better proposal to a non¬ 
empty subset V of T. 

Since h is fixed, we write from now on S* for S*. First it is clear that 
/' t S* for every member a (/, q) of S. For every i in A'*, let s,- be the number 
of consumers of type i who belong to S. We have 0 .v/ ■ j Sr. To fix the 

ideas, assume that z-^ > z,^ 0 for all / in and all zj s y," with z,' zf" 

(the other case where 0 z^„ : • zjj for all such / and z| can be treated in a 

similar way). Let us partition T into - {a -- (/, q)e T \ i e 5*} and T„ 

{a = (/, q)eT\ We claim that U can make an equivalent or better 

proposal to a subset T' of T which is the union of T, and of a nonempty 
subset Fj of Fj. 

Indeed, let us suppose for a moment that we have found a nonempty subset 
r; of Fa such that, if r=Ti<J F^ and F -- t/ u T, 

I < 0 v: X -A 1 I {>■ - - =rs) (5.2) 

ae K K jfA* 

with the convention z* ^ z* whenever a - (/, q). Then, there exists A in [0, I ] 
such that 

X L ^ X f'- - (5.3) 

tf<s F n S* 

But define z'^ for every a in V as follows. For all a - {i, q) in V, let z'^ z* 


642/1 (j/i-8 
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viliciiL'vcr / /.S', and r,', (1 r/ . Ac," whenever /c.V’. \Ve have 

r,', >, r,* lor all n {i.q) in V. and (5.3) is equivalent to y-a/, 

1 heiefore .S could not hloek. 

1 o coiuplele the prool'. vve have to sliow tliat there e.xisls a noncinply subset 
Jj oT /,. such that (5.2) ]lolll^. I'o siinplil'y liie noialions. Jel ICu 7', . 
) irsi, remark llial r'J',, 0 tor all a in S implies 

^ *-„* i ^ —nh ^ ‘-nit 1^- 

.1' I , a- /.. ,1' 

On the other htind, r„*„ 0 for all u in i\ . z,„, rj;, for all a in '/’and r.,,, 

for all a in S imply 


N 


-■tU 


I 


We have therefore shown Uuil 


1 0. 


2,r, -1- V r,:,, ■ 0 -- V (5.4) 

■rV, .rT., my, 


which proves in particular that X!...• ' 0. 

'I'hc argument is virtually complete now. i-'rom (5.4), there must exist a 
nonempty subset '/j of 7'., and an agent ■« r T.l with Za,, • 0 such that, if 
y i'\ u ' 


I r-;. = - 0 

uf y 



Hut from the choice of ih and the fact that s, I Sr for all / Q S*, we have 


; -a. i ■' < r(l — S) < Y. ('■ — 

/c.N* 

which yields (5.2), as announced. The proof is complete. Q.H.D. 

Remark. Consider an economy with a continuum of agents, as in [2]. Let 
the set of consumers A be the unit interval [0, 1]. The class n of possible 
coalilion.s is represented by the Borcl subsets of A. If /x is the Lebesgue 
measure on A, then for every 5 e a, /x(*V) is the proportion of consumers who 
belong to S. Assume that every agent a in A has preferences >„ defined on a 
set of net trades Z„ which satisfy assumptions (1) and (2) of Section 1. In 
addition, assume that the set {(a, .v, y) | x y} is measurable. 

All definitions can be easily reworded in this context. Then it is straight¬ 
forward to translate the proofs of the propositions to get the following fact. 

A ciisequilibrium allocation is an R~aUocation if and only if it is weakly stable. 
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I he nice thing is the I'liet Unit 1 hcorems 1 atul 2 become: 

A Jiscciiiilihi'iHni cillocciiimi is K-allocution if and only if it is siahlc. 

Ihe it part is easy to prove by a simple rewording ol the proof 
of Theorem 1. Tlic proof of the fact that a A-alloeation is stable goes along 
the same lines as that ol IJieorcm 2, and is indeed much simpler. We sketch 
Ihe argument. Suppose that there e.xisi h / (), a coalition S with niS) ■ 0, 
another coalition T disjoint from .S', and a mcasiiiabic function z(-) such that 
-(‘0 '■ /'(<') n.e. in .S' U z,,(it) 0, ;(</); e '(a) a.c. in .V, and e(u) 

1 ^(c/) a.e. in /'. One can focus the attention on the ease where r,,(«) ; zf (ti) 

0 a.e. in .S'. If 1\, -- \a \ I' | zfUi) ■ *'1 and (i A (.S' u one can show by 
the same reasoning useil in the proof of I heorem 2 to prove (.S.4) that 

0 <; )' -- f .,(,/). 

•a -r.. 

Now, since/i is atomicss, there c.xisis a liorel subset T' of T., such that 

0 I ziAa) - I 

Obviously (j.( I■ 0. It sulliccs to take I ■ U yj I" ami ;'(</)—;■(£/) 
for all £/ in T to show that .S' eann*)t block. 
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rhe Samuelson-Lc C'hafelier Principle [II] states the following: let an 
agent's actions (demands say) be determined as solutions of a static optimi/a- 
lion problem. Fixing some demands consider the response of the remaining 
variable demands to changes in “conjugate” or “dual” parameters. Then the 
fewer the number of auxiliary constraints inposed on the agent, the larger 
the absolute response of the variable demands, i.e.. the more constrained 
demand functions are less elastic. 

This proposition is often given a dynamic llavoring and is interpreted as 
stating that long-run elasticities are greater (in absolute terms) than short-run 
elasticities. Though this interpretation has rarely been examined in a truly 
dynamic setting, when it has, the interpretation has not always been found 
to be warranted, (See [6], [13], and [7]). 

The objective of this paper is to describe an alternative extension of the 
static Principle to dynamic behavior. Specifically, we adopt Samuclson's 
framework except that the static optimization problem is replaced by a 
problem of optimal intertemporal planning. The solutions of a constrained 
and unconstrained optimal control problem depend on a vector of exogenous 
parameters and we compare the responses of each solution to ciianges in 
parameters. Two classes of responses are investigated. In I we derive some 
pseudo-static I.e Chatelier results that pertain to behavior at a point in time 
or to cumulative or average behavior over the planning horizon. .A less 
general but more truly dynamic analysis is carried out in II where the sensi¬ 
tivities of the entire planning profiles of the constrained and unconstrained 
control problems arc compared. The profile of the unconstrained problem is 
shown to be more sensitive to changes in some parameters. 

The Le Chatelier results derived in II arc not universally valid: they arc 
established only for certain types of constraints and parameters the speci- 
lication of which is a major contribution of the analysis. As is the case with 
the static Principle, our results are local; the constraints imposed are assumed 

* This paper w'as sliniuluted by the teaching and work of Kei/o Nagatani. 1 am indebted 
to him also for many helpful discussions during the writing of the paper. I would like to 
acknowledge the comments of a referee and of participants in the Quantitative 1 crinomics 
Workshop at the University of Toronto on an earlier draft. 
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0) lu- incikvlixc .it the iiiitkil paranictcr values. Htiuevcr, the analysis is not 
voniiiKi-l to pail s of “t onjuitatc'' variables anil parameters. File scope of the 
anaivsii is illustrated in III where it is applied to two standard economic 
problems the invesliealions of the process of investment by a firm and the 
oplinial palh ofctipilal accnmiilation for an economy. 

I he isapcr concludes in IV with a brief discussion of possible estensions of 
the anaKsis. Some technical details arc treated in appendices. 

1 he method of analysis in II is comparative dynamics, (sec [7], [8] and [9J), 
which ma> be described brielly as (bllows: liivcn a di/ferential equation 
system /;(r. i. 0) with speeilied boundary conditions, write its solution as 
z{t: i>). II bcinii a vector of parameters.’ Substituting the solution into the 
dilVcrential equation yields the identity i(/; 0) hl:(l: 0), t. 0). If the function 
// is suHicicntly smooth (see [10]), we can diHercnliale the identity to obtain 
the following variational dilfcrcntial system: 

f„(t; II) D). /. 0) 0) -i /t„(z(/; t)), f, 0). 

fhe solution _■„(/; H) to the system composed of these eqiititions and the 
associated boundary conditions describes the effect on the path z(t; ti) of a 
change in (). :•„((). H) is called the impact clVect. After imposing suflicient 
regularity conditions on the optimal control problems, we apply this method 
repeatedly below to the eorre.sponding systems of dilferentia) equations 
defined by Pontryagin's optimum conditions (composed of the Maximum 
principle, the canonical dilfcrcntial equations and boundary conditions). 


I 

We deal with control problems that have finite and lixed time horizons and 
fixed endpoints. 

Consider the following “unconstrained" problem: 

max f h(.\{f). i (t), 0) e " cit, (I) 

subject to .<••(/) /{.v(f), u(t), lit), 0) 

(!/(/), f(/), .v(/))i.- C 
.v(0) - .v". .v(7 ) - A-' . 

' The following nutation is adopted throughout. Let /f(», t) - t). -, h’"ix, t)) be a 

vector valued function of time rand the real vector «- (e,r),’ c„), ^ O’u--. J’l)- 

Then /;, ih'?t, h\ " f/i‘Vv,, /i( C/i'rw/fr,, li\^i ha’ is the vector 

with components h\ , ht^ is the tnxk) matrix whose (/, 0“" clement is , h ~ /i”*) 

ha is the m ■ (h h k ) matrix with rows Av and so on. All vectors are column vectors unless 
transposed to row vectors by a superscript r. Finally, given any two square matrices A and 
li of the same dimension, .4 '' B if and only if A - fl is positive semidefinite. 
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,v represents the veetor of state variables (called capital stocks for concrete¬ 
ness), u and r arc each vectors of controls, r is a rate of discount, V is the 
length of the planning horizon, a" and are the (nonnegative) initial and 
terminal capital stocks and C is a convex constraint set. 0 represents an 
exogenous parameter. Among the parameters considered are /•, .v", x‘ and T. 
When focussing on any one of these, the rate of discount for example, \se 
identify 0 with r but it is understood that /’and /'do not depend on 0. For 
other parameters 0, of course, the dependence (sf the control problem and its 
solutions on 0 is due to the fact that /'and f depend on 0. /'and/are scalar 
and vector valued functions respectively, assumed to be twice continuously 
dilfcrcntiable. We will generally also require that they each be (strictly) con¬ 
cave in (a, //, v). All solutions to (I) and to (I') below arc assumed to lie in the 
interior of C so that C is ignored in the sequel. Note that time enters the 
control problem only through the exponential discounting. This spccitication 
is adopted purely in order to simplify the notation. 

We assume that for c.ach 0 in an open set .S' there exists a solution to (I). 
which because of the strict concavity of /’and /! is unique. The solution may 
be described in the following way: Let A denote the current value shadow 
price vector corresponding to .v and dcline the current value Hamiltonian 

//(.V, u , V , A, 0) /'(.v, ti, V , 0) \ A/l.v, ». t \ 0). (2) 


The maximized Hamiltonian is the function M, 


,l/( V. A. 0) max //(.v, ti, r. A. 0). (.1) 

u.v 

Hy the Maximum Principle, the unique optimal controls for (I) are given by 
the solutions u{x. A, 0) and r(,v, A. 0) of this maximization problem. Cor¬ 
respondingly, there exist unique optimal time profiles for the capital stocks 
and shadow prices. F’or each 0 we denote them by x{t; 0) and A(/; 0) respec¬ 
tively. It is well-known that they are the unique (by the concavity of /-'and f 
and the convexity of C). solutions of the following system: 

A rX A//.V, A, 0) 

X -• ,W,,(-V. A. 0) (4) 

.v(0;()) x\x(T;0) x‘. 

Let 0„!'-S be a specified value of 0 at which we will calculate the derivatives 
with respect to 0 of the optimal plans, and let r(t\ O,,) /'(v(r; ()„), A(t; 0„). 0„. 

We define the following “constrained” planning problem corresponding 
lo(l): 

max f F(x(f),u{i),i''it:0„).0)i''‘t0 (L) 

" •'(> 
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subjccl to ■'■•(/) 

x{()) = ^ xm .v^. 

In (!') Ihc coniml r is no longer a choice variable for the planner. Its time 
jirolife is prescribed at the level that is optimal lor (I) when ff 0„ . Wc 
assume that for each I) in .V (!') has a solution, which is necessarily unique. 

We adopt the obvious notation and define 


//'(.V, n, A,/, d) /-{x, 0„), 0) ■ Ay(.v.//,/-(z; df,). d) 

//(.V, «, r(r: d„), X, 0), 

and 

.17'(-V, A, /, 0) max //'(x. ii. A, /, d). 

/i 


(5) 


(6) 


I'he (assumed) unique solution to the maximization problem in (6) is denoted 
n'(.v. A, t, d). I hc optimal proliles .v'(/; d) and A'(/; d) corresponding to (!') 
:irc Ihc unique solutions of the following system: 

A' : fA' - ■ M'Jx\ A', z, 0) 

.v' - A4(.v'. A'. Z. d) (7) 

.v'(0;d) :.v®. .v'(r; d) .v’. 

Our objective is to compare the response to changes in 0 of a planner 
solving (I) with that of a planner solving (H. The psciulo-static results of this 
section arc based on the following Lemma: 


Li;mma. Denote by J{0) and J'(0) the maximum xaiue of the ohjeetive 
function in (I) and (T) respectirely. Then Tootd,,) - djofd,,) is positive semi- 
definite. 

Proof-. From the definition of (I'), JfO) ■ J'{0) ■ 0 for all d, with 
equality when d - d„. By the regularity conditions we have assumed, 
J J' is twice continuously differentiable. (See Appendix A). The asserted 
positive semidermiteness now follows as a necessary condition for the exis¬ 
tence of a local minimum for J - J' at . | 

The relevance of the Lemma to the Le Chatelier Principle is demonstrated 
by taking d .v", d,, .v,,". It is well-known that Tf.v“) and y'(x") arc each 

concave functions and that 

y ,,.(.v'') - A(0; .v"), y;.(.x-“) = A'(o, .v®). (S) 


“ The same method of proof was applied in [3] to variable profit functions to establish 
the Le Chatelier Principle in a static model of producer behaviour. 
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Therefore, the Lemma implies that 

v,;') : A^„(0; .v„«) 0. (9) 

The interpretation ot these inequalities is simpler when ,v and A arc scalars. 
In that case A(0; a"") and A'(0; .v") can be viewed as inverse demand functions 
for initial stock, which intersect when a" .v„“. Coupled with the inelastic 
initial supply of capital An", they “determine the initial equilibrium market 
price" A(0; .Yp") A'(0; a,,")- Consider now the cfl'ccts of a (marginal) increase 

in supply described in (9). An increase in the supply of capital induces the 
price to fall given either the unconstrained or the constrained demand. Hut 
the price drop is greater in the latter case because the constrained demand 
function is less price elastic. When a is a vector, an increase in the supply of 
any single capital good induces a greater reduction in the corresponding 
price in the constrained problem. However, ofl-diagonal elements of the 
matrix A,jo(0; a„") A,o( 0;.Y|,“) are restricted only by the asserted negative 

semi-definiteness. 

The corresponding application of the Lemma to the parameter 9 a'^ is 

clear and is omitted. When 0 - /', 0„ T„ , we make use of the relations 

,/,(•/) c-'mv), 

where M{r) and M\ i) arc the values at t T of M and M' respectively 
along optimal paths. Since MCI',,) M'i'l',,), we deduce that 

A/,(■/;,)• (10) 

illustrating another sense in which the unconstrained pi-oblcm exhibits 
greater flexibility. The Hamiltonian may be interpreted as the total rate of 
acquisition of benefits, both current (as measured by t) and future (as 
measured by A^v A'/). The inequality (10) states that along an optimal 
path the value of the Hamiltonian at the endpoint of the program undergoes 
a larger algebraic change in the unconstrained program. 

The absolute sizes of the responses cannot be compared in general. How¬ 
ever, suppose that T„ is actually the optimal planning horizon for the uncon¬ 
strained planner. That is, suppose that /'is a choice variable in (I) so that the 
planner solves maxT-^ „ yCO- If ^ optimal, the necessary first and 
second order conditions for a local maximum imply that .//(/n) 0 and 

•frAT„) ; 0. Moreover, it is easy to see that if 7',, is optimal for (1) it is also 
optimal for (D so that J-iO',,) 0 and JjrO'u) ' 0- We conclude that 

0 Mr(T„) ■ MrCI'a). The terminal value of the Hamiltonian is depressed 
in both planning problems by an increase in 7', but more so when the flexi¬ 
bility of the planner in reacting to the change is restricted. 
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In ':pi(c (if tht; Ihc limit;tlii>ns of (he Lemma as a basis lor deriving 

l.e Cliaielier resulls should be e\itlcnt. L'irsl, for many parameters tl, y,, and 
and heno.- the assertion ol’ the Lemma arc not very interesting economi¬ 
cally. lA further interesting tipplicalion of the Lemma is provided in 
section III, houever). Second, when f) is a vector tiie Lemma places clear 
qiuilitatise restrictions only on thediagonal elements of the matrix Jf,„ - . 

I hus, as is the case with the Samucison-Le Chatelier Principle, applications 
r)f the Lemma are conlined to conjugate or dual variables and parameters 
where, of course, conjugacy refers to a relationship such as that deseribed in 
(S) between .v'' and the initial shadow price. I'inally and most importantly 
given our framework of intertemporal optimization, the Lemma is relevant 
only to impact effects or to cumulative behavior over time, (see III), dherefore, 
in the next .section we consider the flexibility of the entire planning profiles of 
the unconstrained and constrained optimal programs and we extend the 
tinalysis to include noneonjugatc variables and parameters. 


II 

I hc extensions deseribed in this section require some additional assump¬ 
tions. l irst, wc assume th;il .v,/and A arc scalars. The comparative dynamic 
analysis ol' multislock models is much more complicated and the qualitative 
results much fewer. (See [7'J). Second, we generally require that Ihc optimiza¬ 
tion problem (I) satisfy one of the following sets of separability conditions; 

(A) F, /„, 0. or 

(B) /,. -0, F,„ 0. 

Though these would appear to be severe restrictions, many of (he standard 
models of dynamic optimization dealt with in economics exhibit such 
separability. (See the examples below). It is easy to show that these conditions 
imply that the optimal control r(.v. A, 0) that solves (3) is independent of A 
and B. Thus the Le Chatelier results below will be largely (but not completely) 
conlined to optimization problems that are constrained by prescribing the 
time profile of a control that is optimally dependent only on the slate variable. 

Finally, we will occasionally require that the .stock x be “desirable” in the 
sense that its shadow price A(r; (?) be nonnegativc. The arguments and results 
arc readily modified to account for a “bad” stock (such as a slock of pollu¬ 
tants). 

Our purpose is to compare .Vo(/; with x'g(t; d„) and A«(/; 0«) with Xg{t; 0„). 
This is accomplished in the following theorem by analysing the variational 
systems corresponding to (4) and (7). 
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Tiilori m. I.el I) be a svalar punmieler ami suppose tlial (A) or (B) Iwkh. 

(a) //'.Valr. tf„) ■ 0/br ((///.(1„) \'„{l\ 0„) for all t, 0„) ' 

A„(0; 0„) and A^( 7; tf„) A„( 0„). 

(b) IJ 0/orallf,llien xM;Do) xl,(l-, U„) for all r, \gH); ()„) 

X„(0:(k)andX,(r-.lf) X„(T:(f,). 

The Theorem is more readily inlerpretcd in the context of the speeiiic 
parameters discussed in the following corollary: 

CVtRnt.l ARY. .•l.s.v(//)it' eillicr (A') F, 0 and f,,- 0, nr (B')f^. 0 and 


(ti) Let ti H„ A„". Then .v,,") ■ 0 for all ^ 

A;"(0; .v,/') • A,o(0; .v,,") 0 and 0 A^ufT; .v.,») A.,4 7; 

(b) I.el 0 ■-r, 0„ r„ . Then xAt', r„) ■ r,,) 0 for all t, X,.(0; r„) 

-' A'((); r„) - 0 and\,( 7’; /•„) A'( 7’; /■„) ■ 0. 

Part of the Corollary, applied to small Unite changes in .v** and r, is illustra¬ 
ted in rigure I. In both (a) and (b) a larger absolute response is induced in 
the entire capital profile of the tincoiistraincd as opposed to the constrained 
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Fn.i. I. Shifts of the constrained and unconstrained capital prolilcs. 
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planning problem. This is a perfect analogue of the static Lc Chatelier 
Principle; the constrained prolile .v'(/; </) is less clastic than the unconstrained 
profile Ml', 0)- Note, however, that the relative magnitudes of X„ and Aj are 
determinate only at / 0 and t T. A uniform sign for A^ A,) would 

apparently be inconsistent with the common initial and terminal stocks in the 
constrained and unconstrained problems. 

The interpretation of the shadow price effects described in the Corollary 
is analogous to our earlier interpretation of (9). (Indeed the impact efl'cet in 
(a) is a special case of (9)). l or example, view A(0; r) and A'{0; r) as inverse 
demand functions for initial capital stock (evaluated at the li.xed level of 
initial stock .v" and) parametrized by r. An increase in r causes a larger 
downward sliift of the unconstrained demand curve, thereby inducing a larger 
price drop in the unconstrained problem. The shadow price changes at t T 
may be similarly interpreted in terms of the “market” for terminal capital 
stock. The “demand” for terminal capital is reduced by an increase in .v'* 
and increased by a rise in r, and in both cases the unconstrained demtind 
curve undergoes a larger shift. Given the inelastic supply of terminal capital 
M'. the equilibrium prices undergo the changes indicated in the Corollary. 

Corresponding results may also be derived with respect to changes in the 
level of terminal slock, but not quite for arbitrary ptiramcters B consistent 
with (A) or (H) ;ind .v„(/; 0„) 0, for example. In the latter case, it docs not 

appear to follow that 0 for all /; the constrained and uncon¬ 

strained profiles do not necessarily undergo the same qualitative shifts.® 
Our I.e Chatelier result thus slates that the unconstrained path c.xperiences a 
larger algebraic, but not necessarily absolute, shift. Note, however, that the 
systems (II) and (12) below have identical qualitative properties. 1 hereforc, 
if the uniform noniiegativity of .y„(/; 0„) may be deduced from the qualitative 
properties of (11). it follows that .v^(f; B„) 0 for all I. I his is the case for 

the parameter v" so that the stronger rc.sull slated in the Corollary could be 
established. Similar comments apply to the shadow price effects in the 
Theorem and to part (b). 

There is a dilficully in defining .V/(t; T) since .v(/; T) is defined only for 
I ' T. However, as de.scribcd by Nagatani [8], a change in 7’may be trans¬ 
lated into an “equivalent" qualitative change in M. A marginal increase in T 
from 7', would correspond to an increase in x'' if x{T„ ; 7’„) is negative and to 
a decrease in .v'" if .v(7„; T„) is positive. In this way profile Le Chatelier 
results may be derived for changes in T. 

It is not immediately apparent in most specific optimizsition models which 

“ In the Saimielson-l.e Chatelier Principle there arc only quantitative difl'crenccs between 
the reactions of the constrained and unconstrained systems. However, qualitative dilTercnces 
have been found in the recent extension of the Principle by Kusumoto (4). Note that in the 
Theorem if we assume the uniform signing of x# rather that x „, qualitative dilTciences 
vanish, i.e.. we can prove that (a) .\q xg 0, or (b) xg < x'g < 0, for all t. 
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parameters 0, other than .v", r and x^, imply that is uniformly signed 
through time. A class of such parameters is described in the following 
proposition: 


PROPOSniON. Suppose that B / .¥«, .v', and that at B - B„,X dr/dB - - 
is uniformly nonnegatire {nonpositire) and M^e vanishes identically in x and A. 
Then x,(l; B„) - ( -) 0 for all /, A„(0; fi„) • f ■) 0 and A«(r; B„) •■ (■.') 0. The 
corresponding inequalities for Xg and Xg are also valid ifv satisfies (A') or (B'). 

The proof of the Proposition is similar lo that of part (b) of the Corollary 
and is omitted. For all parameters 0 and controls v satisfying the hypotheses 
of the Proposition, the constrained and unconstrained optimal plans undergo 
identical qualitative changes. Therefore, if is also consistent with (A) or (B) 
the analogue of the more complete l.e Chalclier results described in the 
( orollary arc valid for B. Ihe discount rate is an example of such a para¬ 
meter. Other c.xamples arc provided in III below. First, however, we prove 
the Theorem and Corollary. 

Proof of Theorem. x(t\ d) and A(/; B) arc defined by (41. I'hc correspond¬ 
ing variational system, which defines xfir, B) and A„(/; B), is 


f/- A/,u 


1^»] i 

A - A/,,„ 

1 M.U 

A/a.- 

i.vj 

A/a„ 

.v<,(0; B) 

</.v« 
dO ' 

v<,(7-; B) 

dx^ 
dB • 


Similarly the variational system corresponding to (7) is 


1, 

\r -- 

-A/LffAil 

1 _ 1 


.v;X0; 0) 

//v^ 

d.\^ 
dB • 


(II) 


( 12 ) 


When the systems arc evaluated at 0 B„ they are almost identical. Recall 
the notation introduced in I and that 

Mix, A, B) nix, uix, A. 0), / (a). A, 

(13) 

M'ix, A, /, 0) H(.y, u’i.v. A, t, 0), r(t; t*.,). A, B). 

Because of the strong separability of ti and v given cither (A) or (B), m(.v, A, 6) 
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u’{.\,\,0) for ;ill v, / aiul l>. DilTcrenlialion of (13) shows that 

//„,,] ! Fvaluafe the deri- 

\aiives at ()„ . Making use of (A) or (H) we see that 0. Given (A), 

//,, /, 0 heeaiise llie latter equality is precisely the first order condition 

tlial defines ((,v). Given (U), //,,, - 0 trivially. A similar diflerentialion of M' 

now shows that at f^i - ■ Similarly it c;m be shown that Mxa 

.V/'„ when W 0„. M 0 when 0 tl„ 

because of the strong separability ot' r and l inally. A/,,., A/^', 

2/f,,r,, . Sins'c /(.v) is defined by //,. 0, /■,. (//,,) ’ /^,v. 

1 hercrore, .V,A/',. //j,(//,0 by the concavity of//in r. 

I wo I'lirlher preliminary results are required: (i) I'or all .v and (I, M is 
eonvev in A. (I r<tm (5) and (6) M is the maximum of a family e,f funetions 
each of which is convex in A, and hence M is also convex in A), (ii) For all A 
and W, A/ is concave in .v. (Let O r/ I and suppose that M( \'\ ■. A. 0) 

, II, , i\ . H), 11 .^, r.. 0). fhen Miax, [ (1 

r/).V;i,A, W} HU/x, i (I r/)A.,,<///i : (1 a)ii,,<ir, (I ii) r.^ , A, D) 
■ (iflix, , 11 ,. e,, A, H) (I a) IHx.. lu , r.., A, 0) aM(x,, A. 0) ; 
(1 (/) A/(,Yj , A, 0), by the concavity of // in (.v, ii, c)). 'I he corresponding 

statements with respect to A/' arc similarly true. 

Now, subtracting (II) from (12) Inil cvtiltialing the dil'ference at O,,, we 
obtain the following variational system with the indicated sign ptittcrn; 


Lvfl 


Au] 1 

r ~ A/,, 
(?) 

■ A/.;,' 
( ) 

fX. ■ A,-] 

0 

(-;-) 

Cl’ 

•vj 

A/.,,, 

A/,,. 

l.vi .\vJ 

0 0 j 


(i ) 

(?) . 


(14) 


v„(0; ().,) ■ 

0, .vi(7-; 

-xo(r-e„) -0. 



Suppose that .Vo(/; 0„) 0 for all t. The analysis of the motion described by 

(14) is facilitated by Figure 2 which indicates the directions of motion on the 
axes and the initial (r“) and terminal {:‘) points. Both and z' must lie on 
the vertical axis. It is clear from the diagram that if motion were to enter the 
first quadrant, it could never return to the vertical axis. Therefore, z” must 
lie on the lower half of the vertical a.xis (A^fO; ()„) - A„(0; 0„) '' 0) and z'' on 
the nonnegative half (A8(7'; (?„) — Xo{T; 0„) p,' o), as shown in the diagram. 
Motion is confined to quadrants 2 and 3 so that x'q ■- Xa is nonpositive 
throughout. Note, however, that the path may cross the nonnegative hori¬ 
zontal axis more than once. 

A similar analysis applies to part (b). The directions of motion arc indicated 
in Figure 3. Motion is confined to quadrants 1 and 4 so that x'o — Xg is 
nonnegative throughout. | 
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r'\.» 

Lv,,o 


iagrani of (Vn 

Vtf 

(a) When 

0 

I- A/,., - 

- 


(.,.) 

.'1/.,., 



(^) 


.v,„(0;.v„") - I, 
l.v, J' .T V) 0. 


(15; 


'J he directions of motion on tlic axes are shown in Figure 4. Motion begins on 
the dashed vertical line and terminates on the vertical axis. ’I hcrcrore, the 
path must begin at a pointin (luadranl 4 and terminate on the nonposilivc 
vertical axis, i.e., .v,.o 0 and ' 0 for all t. Since (12) and (II) liaxe 

identical qualitative properties, this argument can be repeated to prove that 
0 and A'li ■ ' 0 for all t. I he remaining inequalities in (a) mnv follow 
from part (a) of the fheorem, (Note that when 0 ■ .y", (A') implies (A) and 
(B') implies (B)). 



Fig. 3. Phase diagram of (x'o — .vs ,^g — ^) when as(/; So) 0 for all t. 
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t-'k:. 4. Phase diagram of (jc^n, Axo). 



I'Ki. 5. Phase diagram of (.v,, A,). 


(b) When"<? r, (11) becomes 



A'XO; '•») - Xr(7'; r„) -= 0 . 


With the aid of Figure 5 wc see that .v, < 0 for all f, Ar(0; r^) < 0 and 
A/T; r„) > 0. Similarly we can show that x, 0 for all t, A'(0; r„) < 0 and 
A'(7'; r„) 0. The proof is completed by applying part (b) of the Theorem. 

(When 6 r,{A') and (B') imply (A) and (B) respectively). | 

Inspection of the proof of the Theorem reveals that the assumptions in 
(A) and (B) regarding the separability between v and 0 are unnecessarily 
strong. In fact the statement of the Theorem remains valid if they are replaced 



Ii: rHATF.I.!r.R princiim f 


115 


in pari (a) by W,„ , and in (b) by “A/,.g The corresponding 

stronger version ol Ihe Theorem is applied in one of the examples below. 

When r is a scalar, some insight into the sign of MM[.g is provided by 
the following observation: Irom the proof of the Theorem we see that A/,.# 

Mj-u tfrni'j- ■ Since only the assumption of strong separability of r and 8 
has been deleted from (A) and (H), the optimal control r is a function r(.v, 0), 
defined by the first order condition ll,{x, ii, r, X. 0) -0, where H,„ 0. 

Therefore, r„ has the sign of and we conclude that ^f,„ has the 

sign ol rj-,!. An assumption, such as the sign of , about the relationship 
between the constrained control and the parameter of interest is necessary 
apparently because of the analysis of noncon jugate variables and parameters. 
The discussion of the second example in III below suggests, and indeed it 
can be established more generally, that a similar assumption is also necessary 
in order to extend the (static) Samuelson-Lc Chatclicr Principle to pairs of 
nonconjugate variables and parameters. 

Ill 

In this section we apply our results to two standard problems of inter¬ 
temporal optimization to illustrate the implications for the sensitivity of 
optimal programs of certain types of constraints imposed on the planner. 

I. Optima! Economic Growth 

We consider a variation of the standard neoclassical model of optimal 
growth. Suppose that the aggregate technology may be represented by 
V fr(x ■ s), where g is a strictly concave production function satisfying 
.?■(») = cc and gX^) 0, j is the flow of output of the single homogeneous 
good in the economy, .v is the stock of physical capital and .? is the rate of 
capital utilization. (The slock of labour is assumed constant. If it is variable 
but growing at a constant rate interpret r, .v and c below in per capita terms 
and the same analysis applies). A higher rale of utilization, whether in the 
form of the length of time that the capital is operated or the intensity of 
operation per unit of time, increases the flow of output that can be produced 
with a given stock .v but also increases the rate ol depreciation of the capital 
slock, thereby reducing the potential for future production, i.e.. we assume 
that capital depreciates at the geometric rate S(.v) w'here S., t), 6,, 0. 

The unconstrained problem facing the planner is the following:' 

.7 

max e ''( 7 ( 0 ) (/t. ^ab/ect to .V ,g(.v.v) <'>(■, ) .\ r, 

■“ .v(f) 0,<(f) 0, (17) 

.v(0) a". .v(7 ) .v', 

' Calvo L2] analyses a similar problem. 


fi4a/iQ/i-f) 
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where c is the level of consumption. t/(c) is a utility function satisfying 
f/, . 0, (y,,. - ' 0 and linir-u (/,(c) — oc, and where r, /', .v'' and .v' are 
as before. We wish to compare the response to parameter ehanges of a planner 
that solves (17) with that of a planner that must determine the optimal 
consumption plan subject to an exogenously prescribed lime profile for the 
rate of utilization of capital. Therefore, we apply the Corollary to (17) 
identifying u with c and r with .v and noting that ii and c are separable as in 
(.A')."’ We see that the planner that is free to vary the time path of capital 
utilization optimally will exhibit greater sensitivity to changes in .v"(.v') and 
/• as described in the Corollary. Note that since the shadow price is equal to 
the marginal utility of consumption along an optimal program of the eon- 
strained or unconstrained problem, the shadow price ctfects indicated are 
readily translated in terms of changes in the optimal levels of consumption at 
t 0 and t - T. 


2. The Demanci for hn esliwnt hy a Firm 

A linn produces a single output y by means of a concave production func¬ 
tion f/(.v, C), (0', (.v, 0) r/.i, 6',.(.v, 00 ) 0), where v denotes the stock of 

capital and L the stock of labour. In both cases service flows are proportional 
to stocks. The prices p and iv of y and L respectively are parametric to the 
lirm, but the firm encounters costs of adjustment (sec Treadway [12] and [13] 
for example) when it changes the level of capital stock. These costs are 
represented by the function C'(/) (fl T where / is the level of gross 
investment and q and a arc positive parameters. The imperfect variability of 
.r is due precisely to the positivity of a. 

Taking the maximization of the expected discounted value of profits as its 
objective the firm solves 


max 
1,1 



^'[pG(.x. L) 


- wi. - r(/)] (/f. 


subject to ,v / ■ 8.V, 

.v(f) .. 0. /.(f) 0, 

.v(0) .x-«,.v(7') .x-r 


(18) 


where r is the rate of interest prevailing in a competitive capital market, S is a 
constant geometric rate of depreciation and T, .t® and are as above. For 


® The assumption.s wc have made are not sufTicient to imply the concavity of 
the Hamiltonian in (.r, r, ,t). However, wc t“an establish the following weaker conditions 
which are nevertheless sufficient for the arguments in section 11; (i) ■■ 0, ■ 0, 

and (iii) the Pontryagin optimum conditions are suflicient to define the solutions of 117) 
and the related constrained problem. 
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simplicity the lirm's expectations regarding prices and costs of adjustment 
have been assumed to be static. Helow we consider uniform shifts in these 
expectations though wc could equally well have assumed time varying expec¬ 
tations and analysed nonuniform changes in expectations. 

Identity /, with r and / with u, noting that they satisfy (B'). We apply the 
preceding analysis to compare the optimal program of the firm that solves (18) 
with that of a firm that is locked into a long-term contract that fixes its 
employment of labour over the planning horizon. 

First take /? as a parameter (with initial value p„) and apply the Lemma of 
section I. Denote by y(/; />) and y'(/; p) the optimal output programs for the 
unconstrained and constrained firms respectively. It is readily verified that 
i> Jo <■ yU'-p) dt, J,, Jo <'"‘''r'(/; p) r// and that ./(/i) and y'(/)) arc each 

convex in p. Therefore, w'c deduce that 


lip 1 jp .[ 

The discounted cumulative production of each firm is increased by a rise in 
the output price but less so for the firm that cannot adjust its employment of 
labour. 

Profile effects with respect to changes in .v", r (and .v'j are derived as above 
by applying the Corollary. The parameter q of the cost function is consistent 
with (B) and .v, and .v,^ are nonpositive over lime. Therefore, by part (b) of 
the Theorem, q„) < 7 ,,) ■ 0 for all t. Similar arguments apply to 

the parameter a. 

Finally, suppose that G,j. • 0 and consider as parameters the prices of 
output and labour. Using the Proposition we can show that .r„(/; p) 0 and 
•V„(/; It’) • 0 for all t and similarly for the constrained profile. The parameters 
p and It’ do not satisfy the separability of (B) so that the fheorem cannot be 
applied. But it is readily verified (sec Appendix B) that the hypotheses of the 
stronger version of the Theorem, described at the end of II, are equivalent to 
the property 0. Therefore, we can conclude that 


and 


•V;,(LPn) ■'■;(?: p„) 0, 

.Y„,(r; ii'ii) it'o) • 0 for all 1 . 


( 20 ) 


Using (20) it can be shown that 

y,.il-PH) y'iXf.p,,) 0 for all r, (21) 

strengthening (19), at least for the above proiluction functions. (However, it 
is a straightfofward but tedious exercise to demonstrate that for general 
technologies the unconstrained firm does not exhibit uniformly greater 
flexibility through time as in ( 20 ) and ( 21 ).) 
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Ndie tliai the assumption 0',,, - 0 was made by Kusumolo [4] in his 
extension of the SamucIson-LcC'hatelier Principle. It can be shown that the 
Principle is not valid in jieneral if (7; ,. ■ 0. It can also be shown, though the 
proof is loo lengthy to be include in this paper, that C,■ 0 is necessary for 
the unconstrained capital profile to be more price elastic, in general, in the 
.sense of (20). 

The shadow price effects associated with all of the above results may be 
translated into statements about changes in gross investment, because for 
both firms an optimal plan requires that the shadow price equal the marginal 
cost of investment. 


IV 

To conclude we comment briefly on some possible modifications and 
extensions of the results of II. 

fhe assumption of a prescribed terminal stock x' may be deleted. Suppose, 
for example, that .v' may be chosen by the planner subject to a nonnegalivity 
constraint. It for each f) in a neighborhood of 0,, it is the ease that both the 
unconstrained and constrained planners choose positive levels of terminal 
slock, then A(/■;/:)) A'C/; 0) 0. Now replace the terminal condition for 

the variational system (14) by A,!'/'; ()„) 0 and use Tigurcs 2 

and .A to prove the Theorem. The proof is only slightly more complicated 
when zero terminal stocks are optimal. 

It is more dilficult to extend the analysis to an infinite horizon planning 
problem." Assuming (i) that the intinile horizon unconstrained problem 
possesses a solution that converges to a unique saddle point equilibrium, the 
equations of motion (7) that correspond to the constrained problem arc of the 
form r r (A', v'), where lim, ., i.c., the 

system (7) is nonautonomous but it is asymptotically autonomous. The 
Theorem may be established for /’ X' if we assume (i). (ii) the constrained 
problem has a solution, and (iii) that the solution converges to the steady 
state r*■(()) defined by h*(z''(0), B) 0. (The proof proceeds in two stages, 
first perform a comparative statics analysis of the steady slate equilibria 
dclined by (4) and (7) respectively and derive the steady state Le Chatelicr 
results. Ihen use the latter to define the terminal conditions for the varia¬ 
tional system (14)). However, even assuming (i), neither of (ii) or (iii) is true 
in general, for example, the validity of (iii) depends on the speed of con¬ 
vergence of h{z, t, 0) to /i'^(z. 0). further discussion is beyond the scope of 
this paper. 

" Recent papers related to comparative dynamics in infinite horizon (and multistock) 
models include [1] and [5]. 
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An extension in another direction is more immediate. Though we have 
constrained the planner by prescribing the time profiles of a subset of his 
controls, other forms of constraints are conceivable. For example, suppose 
that the unconstrained planner is free to choose the level of terminal stock and 
constrain the other planner by fixing terminal slock at the level that is optimal 
given Of). An analogue of the Theorem is readily established. Of course the 
separability conditions (A) and (B) are no longer relevant because even the 
constrained planner may vary all controls. 

Finally, we mention two additional extensions that constitute subjects for 
future research. First it would be desirable to determine the extent to which 
the Theorem may be generalized to multistock control problems. Second, 
the regularity conditions we have imposed imply that the optimal contiols 
are smooth functions of the state and costate variables. Since many of the 
planning problems that appear in economics involve controls that have a 
finite number of discontinuities or switch points, it would be of interest to 
extend the analysis to such problems. Such an extension would make use of 
the results of [9], 


Appendix A 

We wish to show that J(fJ) and arc twice continuously dillercntiablc. 
Suppose 6 /■. r, .V, .x'\ T. Consider J, (the argument for J' is similar), and 
suppose for simplicity that .v and A are .scalars. By definition, J{0) j F{x 
(/; 6), m(.v(/; 0), A(/; 0), 0), r(.v(t; 0), A(t: 0), 0), 0) e where we have sup¬ 
pressed the limits integration. The twice continuous dilfcrcntiabilily of/- and 
/implies that (/(.v. A, 6) and r(.v. A, 0) arc continuously dilTerenliablc and that 
(by [8; pp. 170-177, 194, 198]) .y„ , A« , x„ and A„ exist and are continuous in 
(/, 0). By a standard theorem in basic calculus, exists and is given by 

UO) - j jo ^Xv, 0) C '' dt A/(.v, A, 0) C-' dt - (A.i) e ‘^dl. 

Making use of the canonical equations (4), we sec that 

Mix, A, 0) c---' dt 

I M,A„ -1 A/„) dt = dt (- J((rA - A) .v„ 

- (e-'-Mv,,) dt -I (A V) e dt -\- J A/„c ’< dt. 


I x\„)c ''dt 
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ll follows that 

J,ie) - (' ^'A,v„ ;,y I r' Muc " dt -- 0), X{n 0), 0) e dt. 

-0 -^0 

Hut now the continuous clilfcrcntiabilily of M„ (inherited from F and /) 
implies, by a repeat of the above arguments, that is continuously differen¬ 
tiable. 

For the parameters r, .v", .v' and T, the desired differentiability may be 
proved ill a similar fashion. For example, from above, ./ji)(.v") exists and 
equals A(0; .v"), which is continuously differentiable in .v". 


Appi noix B 

We verify some of the assertions in the second example. 

It is clearly optimal for the firm that attempts to solve (18) to choose /, at 
each instant to maximi/.c short-run profits. Therefore the firm solves 

yr 

max <> "[TTf/t, u;.v) - C{l)]dt, subject to A ! S.v 
‘ •(> 

.v(0) .v", .v(n .v^ (22) 

where 

tt(p, tr; .v) max/i(y(.v, I.) — wL. (23) 

TT is the variable profit function dual to G (sec Diewert [3]) and is increasing 
\np, decreasing in tr and convex and linear homogeneous in (/?, it ). Denote by 
L{x, p, tr) and j(.v, p, tr) the profit maximizing labour input and output, 
respectively, in (23). By Hotelling’s Lemma ([2]), L(x, p, tv) - Tr,r(p, tr; x) 
and >’(.v, p, H’) =--- 7r„{p, tr; .v). 

The constrained firm solves 

max r ('-'^'[pC(/A v) iv/.^ -- C(/)] dt (24) 

I 

subject to .V = I - Sx 


x(0) .v», .v(r) = x', 

where the profile /Jy, tr„) is fixed at the level that is optimal given the 
initial prices p„ and ir„. 

Consider the signs of , L„ and L„.. has the sign of G ,„, L„ 0, 
L„, < 0. Therefore, LJ.„ > 0 if and only if G,,^ y 0 and ' 0 if and 

only if (7; j: 0. 
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Adopting the obvious notation we can also show that M^„ = 0 and 

that, if G^j. ; 0, then u’; x) - ^y{x, p, w)/Bx 0, 

w; x) r)L(x, p, w)j(ix < 0. 

Therefore, by the Proposition, A„(f: p) 0 and w) : 0 for all t. 

We can also show that 


and 


=- G,(.v, /,-) 0, Af;,, 0, 

'Waj. Af,;,r • 0. 


(26) 


Again by the Proposition x\,(l,p) ^ 0 and .v;(/; u-) 0 for all /. (In fact, 

x'„it\ M) ^ 0.) This completes the proof of (20). 

Finally y(t\p) G(x(f, p), /.(.r, p, «•)) and j/(/; p) -- G(x'{t; p), L). There¬ 
fore, j„(t; A.) Ga-MT-A,) G,x',(r,p„) - 

Ai) il' (nx ■ 0, i.e., y„(i; p„) • p„) for all t. 

To prove that .v, is unilormly nonposilivc proceed as follows; consider the 
profiles .v(r; q) and x{t; q d), A a small positive number. If it is not the case 
that .v(/; q [ A) .v(t; q) for all O r 7', then there otist /, and G such 
that .v(/, ;r/) x{l,:q id),/ 1,2 and xU:q i d)-'.v(/;r/) for /, ■ 

/ < Lj. Thus it is sullicient to prove that with a fixed planning horizon and 
given initial and terminal capital stocks, an increase in q cannot uniformly 
raise the optimal capital stock profile. In fact an analysis of the phase plane 
of the appropriate variational system shows that .v,,(0; q) •: 0. The arguments 
for the constrained capital stock profile and for the parameter arc similar. 
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Introduciion 

The basic dilliculty raised by ihe oligopoly problem may be allributcd to 
the fact that even though each oligopolistic firm selects an action (price and/or 
quantity) which maximizes its own individual profit, all linns arc inter¬ 
dependent and they arc aware of it. Thus, an oligopolist’s best choice is 
necessarily dependent upon the assumptions it makes about rivals decisions 
and reactions. Of course, different alternative assumptions may plausibly 
be entertained. 

The first attempt to deal with the oligopoly problem by Cournot [4] was 
based upon the postulate that in an homogeneous oligopoly (all products arc 
perfect substitutes in the mind of the buyers) each firm chooses to market 
the quantity of its output which maxiini/es its own profit assuming the 
quantity marketed by others to be fixed. In this initial model the firms quan¬ 
tity of output are their strategic variables with the market establishing 
(through .some process) a price sufficient to equalize total output and total 
demand. The heart of the model is preserved by assuming that prices arc the 
firms’ strategic variables, with the buyers dex-iding how much to purchase at 
these prices, at least under the assumption that there exists some degree of 
differentiation in the oligopoly so that different firms are able to sell simul¬ 
taneously in the same market at different prices. 

In any case, the major feature of Cournot equilibrium is that once the 
oligopolists have reached it, they have no incentive to move out. However 
there are in general moves which would allow an increase in all firm's profits 

* We want lo thank C. d’Aspremont and J. P. Vial for many helpful comments on the 
first version of this paper. 
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simultaneously. Cournot [4] neglected the.sc moves for the reason that the 
firms' strategic choices had to be thought as entirely independent with any 
form of collusion being excluded. Chamberlin [3] challenged that point of 
view by pointing out that 


... the ussumption of independence cannot be constructed as requiring the 
sellers to compete as though their fortunes were independent, for this is to belie 
the very problem of (oligopoly) itself (pp. 46 -47) 


And that, in an oligopoly. 


since the result of a cut (in price) by anyone is inevitably to decrease his 
oun prolits, no one will cut, and although the sellers are entirely independent, 
the cquilibrim result is the same as i/ioitg/t there were a monopoli.stic agreement 
between them (p. 4X). 

Chamberlin was actually suggesting that there are for oligopolies other 
solutions that the Cournot equilibrium which are based on “mulual-depcn- 
dcnce-recogni/-cd" property- a sort of tacit-cooperation mechanism—and 
which provide to the firms better profits than at the equilibrium.* Similar 
point of view was devciopped by Kellner [5] under the vocable of “implicit 
agreement’’ or “quasi-agreement.’* It meets a game-theoretical investigation 
of cooperation in terms of self-enforced arrangements as initiated by Harsanyi 
[l]andSchcIIing[l3]. 

Among all possible arrangements** which can be designed in an oligopoly, 
let us single out those which avoid explicit communication between the 
participants. One example of such arrangement is present in the “electrical 
equipment conspiracy of the 1950s’’ {14, p. 31] which involved 29 U.S. 
companies selling different sorts of products. For the power-switching 
cquipemcnl, scaled-bid competitions were sponsored by the U.S. government. 
Through some preliminary secret negotiation, each other was assigned a 
share of all sealed-bid business. The sellers then coordinated their bidding so 
that each one of them was low bidder in just enough transactions to gain its 
predetermined share of the market. This was achieved by dividing the terri¬ 
tory into four quadrants assigned different .sellers to each quadrant and letting 
the sellers in a quadrant rotate their bids. A “phases of the moon” system 
was used to decide of the low-bidding privileges. Thus, the result was an 
ostensibly random process conveying the impression of independent be¬ 
havior. 

* Chamberlin [3, p. 47] was clearcly thinking about the selection of an outcome collectiv¬ 
ely ellicicnt for the firms. 

‘ “Collusion to secure monopolistic ... prices is a venerable if not venerated institution” 
and “the variety of collusive ... arrangements in industry is limited only by the bounds of 
human ingenuity.” Shercr [14, p. 30.] 
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The concept of correlated equilibrium as introduced by Auinann [1] 
provides a suitable formalization for collusive arrangements wjihout explicit 
communication among the participants.^ The concept can be introduced by 
the following 2x2 game'* which captures essential features of the oligopoly 
problem: 



In this game the conllictual choice between (.T 2) and (2, .1) requires some 
players' coordination if they want to avoid outcomes (1,1) and (0, 0). This 
can be achieved through a “random mediator" sending signals to both players 
which depend upon the selected outcome (3, 2) or (2, 3). On this basis each 
player may simply guess the other’s expected strategic behavior. It gives an 
equilibrium in the sense that each one of the players is self-enforced to 
comply with the outcome suggested by the medialor; i.c.. no one has an 
incentive to deviate. 

In the present paper we consider duopoly games where the players strategics 
(quantities or prices) belong to real intervals X and Y and where the payoffs 
arc real-valued profit functions U and V defined on .V x Y. Assuming the 
existence of a Cournot equilibrium, wc formalize the idea of a tendency 
towards the maximization of collective profits through collusive tacit arrange¬ 
ments by considering that both players may be better off at some nearly 
correlated equilibrium. Take the game of Fig. I. 

We have a Cournot equilibrium (.v, y) and is the area of all 

outcomes where both players are better oil than at the equilibrium. Consider 
(x*, y^) and (.y“, y'~) two outcomes in this area which are in a neighborhood 
of (.v,y). A lottery which selects (.v’, y*) with probability i and (.\^ y-) with 
probability J is a correlated equilibrium whenever 

V.v L= A', .1 U(.\X y*) i- iC(.V-. y^) ■ i C(.v, y*) ! I (/(.v,) ■*); 

VyeT, i.F(.v*,y‘) I 1 .v'^) = i F(.v', y) i 1 F(.v% y). 

Our general theorem gives a characterization of those Cournot equilibria 
which arc improvable upon by a .self-enforcing (tacit) collu.sivc agreement of 
the above type. When applied to various duopoly models it gives measures 
of the strategic interdependences which are required for the firms to be able 

"See also Rosenthal [12], Moulin and Vial |ll), Cicrarii-Varet [6]. and Moulin [8, 9]. 

" Row player's payofT: top left; Column player’s payoff: bottom right. 
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to make the lacit-coopcralion move from a Cournot equilibrium. Di(Tcrent 
measures of these interdependencies have been given in the literature, mainly 
in terms of the cross elasticities of the demands with respect to prices or 
outputs.^ As noted by Shubik [15], cross elasticities give information which 
is necessary but not ellicient for a qualilicalion of duopolistic interdependen¬ 
ces. As a matter of fact we introduce measures which involve the computa¬ 
tion--at the equilibrium -of (price or quantity) elasticities of the marginal 
receipt function.s, derivatives of the market elasticities, or second-order 
market elasticities. We also sec how marginal costs may facilitate or limit 
tacit cooperation. 


1. Improving upon Cournot Equilibrium by Correlation 
We start with a two-person game in normal form, 

u, v : X >: Y-> K, 

where X and Y are real compact intervals, and u, v arc C“-dilTerentiablc 
payoff function.s on X x Y. 

A Cournot equilibrium is a pair (x, y)e X x Y such that 

V.v e X u{x, y) < u{x, y); 

Vv-fE r(x,y) < n(x,y). 


See Triflin [16] and Bishop [2]. 
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A public lottery is a discrete probability distribution on X ■ K: Thus a 

public lootery /. is described by an integer ik n pairs (.v,, j-,) r X y Y . 

, .1’,,) e X ' Y and n nonnegalive numbers i*, such that .v, i i 
It,, I. It wc denote by S,. „ the probability distribution with weight 1 on 
(.V. y), then the lottery L can be written as 

n 

i I 

I fir is a payoff function (deliiied on X ' K) we denote by [A, ir] the expected 
value of ir with respect to A, 

n 

[/., ir] , y,). 

i I 

We also denote by A^ (resp. Ly) the “private lottery" -or mixed strategy-- 
induced by A on X (resp. K), that is. the marginal distribution of A on X 
(resp. T) 

tt n 

Av X 'lS,-, . Ay X . 

>1 i I 

I'inally we denote by (/(.v, /.y) (resp. |•(Ay ,.r)) the expected value of u when 
player X uses his pure strategy .v and player Y his mixed strategy /., (resp. 
player X uses his mixed strategy Ay and player Y his pure strategy y) 

u(x. Ay) ^ Y. ''7'(v..r,). 

/ 1 

/■(Av.y) Y 

/ I 

DiyiMiioN 1. The public lottery A is said to be correlated equilibrium it 
we have 

V.vo A' fA, ;/| «(.v. Ay), 

Vyi >■ [A. cl r(Ay,y). 

We say that the public lottery A is a strict correlated equilibrium if the above 
inequalities arc strict. 


V.v r X 
Vr c- Y 


[A.r#| rdv. Ay), 
[A,/] KA.v.y). 


(Ihis) 



12K 


OhRARD-VARFT AND MOULIN 


Lei us interpret the above system. The players X and Y agree to (collectively) 
conslriicl the public lottery L. A referee (possibly a machine) is called to 
select an outcome (,v, y) according to the probability di.stribution L (i.e., 
(.V, .1’,) is selected with probability »,), and io selectii ely inform the players 
of the result: Player X is informed of the particular strategy .v selected by the 
referee, but ignores the corresponding strategy r; at the same time player Y 
is informed of the particular >' selected by the referee, but ignores the cor¬ 
responding .V. Now, the tacit agreement of the players when constructing the 
lottery L is to follow the suggestions of the machine (to play “as the referee 
says”). System (I) precisely expresses that this agreement is self-enforced as 
lony (IS nil ronimiiiiualioii arises between the players. Namely if player Y 
faithfully plays as the referee suggests -and ignores player X's behavior - 
whereas player X secretly betrays the agreement by using his pure strategy ,v 
(and is no longer informed of the outcome selected by the referee sec 
Remark I below) then the corresponding expected payoff is //(.v, l.y). A 
symmetrical argument holds for unilateral betrayals of the agreement by 
player Y. 

Particular examples of correlated equilibriums are any Cournot equilibrium 
(.\\ y) (as identified to the public lottery S,if._y)) and any Nash equilibrium 
(p, v) in mixed strategics (as identified with the public lottery p v). 

The main intere.st of correlated equilibria is that they may improve upon a 
Cournot equilibrium. 

Di UNI I ION 2. A Cournot equilibrium is said to be improrahle by cor¬ 
relation if there exists a correlated equilibrium L such that 

[L, u] ii{x, p), 

[/., rj -r(.K.y). 

Remark I. As we define it, a “correlated equilibrium” is actually a 
“simple correlation scheme” of Moulin and Vial [II]. The differences with 
Aumann’s concept of correlated equilibrium [I] are studied in this paper and 
also in Moulin [8,9], Roughly, in Aumann's correlated equilibrium a 
betraying player is still informed of the suggestion of the referee, which in 
turn gives him some information about the strategical choice of the other 
player, therefore making betrayal more attractive. 

Remark 2. The restrictive assumption that the public lottery is discrete 
could be easily dropped out; Public lotteries arc then Radon measures on 
X X Land their carrier is not necessarily finite. Although every definition and 
every result of this paper still hold true in this more general framework, the 
interpretative power of the model gains so little that the corresponding in¬ 
crease in mathematical complexity is practically useless. 
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2. Main Thlorlm 

rhe aim of this section is to characterize whether or not a Cournot equili¬ 
brium is improvable by correlation. We give to this property a local meaning. 
We state the characterization for any 2-pcrson game 

I/, r : X y y -VIR, 

where ,V, Y are real compact intervals and //. rare C-'diffcrentiable. Moreover 
we consider only those Cournot equilibria (x,y) verifying the following 
assumptions: 



! y itv,)-) . t(-\-.y). 

(2) 

< ‘M „ 

f 


f.\^ 

.. .. (.V, y) 0. 
ry- 

(3) 

.V (resp. y) is 

an interior element of .V (resp, K), 

(4) 

(li > 

^ ft'. 


, (-Y, 

^'V 

V) ' 0. . (.V, V) ' 0- 

fX 

(5) 


DLUNiiiftN 3. A Cournot equilibrium {x,y) is said to be locally im¬ 
provable by correlation if there exists an integer /», n continuous mappings 
from fO, 1 ] into X x Y, and « continuous mappings from (0, I) into IR, 

t - ► (.v,(0..v,(0). ' .«. 

/ / 1 ,..., 

such that L(0) . such that lAt) 'Ll' > in.,, u)) is a strict 

correlated equilibrium for every r i: ]0, I] and such that the payoffs 
r [L(t), u] and t - [/.(/). c] are strictly increasing on [0, I j. 

TiiroRHM. Let (.V, J) he a Cournot iquUihrium verifying (2), (3), (4), (.^). IfV 
set 



r t -u - 


/z: i'.\ 

l/f tv 

y’l • fv 

P --- 

. (-X. y 
L (Xf r 

€ \( y 

.V) 




(i) If p j then (x, y) is not locally improvable by correlation. 

(ii) If'p ■ .1 then (.v, y) is locally improvable by correlation. 

Moreover ii'c mov choo.se L{t ) as the ball-.siun of tsvo Hhai measures only. 

where I » (.v,(7). y,(f)) tire continuous and f' ' < 2. 
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Notice that the nuitibcr p remains unchanged when the function ii is 
transformed to where rfi is increasing and twice differenliables on !R. 
Accordingly p does depend only on the underlying preference preordering of 
//. The same argument applies for r. 

In the next section we illustrate the inequalities p | on various duopoly 
models. 


3. Ai’I'LICAIIun to Duoi>oly Mouii.s 

In the present section we intend to show how the theorem may be applied 
to the analysis of several classes of duopoly models. We successively study 
homogeneous duopolies with the linns’ outputs as strategic variables and 
dilferentiated duopolies with the prices as strategic variables. In both cases 
the payolVs arc the duopolists’ profit functions. 

Assuming that there exists a Cournot equilibrium we derive conditions 
implying that such an equilibrium is (or is not) locally improvable upon. In the 
present context, the coefficients involve second-order derivatives of the 
individual profits. However, by studying different simplified cases, we exhibit 
conditions which actually involve derivatives of the elasticities of the firms’ 
market demand and, whenever they exist, the marginal costs, all being taken 
at the equilibrium. These conditions are intcrpretable as giving second-order 
measures of the duopolists' “strategic interdependences." In general and 
loo.sely speaking, a Cournot equilibrium is locally improvable upon when 
there are sullicient interdependences in these terms between the two players. 

I. Honw^vneous Oiifpiir-Seitiiig DuopoHex 

Let two linns be selling the same commodity to a competitive market. They 
compete by independently selecting the quantity they produce and sell. Let 
£/, r R and q., r R, be the outputs produced and sold, respectively, by the 
first and the second firm. The price /; r R of the commodity is given as a 
function of the total supply on the market f/ q, > (/.j. This function (also 
called inverse demand function of the market) is denoted p ,g(< 7 ). 

I.et the firms revenue be functions from R,- to R defined by letting 

. r/ 2 ) • </i and , q.,) - g(f/) • q .,. 

In general, each linn has a total cost which is a function from R. to R.. 
denoted rdr/i) for the first and c»(q.>) for the second. Thus, the duopolists’ 
payoffs are the real-valued profit functions 

V((/, , q.) f= R. t/(r/, , ^..) - i-,(q, , q.,) i\{qi). 
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We shall make the following assumptions: 

( 6 ) the inverse demand is a function g from IR+ to M which is C“- 
differentiable and such that the price is a decreasing function of the total 
output 

tig _ 8g dg 
dq dqt 

Furthermore, there exists a strictly positive output 9 “ e — {0} such that 
g(q) -- 0 for every q 3; 9 ®. 

(7) The total costs Cj and t-j arc functions from K+ to R+ which are 
C^-differenliable. 

( 8 ) The profit functions U and Fare such that 


d'^U 


d^g 


dq^‘’' ^^dq 


dg d'^Ci 


dq,^ 


0 , 


_ (fg 

Sqi‘ ■ dq^ dq 


dq.? 


< 0 . 


Let, under assumption ( 6 ), A' - T - [0, 9 ®]. With assumptions ( 6 ), (7), 
and ( 8 ), the payoff functions V and V are C^-differentiable on A" x T and 
strictly concave with respect to the corresponding strategic variables. Thus 
a Cournot equilibrium exists and is a pair (q, ,qg)e X X Y which necessarily 
satisfies 


1 ^ (qi . q^) " (?i I- q^ qi + g(.qi + ^2) - (^1) 0, 

1 ^ («i. q.) -= (^i + ?2) q.. I- g{qx I- U - (^2) = 0. 

Condition (9) gives 

9, = [-^{?<)-g(9i f ^ 2 )]/[^(«?i f 92 )] fori = lor 2. (10) 

Condition (10) provides a Cournot equilibrium {q^, q.,) which is an interior 
element of AT x T and by assumption (8) we have 

(9i , ‘faX 0 and (q^ , qd < 0. 

Since relations (2), (3), (4), and (5) arc easily satisfied, the theorem gives a 
criterion for such an equilibrium to (or not) be locally improvable upon. We 
see by studying two different cases that this criterion has an interpretation in 


642/19/1-10 



132 


(itRARD-VARJl AND ,VH)UUN 


tcriTis of basic characteristics of the market: namely, marginal costs and 
elasticity of the marginal receipt functions (or second-order elasticity of the 
market demand taken at the equilibrium. 


a. Case with Linear Demand and Quadratie Costs 

Let us first study the situation when the two firms face the same linear 
demand and have quadratic total costs. More precisely, the inverse market 
demand is the linear function 


P i tx — with li 0 and /I 0 . 

It gives the revenue functions 

V(r/, , If.,) u 11^,^ V; 1, 2, , tf..) [rt - -|- tf.^] q, 

implying 

(‘/i , di) -- 2/ir/i - f^cf,, 0, 

^ 7i 

i!/!’ ~ 

and 


r'-r, 


Uh 


t/.) ■ 


f -t s, 
iq./ 


(< 7 i < <h) = - 2 /? < 0 . 


The revenues and the marginal revenues are strictly decreasing. 
Let on another hand the total costs be 

. tk) !•% ‘ iC'/i) ' E</i' ‘’2(92) = 

yielding 


^r Uh) §1 ' 2c^, with S, r -0, 

(Ufi 

(Va) ^ §2 1 2*^2 with 5, > 0, 


and 


dqi 

Assumption (8) requires 


a idx) 


dq."- 

-2/3 < 2e 


at) 


meaning (if e >• 0) that the marginal costs are strictly increasing or (if 




CORRbLATION AND DUOPOLY 


133 


e 0 ) that the marginal coxl.s arc decreasing but fall more slowly than the 
marginal revenues. 

We compute now the number p introduced in the statement of the 
theorem. We have 


Since 


we get 


and 


i.e,, 



Since/3 0 (by assumption) and/•) « ■ 0 (by (6)). 



Thus, the Cournot a/tiilihriuiii is locally iniprorublc upon when the marginal 
costs arc strictly decreasing. The erpiilihriwu is not locally improrahle upon when 
the marginal costs arc strictly increasing. 

Notice that when e =- 0, i.e.. when marginal easts are constant we cannot 
conclude anything about the Cournot equilibrium by using directly the 
criteria of the theorem. However in that case a direct argument (see Moulin 
[ 8 , 9]) shows that the equilibrium is not improvable upon. 


b. A Case with Null Co.vt.v 

Let us consider now the situation where the duopolists face a market 
demand satisfying conditions ( 6 ), but with both production costs identically 
null. The individual payoff functions are now simply the revenue functions 


V((7i, q-d c 


^ q-i) .?(vi + f/a) • r/i . 
gUh -1 ■ ?_•) ■ <72 • 
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Assumption ( 8 ) becomes 


d'^g ■ n A 

- 2 f- < 0 and 


dq^ 


dq 


0 -a«.+ 2 ^<o. 


dq^ 


dq 


According to condition (10) a Cournot equilibrium is a pair (q^ ,<^ 2)6 
which is necessarily such that 


Vi 1,2, q/ - [^(^1 I q2)]/l^(qi -I ^ 2 )] • 


It implies that we must have q^ = q^ - q. Thus, a Cournot equilibrium is 
simply denoted (q, q). 

Let us compute cocITicient p. Under (12) we have 


Since 


we get 


tf^U 

^ ( 25 ) q.1-2 ^(2^X0. 


b'^U d^2 dfF 


According to the theorem Cournot equilibrium (q, q) is locally improvable 
upon when p > i, which equivalently gives here 


I -£4 (2^) 5 + 2 ^ (25) I < 2 1 (25) 5 -1-1 (25) I 


■3< 


dq^ 


dq 


One possible case for (13) to be true is, with our assumptions, 

d^g 


2 (2q) q <0. 


dq 


A second possible case for (13) to be true is 




(13) 


(14) 


(15) 


Alternately, a Cournot equilibrium {q, q) is not locally improvable upon when 
p < i, which amounts to the following inequalities 
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To give an interpretation to conditions (14), (15), and (16), let us introduce 
the elasticity of the marginal receipt function be the function -q from IR+ to R 
defined by letting. 


V^eR^, r,(g) (<7)[<//0 (<?)] • 

Since both costs are null, assumption ( 8 ) is satisfied whenever 

'iqeU, (18) 

Furthermore, at the equilibrium (q, q), we have 

i}(2(7) - -‘~{lq)q — 3. 

Thus, assuming (18), conditions (14), (15), and (16) give that the Cournot 
equilibrium (q, q) is locally improvable upon when, at the equilibrium, the 
elasticity of the marginal receipt is such that 

- 4 < 7)(2q) < - I; 
and it cannot be the case when 

-3 <v(2q)<~1. 

One may qualitatively state oui conclusions by saying that for output- 
setting homogeneous duopoly with null costs, the Cournot equilibrium is 
locally improvable upon if the elasticity of the marginal receipt function is 
sufficiently high when the elasticity of the marginal receipt is null. Marginal 
costs and the value at the equilibrium of the marginal receipt functions are 
parameters of the market structure which measure .strategic interdependences 
of the firms. 

2. Differentiated Price-Setting Duopolies with Null Costs 

Let us consider now duopoly models where the outputs of the two firms 
are differentiated but substituable commodities. Let us assume furthermore 
that the two firms compete by independently selecting a price to charge. The 
consumers now .select a quantity for both commodities that the firms may 
sell at that prices. Let qi e R+ and q-^eR, be the outputs produced by the 
two firm.s, pi c R, and p^ e R+ be their respective prices. Firms i (/ - 1. 2 ) 
are facing a well defined demand function A, from R, - to R; such that 


q, h,(pi,Pi). 
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1 he lirms" revenue funetioiis coincide with their payofT functions and are 


and 


V( />, , /),,) i_ iR 6'(/>, , Pi ) /7, ■ /;,( p, , Pi ), 


f '(Pi ,P>) P‘‘- Ihi Pi. Pi). 


We assume; Holh demands A, and are C'-'-differcntiable for those pairs of 
prices for which they are well-defined (i.c. nonnegalive® and the first deriva¬ 
tives are such that 


dll 

dh 


• (), 





(19) 


These imply that the firms do not sell homogeneous commodities. Further¬ 
more, we assume the existence of a pair (p,®, p./) e IR,.- of prices for which 
both demands are well defined and such that for any other pair of prices 
(Pi , p.i) € Ri , where demands remain well defined we have 


Pi p,'\p . Pi" and Aifpi", p,“) A 2 (Pi“,p..") =0. 

If any firm should increase its price beyond p,". the effect on both firms would 
be null.’ 

Finally we assume: The payofT functions U and T are such that 


du 

dhi 
Pi • i 

rp,* 

, -> f'/'i , 

fp,^ 

' ■ 2 -i-' < 1 

dp, 

dv 

irp-i^ 

dh, 

" ■ ?p} 

-1 

Pv 

Pi"! and Y 



( 20 ) 


Let A" fp, o R, ;pt Pi"! and Y •’'’{p^cR, ;po ' - p^} the payoffs 
U and V are C*-difTerentiable on A” X Y, which is compact, and with assump¬ 
tion (20), a Cournot equilibrium does exists. It is a pair (p, , pj) e Jf x Y 
which necessarily satisfies 


■ip~ ( Pi ' P-i) — (Pi ' Ps) P\ f (ti( P\ ' Pa) 

^ (Pi . Pa) - -^ (Pi . Pa) Pa I" /taCPi - Pa) 


0 . 

0 . 


* Let .4, Kp, . Pi) c- R.^*, hi(pi , p,) V- 0) be set of pairs of prices for which the demand 
for firm i is nonncgativc. Functions hi and hi have to be C*-difFerentiabIe respectively on 
the interiors Ai and of Ai and . 

' Let A ~ A, n A^ with At as defined in footnote 6. One may simply assume that A is 
bounded. As a result attention may be restricted to the compact set of pairs of prices in 
not larger than (pi“, Pa"). 
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This condition gives 


V/ 1.2 


' (i'liili-'pM Pi, Pi) ' (/(fi ^ 


( 21 ) 


Clearly this equilibrium verifies (2) to (5). 

To compute coefficient p of the theorem let us define the elasticities of the 
individual demand with respect to the individual strategic variables i.e. the 
price elasticities. It is, for firm 1, a function from IR, ^ to R, denoted TTn , and 
defined as being: 

dtf; p, 

i'Pi hi ■ 


Assuming (19), we necessarily have /i„ 0. The elasticity similarly defined 

for firm 2 is denoted /tU . All first derivatives for 7:',[ and are well-defined 
continuous functions. 

We have 

hid \ I-ii)^ /Ml f- f-s-,). 

fPi fPi 

Clearly 

. Pa) C>fPi,Ps)-- -)■ 


Furthermore we get 

^^2 (Pt . Pa) ■ = /'i( Pi . Pi) 7^' ( Pi - Pi)- 
(Pi - Pi) hf p, , p,) (P. , p.,). 

f ' P'i * rt 


We also have 


and 


> (Pi - Pi) /'|( Pi ■ Pa) (Pi - Pa) 
cpiCPi ‘Pa 


-i - {Pi • Pi) h-A Pi . Pa) ( Pi , Pa)- 

Cpi Cp., cpi 


Consequently coefficient p is given by 


if _ tE 

hii Pi , Pi) h.,{ Pi , p») 7^7 ( Pi • Pa) ^ P< ’ Pi) 
/ii(Pi . Pa) *a( Pi - Pa) (Pi - Pa) 4^ (Pi - Pa) 




(22) 
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l-’rom the theorem and from (22) we may conclude that the Cournot equili- 
hrium (p, , P 2 ) giren by condition ( 21 ) « locally improvable upon when 


The Cournot equilibrium (p, , p,) is not locally improvable upon when 



(Pi .Pa) 



(Pi .Pa) 




bt,22 

^Pa 


(Pi. Pal- 


Take dEi,lipi as a measure of the “direct effect" of firm / strategic choice on 
its own demand and r}E,/jbpj as a measure of the “cross effect” of its rival’s 
strategic choice on the same demand. The result says that, at the equilibrium, 
the product of the two direct effects must be sufficiently smaller than the product 
of the two cross effects to allow the duopolists to locally improve upon the 
equilibrium. 

This conclusion has direct implications in some simple cases. Consider, for 
example, a costless duopoly where 

V(p, ,p.i)eUf, hiipi ,p.^)^ \ - a,p, + Pip.i , 1, >- I, 

^•i(P\ > Pi.) "" ) °‘iPi I ^tPl > “2 >' l> ft ’■ I- 


Parameters and are (he “cross-effects” parameters, and parameters a, 
and are the “substituability” parameters. There exi.sts a Cournot equili¬ 
brium" (p, , P 2 ) given by (21). This equilibrium is locally improvable upon 
when 


ftft > oiiaj , 


i.e., when the product of the two substituability parameters is smaller than the 
product of the two cross-effects parameters. The equilibrium is not locally 
improvable upon when 

^ift “l ™2 • 


Notice that it is the case when the two goods are imperfect substitutes 
(«i ^ re,, :> 1, rej '> 1) and if the cross effects are negligible ((Sj - = 1). 

One could have used in stating the conclusions the direct and cross elastici¬ 
ties of the firms marginal receipt functions* instead of the derivatives of the 

‘ It is easily computed to be 


-I- Pi 

4r<,™j — ’ 


2 ai + Pi 
4aiai! -- PiPt 


• Define 
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elasticities of the individual demand functions. By that means one would 
have captured essentially the same phenomenon namely that the inter¬ 
dependences between the firms in terms of cross effects has to be sufficiently 
high for a Cournot equilibrium to be locally improvable upon. 

Price Setting Duopoly with Null Costs—A Particular Case 

Let us conclude this section by the discussion of a differentiated duopoly 
arising from the fact that the market for a simple commodity has been shared 
between two firms according to a given rule. Let the market demand be a 
C^-differentiablc function denoted q h(p) and such that dhjdp > 0. The 
sharing rule is such that when they compete by independently setting their 
prices, the firms face well-defined individual demands which are function of the 
first degree differential of the prices. In other words we have a differentiated 
duopoly with the two demand functions being.^“ 

th ^ h(p., - pi) and , pj) -- A(p, — p^). 

We have 


B>1„ 

f'Pi 


'Phi 

PPi 

dh 
’ tip 

f'Pa 

dh 

-Tp^^’ 

'flh 

+ 

li 




0 . 


(23) 


The two firms clearly have identical shares of the market at identical prices. 
Both production costs being identically null, the payoffs are 

tyfPi.Pa) /z(Pi.-Pi)-p, and y{P\,Pi) = h[pi - p„) -p.^. 

A Cournot equilibrium is a pairfp,, pj) which is ncce.ssarily such that 

P2) *(P2 - Pj) - Pi ^Jp (Pa — Pi) = 0. 




P, 

ilp‘ Bhi 

Bp, 


and 


H.. 


rj‘M, p, 
Bp.Bpi dhi 

Bp, 


With these, formula (22) becomes 


( BhJBp^pt , ^a)[l + , h)W‘htldpitPi , Pa )[l + , ^2)]) 

^ (BhiiBpiipt, + //i,(p, .WlX^Aj/Opofp, ,p2)[l + ,pa)]) ■ 

“ Hotelling (1929) has studied a particular version of this model where the individual 
demands are given by = a, + , q, — with > 0, tij ■ 0 and S, 

|[A — 3, - Sj + (pj — p,)!y], Sj — JlA — Of, - + {Pi — Pil’y], y 0, A ■ 0. 
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and 

I-et us focus on symmetrical equilibria: /i, p., p. The above equations 

provide a unique of these equilibria {p, p) which is such that 


p - ^l>(o)lpo) 


We compute 


and 


We get 


h-U 

c>p{' 

r:W 
^Pi '(• a 


r ( />. p) 


- 1 \ -> 
Pjf-^.(o)~l 

(") < 0 
dp 

(P^P) 

iH' , 

d-h , , 

dh 


'’rf,.-'"' 

1 , (o). 

dp 



-fM 


P 





According to the theorem, the Cournot equilibrium (p, p) is locally im¬ 
provable upon when p i which implies here 




^dh , ^ _ d Vi . . dh , . 


A discussion similar to the one given above would lead to the conclusion that 
p J if and only if 




4 <//», . , _ d^h dll , . 


On the other hand, the equilibrium (p, p) is not locally improvable upon when 

^.d% _^dh . 

0^p-^-^(o)-^3^(o). (25) 


Let now the price-elasticity of the marginal receipt function be the function h 
from IR, to IR defined as 
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According to condition (24), the equilibrium (p, p) is locally improrahle upon 
when the market demand is such that 

H{p) < 0 or J < H{p) < 2. 

Condition (25) implies that the equilibrium is not locally improiahle if we 
have 

0 - Hip) ^ll(p). 

One can see these conclusions arc qualitatively similar to those obtained in 
the previous paragraphs: the possibility (or impossibility) of improving upon 
the Cournot equilibrium depends upon a measure of strategic interdepen¬ 
dences in terms of the value—at the equilibrium—of the elasticity of the 
marginal receipt function." 


4. Proof of the Theorem 


Step I. We prove first assertion (i). Define 


y) u(x, y) - u(x. y); 
In view of (4) we have 


i/j(x, y) = r(,v, r) itv. y). 




d>j/ ( '/>,- 


0 . 


Moreover <^(.x, y) i/<(x, y) 0. 

Then for every positive numbers A, p, the function X<f> \ piji has zero value 
and zero gradient at (3f, y). Let us compute the Hessian at (.?, y) (second- 
order derivative) of A<^ \ pip: 


pp) XD'^<f> piy^i/i 


A 


b-U 

(IX- 


i-'^u c^r 

-T .—.— : p —: ■ 

r.v f _i’ r.v r r 


c'-M , r-r r-r 

?.v <^y ' ^ f'.Y f*;!' ’ ^ 


At pijint (.V. y) we have A iy^ufdx^ (x, y) • p b-vfy^ (.v, y) ■ , 0 (remember 

" One can sec that in the Hotelling case (footnote above) the Cournot equilibrium has 
to be given by f., y[A -E («, - aj)/3] and pt - - ('i - “s) 3]. We have d*h dp- -= 0, 

the market demand is (and all individual demands are) inelastic with respect to price, 
and we cannot conclude since H{}>) - 0. However the argument of Moulin [8, 9] leads 
to the conclusion that the equilibrium is not improvable upon (globally or locally). 
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that A O and /x > 0). Therefore the Hessian + /x^) will be negative 

at (,Y, y) if and only if at point {x, y) 


^ fi'^u bH' b^u , b'^v 

' ty ' I'' l}x~^ * TjTey/ 


(26) 


(all these derivative being taken at (v, y)). 
Let us set. 


■Y 


a 




b.\ fly 


(x.y) 


O-L’ 

bx bv 


(x,y). 


As an elementary lemma we claim 

(3A, fj. -0, (Aa -|- /aA)® — nXn < 0) lah)lct < ^ 


(wc leave the proof to the reader: remember that (t ■ 0). 

Remark that p — (.ah)/tx. Then, assumption p < I implies that for some 
positive A,/A the Hessian of A<^ | p,ifi is definite negative at (x, y). Then 
(x, y) is a (strict) local maximum of X(f> 4- pif' proving the existence of an 
open neighborhood U of (.x, y) in AT x K such that 

V(x, y)e U : A^(x, y) + pip(x, y) 0. (27) 

Suppose now that (.x. y) is locally improvable and let: 


/ ► L(t) =■- «,.(/) 8<,,(,).,,(()) 

be the associated path of strict correlated equilibriums (see Definition 3). By 
the continuity of r->x,(r) and / -►y,(/), for t .small enough, the carrier of 

L(t)- {(Xi(0,y,(/))}, r.« is contained in U. 

The two preceding relations yield, for t small enough 

[Lit), X<f> 4 /A^] = A(L(r), <^] f pint), 0. (28) 

On the other hand because L(t) is a strict correlated equilibrium, for every 
nonzero t, we have 

[L(f),«] > m(x, Lr), 

(29) 

[£,(/), r] > liLx , y). 

Clearly we have 

lUt), <f>] = [Z.(0 . M - m(x, •)] = [^(0 , w] -- Ly). 
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Similary 

- [m,v] - i(L^,y). 

Thus inequalities (28) and (29) yield a contradiction, and (x, y) cannot be 
locally improvable upon. 

Step 2. Let a, h, a’, b', be four real numbers. Because (x, y) is an interior 
element of x T, then for t small enough the following L(/): 

L(t) = 2(<!.»+(ft) "h (ft',1/1 (ft') (30) 

is a lottery on X T. Moreover its carrier varies continuously with respect 
to t, and L(0) ^ Wc now determine a, b, a’, b' so that t -*■ L(t) verifies 
the remaining properties of Definition 3 for / small enough. This clearly 
implies property (ii) of the theorem. 

We compute 


2^1 (WO. m1).=d 


Similary. 


(m(x + y + th) 1 w(x + ta', y + tb')),^ 
^(x.y) •((> -I- b’). 


(31) 


2 ^ ([L(t). u])(.„ = (X. y)-{a + a'). 


Therefore t ■* [L(t ),«] and t [L(/), v] are strictly increasing for t small 
enough if we have 


^(x.y)-(b h b')>0, 

(x, y) ■ (a T o') > 0 . 


(32) 


We set now 


«(/, x)[L(/), m] — m(x, LriO) = iMx + ta, y + tb) — u{x, y + tb)] 

+ IMx + ta', y i tb') — h(x, y |- tb')]. 

Thus T'(/, x) is defined for xb X and every t such that £.(/) is a lottery on 
A" X T. Clearly (x(0, x) 0. Now an easy computation gives 
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^ “ t 
< ! ( \ 


(0, A) 


I r -» 

I'r V f )■ 


(A, V ) ■ (/> 


h’). 


r - V 
( i '^ 


(0, A ) 



«-) . ^,-(a-, .i;) 


2(ab 


a’h') 


i-i-u 

<:v 



Invicw of assumption (3): r-iv/» .v-(0, x) 0. Thus, the pair (0. a) is a local 
strict minimum of if we have 


i V- it- W / r'A / 


(33) 


(all these derivatives being taken at (0, x)). (Remark that inequality (33) 
implies L'’a/(/- 0 ). 

In view of the above compulation we obtain that condition (33) is equiva¬ 
lent to 


(ci- , a"-) , 


Hah 


ah') , " 

t X ( V 


(h I h'f -Y/ 

\ flv Cl’// c A- 


with all derivatives taken at (.v. .)•). 

On the other hami, ir(0. .v) is a local strict minimum of iv we may find an 
open neighborhood 1' of .v in X and a number /„ 0 such that 

Vt;0- t t„. infA(/. A) 0. (35) 

By assumption (2), we have 

Va' e X, X f ; m(a', y) <. ii{x. y). 

Since the complement of V in X is compact and since u is continuous there 
exists a positive T;(Ty ' ■ 0) such that: 

V V f-: X, y : u(x, y) ■ ' m(a, y) r). (36) 

Because of the continuity of the carrier of L(l) with respect to /, we deduce: 

lim [L(f), m] - w(.Y, y), 

Va- r .V, lim i/(a-, LyU)) ti(x, y). 

t 

Jn view of (12) we get the existence of a number ty > 0 such that 

sup m(.v, Lj-(t)) < [Z.(<), i/]. 

A=jr 
Jtj V 


Vt : 0 • t : t- 


(37) 
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On the other hand, the definition of /) implies that (35) is equivalent to 
V/; 0 • / . r,,, sup m(.v, Ly(l)) < [L(l). i/]. (38) 

AI 1^' 


Comparing properties (37) and (38), we obtain that for some t., 0, 

V/ : 0 , / . t-,, sup m( v, Ly(t)) '. [L(t), mJ. (39) 

!• -V 

Thus we have just proved that inequality (34) implies the existence of such 
that (39) holds true. A symetricat proof gives that: if the following inequality 
holds true 


'(« )7— ; 2(«/) I flV/)i A'^)(40) 

2 \ < .\ ry I I < y~ (.vrr f v 

(with all derivatives lieing taken at (.x, f)) then there exists ■ 0 such that 


Vt : 0 . sup r(LJll y) [T(0. rj- (41) 

Properties (39) and (41) together mean that 1.(1) is a strict correlated equili- 
briunt for t small enough. 

I his is exactly property (iii) of the Definition (up to a suitable normaliza¬ 
tion oft). 1 he conclusion of step 2 is the following : if we can find </, /;, b', 

such that (32), (39), and (41) hold (rue then the lottery L(t) given by (30) 
achieves a local improvement of (x, y) of the required type. 

Sk'p 3. It remains to be shown that p . • j implies the cxi^tencc of a 
solution a, h, a', b' of system (32), (39), and (41). 

Let 


E sign ( (a, y)j , 

e' - sign (x, yl) , 

rhi /i'-ii _ 

fr -- -7—.7 (-V, y), 

< .V t _v / <-.\- 
e' - sign(<r), 

' •> '-"i 

cr'- -/-r4(Y,y). 

cx fh / ry- 


These qu intities are well defined by assumptions (3) and (5). System (32), 
(39), and (41) can be reformulated as: 
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6 • {b ^ b') >0, e' ■ (a a') > 0, 
{a^ -\ a’^) -f 2{ab -f a'b') a |- {(b \- b') < 0, 

\{a t- a'f a'^ + 2{ab + a'b') o' + {b^ + b'^) < 0. 


We must prove the existence oF a solution as soon as p ^ «t ■ a’ > J. 
We set 

~ fl fl' 

a — — , a = — . 

<T a 


The above system is then equivalent to 

e • (6 + 6') > 0, e' • (7 ■ (« |- a') > 0, 

H- a'2) -\ -2(ab I a'b') + K* + b'f < 0, (42) 

l(a + a')^ p 2 + 2(ab + a'b') p + (b^ + b'^) < 0 . 

We seek for solutions of the above system of the type 


a - 4 A. 


4- p. 

f M 

3- _ « ■ ® S 

G 2 


- P' 


In order that the above numbers verify system (42) it is clearly sufficient that 

i -1- 2A* + 2 f 2Xp.) + l<0, 

(44) 

+ 2 f- 2Xp)-p + ~ + 2p? < 0. 


We distinguish two cases 

Case 1. ee'e' — —1. System (44) becomes 


A* + 2A,t < 0 

and 

-I- 2pXp. + p* < 0. 


(45) 

(46) 


We choose an arbitrary /x > 0 and A = A(/x) 
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Clearly inequality (46) holds true for every n 0. Let us show that for /x 
large enough, (45) is also true. Namely when /x goes to infinity, we have 

A(,x) ^ ^ 

so that A(/x) is negative for /x large enough. Moreover we have 

A(/x) + 2/x ~ - g + Ifi. ----- 2 (l - ^) /X. 

By assumption: 1 1/4/3 0. Hence, for /x large enough A“ + 2A/x is positive. 

Thus (A(/x), /x) verilics (45) and (46) for /x large enough. This provides the 
required solution of system (42) by means of formulas (43). 

Case 2. ee'e' - TI. System (44) becomes 

AM 2A/X i 1 <0, 

(p I 1~ X , ^ - n 

“ ■ 4-r i 0- 


We choose /x • 0 and 


Mti) 


J 

2pfi 



! lj“ 

4' 


')• 


An argument similar to case 1 shows that (A(/i), /x) is a solution of the above 
system for p large enough. 

This concludes the proof of the theorem. 


Conclusion 

This paper provides a characterization of those two-person games on real 
intervals in which a pure noncooperative equilibrium is locally improvable 
upon by correlation. In duopoly games the correlated equilibrium stands for 
a tacit collusive agreement allowing both firms to be better off than at the 
equilibrium. 

We have restricted ourselves to those duopoly models for which there 
exist a pure Cournot equilibrium. The analysis could be extended to mixed 
equilibria. It is well known [15] that only mixed equilibria do exist for several 
price setting homogeneous duopolies where different firms cannot sell in the 
same market at different prices. Such equilibria are usually interpreted as 
represent-ng some price instability on the market. It is easy to see that in the 
present context a mixed equilibrium is only a degenerated form of a cor- 
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related equilibrium. This gives a new outlook on mixed equilibria. Indeed, we 
may consider any equilibrium as a pair of prices such that if each firm 
maximizes its (expected) profit given the information it has about its rivals 
price policy, than it will not have any incentive to follow another price 
policy. In case of a correlated equilibrium the two firms share some informa¬ 
tion instead of at a mixed equilibrium where they only have their own 
information. 

■facit cooperation as we have detined it in terms of correlation coincides 
with only one of all forms of oligopolistic cooperation which can be observed. 
Assuming as we did a tendency in an oligopoly toward the maximization of 
collective profits, it remains that different processes of coordination and 
communication may operate to resolve conflicts. Shercr [14] points out that 
price (or output) leaderships, or such rules of behavior as tho.se supporting 
the “kinked demand" approach, arc different forms of oligopolistic coordina¬ 
tion. One could consider the lotteries on two pure outcomes that wc have 
introduced here as defining an “alternate leadership.” However, a more 
detailed study of the coordination processes such as leadership is needed to 
take account how exchanges of information are organized between the firms. 
This, in turn, involves such phenomena as “threats" and “commitments.” 
As a matter of fact, tacit cooperation in terms of correlation and collusion 
through threats and commitments may actually be considered as dual 
approaches'^ for the general oligopolistic coordination problem. 
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I. Iniroduction 


Production technology is commonly modelled by means of a production 
function, which in the scalar output case specifies the maximum output 
obtainable from an input vector. The degree to which the actual output of 
a production unit approaches its maximum is called the technical elTtciency 
of production. A technically eflicicnt unit must operate on its production 
function, although this condition is not sufficient; a technically inefficient unit 
may operate beneath its production function, although this condition is not 
necessary. If the notion of technical efficiency is to have empirical content, 
it must be based on a proper measure, or index, of the technical efficiency of a 
production unit. It is the purpose of this paper to specify a set of properties 
such an efficiency measure should satisfy, to show that the widely used 
measure propo.sed by Farrell [4] does not satisfy these properties, and to 
introduce a new measure that does satisfy these properties. 

The pioneering work on technical efficiency is that of Farrell. Inspired by 
the work of Debreu [2] and Koopmans [7], Farrell suggested a measure of 
technical efficiency that can be interpreted, somewhat loosely for the moment, 
in either of two ways: as the ratio of technically minimal to actual inputs, 
given output and the input mix, or as the ratio of actual to technically 
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maximal output, given inputs. Virtually all subsequent work on technical 
efTiciency is based to some extent on Farrell’s seminal work.^ 

There are, however, some difficulties with Farrall’s measure. First, as is 
already noted, it is open to two interpretations, which except under the most 
favorable of circumstances give rise to different inferences concerning 
technical efficiency. Second, it measures technical efficiency relative to an 
isoquant rather than to an efficient subset, a practice that can lead to the 
identification of a unit as being technically efficient when it is not. Third, 
it is a radial measure, in the sense that it assumes a given input mix, although 
there is no reason to measure technical efficiency radially, even for homothetic 
technologies. In fact, such a practice is likely to produce erroneous inferences 
concerning technical efficiency. Finally Farrell’s restrictive assumptions on 
the production function severely limit the types of technology to which his 
measure can be applied. 

The plan of the paper is as follows. In Section 2 we describe our tech¬ 
nological assumptions, which are considerably less restrictive than those 
of Farrell, and we introduce some useful terminology. In Section 3 we 
investigate the two interpretations of the Farrell measure. In Section 4 we 
propose a set of properties that an efficiency measure should satisfy, and we 
introduce a new measure that satisfies these properties under our weak 
technological assumptions. Concluding remarks follow in Section 5. 

2. The Produchon Technology 

A production technology transforming inputs x = (at, , Xjx,) g 
into net output u e /?+ is modelled by a production function <f>\ R^” R+ or 
inversely by an input correspondence u ->■ L(u) c- 2”*", where is the 
maximal output obtainable from an input vector x and L(u) denotes all input 
vectors yielding at least output rate u. 'fhe production function <f> and the 
input correspondence L are inversely related by 

L(m) : — (x 1 4>{x) ^ u} and ^(x) := max{M | x g /,(«)}. 

The production function <f> is assumed to have the following properties:® 

<^.l </i(0) = 0 and ^(.x) > 0 for some x > 0; 

<^.2 ^(x) is finite for x bounded; 

<f>.3 • x) 7' ^(a) for A J - I; 

(f>.4 If ^(A • x) > 0, then <^(A • x) -> H oo as A f- oo; 

<f>.5 <f> is upper semi-continuous. 

* Recent empirical studies that make use of Farrell's approach to the measurement of 
technical efTiciency include Aigncr, Lovell and Schmidt [IJ, Forsund and Jansen 16], 
Meeusen and van den Hroeck [9], and Schmidt and Lovell [10]. An extensive bibliography 
is available from the authors on request. 

“ For a discussion of the significance of these properties sec, e.g., Shephard and Fiire [13]. 
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In addition to the production function <f> and the input correspondence L 
the Ibllowing two subsets of L(ii) are important; 

The isoquant: Isoq L{u) : !.v j x r /.(m), X ■ x i X e [0, 1)} for u : - 0, 

and Isoq ^(0) 0. 

The etlicicnt subset: Fff /,(») : {.v ; .vf I.{u)<y x - L(u)] for u 0, 

and ntr /,(0) 0.* 

Clearly (he efficient subset of the input set /.(«) is a subset of the isoquant 
for each output rate a, but the converse is in general not true. Although the 
popular constant elasticity of substitution (CFS) family of production 
functions with strictly positive elasticity of substitution satisfies this property, 
the Leontief function and subfamilies of variable elasticity of substitution 
(VnS) and weak input disposability (WDl) functions are examples of 
production functions whose isoquants are not contained in their efficient 
subsets (see [3], [8]). 

The distance function defined by 

^{u, A) [min{A ] A • At 

is also of importance. This function, introduced by Shephard [11], [12], fully 
characterizes the production technology, and in particular 

L(U) {a i i/r(M, A) r- I], 

lsoqA(«] {x\i//(u,x) I}, 

Fff Uu) ^ {a I i/i(u, .v) ^ I, <j)(u,y) < I, Vv a }. 


3. The Farrell Measures of TECHNicAt. Efficiency 

In his pathbreaking study of production efficiency, Farrell did not state a 
formal definition of what we have called “the Farrell measure” of the 
technical efftciency of a production unit. Indeed his analysis leads quite 
easily to two different measures of technical efficiency. Although under the 
strong technological assumptions maintained by Farrell the two measures 
are equivalent, within the more general framework of i^.l- <^.5 for a produc¬ 
tion technology they typically assign different efficiency values to the same 
observation.' For this rea.son two definitions are offered. 

“y - ; A means y a but y a. 

* The two interpretations follow from a reading of Farrell's analysis at [4; 254, 25tj]. 
Farrell's technological assumptions include strong free disposability of inputs (a' > a ^ 
^(a'I - ^(a)) and constant returns to scale. It should be noted that Farrell was fully aware 
of the divergence between his two measures in the absence of constant returns to scale. 
Forsund and Hjalmarsson [S] have also noticed this divergence. 
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Deiinitign I. The function ' R," R,. defined by .r(u, r) : — 

inin{A | A ■ .v c /.(«)}, x c Liu) and .5^(w, -y) - - + co, j: ^ Liu), for u 0, is 
called the Farrell input measure of technical efficiency. 

.'^iu, x) is a radial measure of technical efficiency; it gives the maximum 
amount by which an input vector x yielding the output rate u can be propor¬ 
tionally decreased while still producing m.® It is clear that the Farrell input 
measure is the inverse of the distance function for x e Liu), and that ^iu, x) e 
(0, 1 ] for II - 0 and .v c R^’^. It is also true that fx | :^iu, x) - 1} - Isoq L(u), 
so that an observation (u, x) is judged efficient by the Farrell input measure 
if and only if .yf Isoq /.(«). 

An important implication of Definition 1 is that while .y e FfT L(u) implies 
■ ^(n, .v) — 1, the converse is not true. This is clear from the following 
example. Lei 

<^(.v,, .Y.J ^ min{.Y, , .Yal (1) 

be the production function. Then (.Vi, .Yj) — (I, 2) c /.(I) and -^iU 1.2)— 1, 
but d, 2)^p Fff/.(I) because (1, 2) (I, 1) e Z.(l). Thus the observation 

(I, 1,2) is labeled technically efficient by the Farrell input measure even 
though it docs not belong to the efficient subset. Consequently it is of interest 
to determine the restrictions on the production structure under which the set 
j.Y ! -^(u, x) - 1 1 coincides with the efficient subset F.1T Liu), and hence when 
the Farrell input measure relates the efficiency of .v e Hu) to efficient elements 
of the input set. The conditions for this to hold are obvious from the above 
definitions: 

Proposition 1. {.y i .^iu, x) = 1} Eff Liu) if and only if Isoq Z.(m) = 
Effi Liu), u > 0. 

The gist of this proposition is that unless Isoq /.(m) = Eff L{u), the Farrell 
input measure may term an input vector efficient even when it is not. As 
pointed out above, the popular CES family of production functions satisfies 
the requirement of Proposition 1, provided the elasticity of substitution is 
strictly positive. But there are important classes of production functions that 
do not. For this reason a generalization of Farrell’s input measure is intro¬ 
duced in the next section. But before pursuing that issue consider Farrell’s 
second efficiency measure: 

Definition 2. The function R^+ x R,“ -- R+ defined as .y) : - = 
min{^ I X e L(u/0)], x b Liu), and !^(m, .y)-- |-oo, .y^ £.(«), for u 0, is 
called the Farrell output measure of technical efficiency. 

x) is also a radial measure of efficiency: it gives the maximum amount 

'■An equivalent way of expressing the Farrell input measure is ■^(,u,x): = |!A“ - .v!; 

II X II, where A” = min{A | A • x x c l.{u), u ■ 0. This clearly shows .#'(«, .v) to be 

the ratio of two distances computed along the same ray. 
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by which output rate u can be increased and still be producible by input 
vector x.^ For x e L{u) it is clear that 'S(u, x) e (0, 1]. It is also of interest to 
note that ^(m, a) is the inverse of the output distance function, for x e L{u), 
defined by (see [12]) 

x) : [max{6 | 0 • « e /’(jc)}] 

where P(x) {« ] xeL(u)}, i.e., x-* P(x) is the output correspondence 
inverse to the input correspondence u --*■ /-(«). Here, where output is a scalar, 
P{x) ^ [0, ^a)]. To show that x) is the inverse of Q(u, a), note that for 
A e L(u), 

^^(u, a) • min(0 | a e L(u/6)} 

- max{/A I A 6 L(u ■ /i)} 

- max{/i I /I • M e P(a) [0, ^(a)]}, 

^ [Q{u, a)] *. 

Clearly the importance of this observation is related to the multiproduct case. 

To continue the investigation of Farrell's output measure, it is first noted 
from the earlier example (I), that 5 ?(m, a) — 1 docs not imply that a e Efl'£.(«). 
In addition the next example shows that a 6 Eff £.(«) does not imply that 
C#(u, a) — 1. Let the input correspondence be of the form 

( (:«l , Xi) ( Ai I- Aj > M, M E [0, 1) I 

L(u) —- (ai , Aa) I u • Ai + Aa > M, M e [I, 2] I. (2) 

((Xi , Aa) I Ai + Aa > M, M e (2, -|- oo)) 

From this example it is clear that the input vector (1, 0) s EffL(l) but 

3?(1, 1, 0) = min(0 I (I, 0) C3 £(1/0)} = 1/2, 

showing that A 6 Eff L(«) does not imply that ^(m, a) 1. It should be noted 
that for the input correspondence (2), t/i{u, 1, 0) = ^(1, 1,0) for all k e [1, 2]. 
Thus A6EffL(M) is neither necessary nor sufficient for ^(u,x) = 1. The 
following proposition establishes conditions under which efficiency on the 
basis of the Farrell output measure and membership in the efficient subset 
coincide. 

Proposition 2. a e Eff L(u) o ^(u, x) - -= 1 if and only iffor all x e Rf', 
t//(0 • u,x) < ^(«, x), 6 > I and Eff L(u) = fsoq L(u), u > 0. 

Proof. (Necessity) If a e Eff £(u), h > 0, then by assumption 
A e Isoq L(u), and consequently ^(m, a) = 1. Now by definition 

a) == min{0 | i/iiu/O, a) = 1}, 

* An equivalent way of expressing the Farrell output measure as the ratio of two distances 
computed along the same ray is ^(h, a): = II h ll/ll «/6" II, where 9“ = min{9 | x e U.ujS)}, 
X e IXu ), u > 0. 
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and since xsL(u). Assuming ff < 1, by the first assumption 

i}i{u/6,x) < >l>iu,x) = 1, i.e., x$L{ujS), implying that B = \. Thus the 
conditions for all x h R^J', \fi{B ■ u, x) < ^i(u,x), 9 > 1 and £!?/.(«) -■ 
Isoq L{u), u > 0, are sufficient for jr e Eff L(u) <■-- ^(u, x) — 1, m > 0. 

(Sufficiency) Assume for all xe ij){0 • u, x) < ^{u, x), B > I holds 
but Eff L(m) Isoq Hu). Then there exists an x e Isoq L{u), for some m > 0, 
such that X ^ Eff Hu). Note that Eff Z.(0) ^ Isoq Z.(0) by definition and that 
Eff L{u) C Isoq Liu) always. Since x e Isoq L{u), ipiu, x) = 1 and 

'/J(u,x) min{0 I >}iiulB,x) - 1) — 1 

as a consequence of ip being strictly increasing in u. Thus Eff L(u) = 
Isoq L(u) is necessary. 

Next assume that Eff L(u) Isoq Liu), u >0, holds but that for all x e i?+", 
• u, x) ijiiu, x), B > 1 does not. Then for some ((••»)> 0, ipiu, x) -= 
ipiB • u, x) with X e Liu). Now (A • x) 6 Eff Liu) ^ Isoq Liu) for some scalar 
A > 0, and hence ipiu. A x) - tpiB • «, A ■ x) = 1 since the distance 
function is homogeneous of degree | I in x. Consequently, 

^^iu, .x) = min{/ii | ipiu/n, A • x) = 1} < 1 

and thus .v(= Eft Hu), u > 0, does not imply x) ^ I, showing the 
necessity of the property Eff L(u) • - Isoq Liu) for x e Eff Liu) o 
C^^(m,x)-1. Q.E.D. 

We note that the requirements of Proposition 2 on C'?(w, x) are more 
stringent than the requirements of Proposition 1 on .x), although the 
CES family of production functions with strictly positive elasticity of 
substitution docs satisfy both sets of requirements. 

We now turn to a comparison of the two Farrell ellicicncy measures. 
We asserted above that in general .v) and x) do not assign the same 
efficiency value to a particular observation (m, .x). However if ij> is homoge¬ 
neous of degree +1, 


^iu, x) = min{A | A • x c Liu)} 

-= min{A 1 x g /.(m/A)J 
= 'HUy ^)- 

Thus for constant returns to scale production technologies the two Farrell 
measures coincide. 

Conversely assume that .^(w, x) = x) for u > 0 and x e Liu). 
Then fro.m the relationships between F'arrell’s two measures and the input 
and output distance functions it follows that piu, .x) = f3(x, u). Moreover, 
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since both distance functions are homogeneous of degree f I in their second 
subvector, it follows that ifi is homogeneous of degree 1-1 in u. This gives 

• .v) - inaxfw i A ■ .v L(uy, 

max{w ! ^(m, a • .v) 1} 

max{w j x) ' Ij 

A • max{f’ I .v) • I) (r = u/X) 

--- X- (f>{x). 

proving 

PnoposiTtoN 3. The Farrell input and output measures assign the same 
efjiciency value for (u, x), u 0, x e L(u), if and only if the production 
function <f> is homogeneous of degree 1. 

To continue the comparison of the two measures of efficiency introduce 

Di;finiiion 3. I'he input correspondence u ► L{u) is sub-homogeneous 
(for increases in output) if L{& ■ u)C6 ■ Hu), 0 y 1. 

DhitNiTiON 4. The input correspondence u - L{u) is super-homo¬ 
geneous (for increases in output) if L(9 ■ u) D 6 ■ I.{u), 0 f 1. 

The first of these concepts is commonly used to describe non-increasing 
returns to scale, while the second is used to describe non-decreasing returns 
to scale. Under these restrictions on the production structure it can be proved: 

Proposi noN 4. Ifu -- L(u) is sub- (super-) homogeneous (for increases in 
output), then and only then is i^(u, x') (^) '^(u, x). 

Proof. It suffices to prove the case of sub-homogeneity, since the proof 
for super-homogeneity is similar. Let x c? L(u), u > 0, to obtain 

'^(ii, x) - min{0 I .X e L(ul9)} 

> min{0 I .r 6 0 '/,(«)} 

^ min{0 I 0 • X G L(u)} 

-- :F{u, x). 

Conversely, assume ^(u, x) 3= ^(u, x). Then for x e L(u), u > 0, 

9* := min{0 | x e L(ul9)} = Sf(M, x) 

> .^(m, x) min{A | A • x e L(u)} = A*. 


Also, L(uj9*) --- L(u)jX* C L(u)l9* since 9* 3; A*. Therefore since 0* e 
(0, 1], L(e u)Ce- L(u) where 0 - 1/0+ > 1. Q.E.D. 
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We summarize the results of this section with three remarks. 

(1) -v 0 . EfF L(u) is suflicient but not necessary for .^(w, .v) 1, so that 

the Fanell input measure may term an input vector clTicient when it is not. 

(2) .V 6 Efi'Z,( m) is neither necessary nor suflicient for '^{u, .r) -- I, so 
that the Farrell output measure may term an inefficient input vector efficient, 
and may also term an efficient input vector inefficient. 

(3) j:) .v) if and only if production technology is linearly 

homogeneous. 


4. A Gi.nkrai.izaiion oi ihe Farriil Ini’IK Eiikiency Measure 

It was shown above that even the Farrell input cfliciency measure, which 
is to be preferred to the Farrell output elficiency measure, cannot in general 
distinguish between efficient and inefficient production units. This is a rather 
serious drawback for an efficiency measure. Our ne.xt task therefore is to 
provide a new measure that is capable of distinguishing between efficient 
and inefficient production units. The measure we shall propose is a nonradial 
measure that contains Farrell’s input measure as a special case. Before doing 
so, however, we list the requirements an efltcicncy measure should meet. 

Let /;: R , < ft , be an efficiency measure. Then £■(», .x), .x e £.(«), 

u 0, must satisfy the following properties: 

E.\ If .V r Liu), u 0, then fffw, .v) 1 .v g Eff Liu). 

E.2 If .Y '5 Liu), ii » 0, and Eff /.(m), then E{u, x) .should compare .v 
to some .X'* (. Eff Liu). 

E.3 If .V e Liu), and A • .v u Liu), u • 0, then Eiu, A • .v) — A .x) for 
all A e [A“, -- oo), where A" • .v satisfies A“ • .ve Isoq Liu). 

E.4 If X t- Liu), M - 0, and if .v' ' .v. then Eiu, .v) . ■ Eiu, x'). 

Property E.\ has already been discussed, and requires a measure to call 
(m, -y) efficient if and only if x belongs to the efficient subset ot Liu). 
Property E.2 addresses the issue of specifying an input vector .v* with which 
the observed input vector .v should be compared in computing the efficiency 
of (u, x). It requires .v* to belong to the eflicient subset of Liu), but it does not 
specify the location of x* u Eff/-( m). Properly £'.3 is a homogeneity property, 
and requires a feasible scaling of an input vector to lead to an inverse 
scaling of the efficiency of that input vector. Property E.4 is a monotonicily 
property requiring efficiency to vary inversely with input usage. The con¬ 
junction of these properties guarantees that lor .v i" £(“). n ’ the elficiency 
measure Eiu, x) attains its maximum value ot unity for all y f Eff L(u), 
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declines monotonically for any increase in input usage, and declines equi- 
proporlionately for any proportionate increase in input usage. 

It is clear from the preceding section that the preferred Farrell input 
measure satisfies only the homogeneity property E.'i. We now provide a 
generalization of .^(u, x) that satisfies E.\~EA. For this purpose let 
(aVj ;...) with A e{l, 2,...,«} denote a vector xeR” with .t,, >0 

(« ~ 1, 2 A) and — ••• — — 0. Now introduce 

Definiiion 5. The function x if,." -♦/?+u oo} defined as 

mu, X): min{(Zf., \)lk \ \ ■ x„^ K,' Xy ^;...) e L{u), e 

(0, I ] (/■ ^ J, 2,..., A), A c {1, 2,..., «J}, u :> 0, for {>> | 0 y < a:} n L(tt) not 
empty and mu, x) ~ -| co for { >> | 0 t- >» jc} r> L{u) empty is called the 
Russell measure of input efficiency. 

The unweighted arithmetic mean of the .scalars Ay c (0, 1], i 1, 2,..., A, 
is minimized in the Ru.sscll measure, although other functions (such as an 
unweighted geometric mean) may serve the same purpose. Different functions 
lead to the calculation of the efficiency of (i/, jc) relative to different elements of 
Eff L{u). Since each element of .v 6 L(u) can be weighted by a different scalar, 
the Russell measure can be a nonradial measure.’ The Russell measure 
clearly generalizes the Farrell input measure, with the latter being the special 
case of Xy^ — A, / - 1, 2,..., A. For the Russell measure we have 

Proposition 5. The Russell measure mu, x) satisfies E.\-EA. 

Proof of E.\. Let xeEffZ.(«) for u > 0; thus by property ^.\ of the 
production function, x ^ 0. Assume first that x > 0; then clearly mu,x)=^l, 
since there is no ycLiu), y < x. Next as.sume Xy, > 0 (/ = 1,2,..., A), 
A£.{1, 2,..., rtj. Now since .veLff/Xr/), there is no ye L(u) with jy^ < Xy^ 
for any i ^ I, 2,..., A. Thus mu, x) I. 

Conversely, assume x c L(u) but x ^ Eff L(m), m 0. Then there is a 
y e Liu), 0 .< y < X, i.e., 0 < y, < x, for some / e {I, 2,...,«} implying that 
mu, x) < 1. 

Finally, assume x ^ L(u). Then if { y | 0 y < x} n L(ti) is not empty, 
mu, x) < I, and if {y | 0 y < x} n L{u) is empty, 5?(i/, x) == + cx) by 
definition. 

Proof of E.2. Assume that (A*^, X*^) is a vector of scalars that 

minimizes Ay^)/A | (Ay_ • Xy^, Ay^ • Xy^Ay^ • Xy ^;...) e L(u), Ay, e(0, 1] 

’’ An equivalent way of expressing the Russell measure is mtf, x): = II A“ ■ y ||;|| x ||, 
where A“ min{Z^^i I (Ay • Xy^, Ay^ • Xy^,..., Ay^ • Xy^ ; ...) e /.(a), Ay^ c (0, 1] 
(i - 1, 2,..., A), A e {1, 2,.!., n}}, - O.Vor {x' I 0 < x' < x} n Uu) not empty, and where 

y " [(Ay /A“) • Xy , (Ay /A") ■ Xy^ ,..., (Ay^/A”) • Xy^ ;...]. This clearly shows ^(«, x) to be the 
ratio of two distances computed along rays that diverge unless Ay^ ^ A, i = 1, 2,..., A, 
in which case ^(h, x) — mu, x). 
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(/ ], 2,..., k), ^ e {), 2,..., n]i for .v g Hu) and u , ■ 0. Ft has to be shown 

that , Ay^ • jfy^Ay^ • Xy^ ;...) c EFT Hu) so that x e /.(u) is compared 

withanefficientinput vector. Assume thatFAJ ■ .Vy ,Ay^ • Xy A^^ • .v.. 

EfT Then there must exist a y&Hu), 0 - . y < (A+ ■ .v.^ , A* • Xy 

^ implying that (A^^, AJ^A*) docs not minimize the above 
expression. Thus (A^^ • .Vy^, A* ■ .Vy^.A*.Vy^;...) is efficient. 

Proof of E.3. Let (Ay^^, A* A^^) minimize {(SLi \,)/^ i (K, ' "V., 

K.^ ' .■ -'v, i-") £ ^(m). Ay_ e (0, I] (/ I, 2,..., k), k c{\, 2,.... n}} for 

.V fe Hu) and^M 0. Then (A* ■ Xy^. A‘^ - Xy^,..., X* ■ x .,^;...) g EfT Z.( 2 /) and 
Jf(M, x) ^ X*/k. If the vector (.v..^, .Vy_,..., .Vy^ ;...) is replaced with the 

vector (A • .Vy^, A • .v.y^.A • .Vy^ ;...), where A e [A“, i - oo) and A'* ■ x e 

Isoq E(m), then clearly the vector [(A^/A) • (A • Xy ), (A* /A) • (A ■ x,.),..., 
(A*/A) • (A ■ .Vy^);...] G EFT Hu) and ^(u, A ■ x) S" i (Ay7A)/A: - A'* ■ 
ti . X*/k - X). 

Proof of EA. Let .ygL(m), u -0, with -^{u, x) -Since 
.V .v', i.e., 0 x,- .v' for some / g {I, 2,...,«! it follows directly that 

■^(u, x') < Jf(u, x). Q.E.D. 

Thus far we have assumed that satisfies a weak input disposability 
property <f>3. Fiowever if <^.3 is strengthened to a free input disposability 
property, the next proposition shows that the Russell measure completely 
characterizes the production technology. 

PROPtisrnoN 6 . If <^x') , ■ <^(x) for x' ■- .v, thm for u > 0, l.(u) - 

{.v|o .v)U. 

Proof Since T(m)C{.v|0 .^(w, .y) Ij in general assume .\^L(ii), 

u > 0. Then since inputs are freely disposable, there is no (A,,^. Ay A .,7 < 1, 

A- G {I, 2. n] such that (A,.^ ■ .y,,^ , A,. • .y.. .A.,^ • .y,.^ ;...) e L(u)\ thus 

■^(h, .y) ■ I 00 . Q.E.D. 

Note that by defining x) I. Proposition 6 holds for all 11 g P . 

In general -^{u, x) and x) do not assign the same efficiency value to a 
given input vector .v e: L(u), u ^ 0, although for .v g EfT /.(h) it is true that 
■^(h, .y)--.y) • 1 . However g^(h, .x) and ifiiux) are difficult to 

compare when .Yf L{u) but .v^ Elf/.( h). This is because >^{u,x) relates 
-Y f. /,(u) radially to an element of Isoq /.(ii), whereas -^(u, x) relates .v g E(h) 
nonradially to an element of FIT Hu)- The radial-nonradial distinction causes 
no problems; the Isoq L(u) — FIT Hu) distinction does, because the efiiciency 
of X r /.(h) is being computed relative to different subsets of /.(h) by the tw o 
measures. There are two sets of circumstances in which a meaningful com¬ 
parison can be made between the two measures: (I) When EfTL(j/) - 
Isoq Hu), the two measures can be compared tor all points (h, .v), .y g /.(n). 
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u 0; (2) When Tfl /.(w) / Isoq L(u), the two measures can be compared 
for some, but not all, points (u, .v), .rt Z.(«), u . 0. 

Proi'osition 7. If LIT/.(if) Isoq/.(«), r/icn x) #(«, .v) /or all 
(u, x) such thaf x r /-(i/), u 0. 

/Voo/. Since lift' L(u) Isoq /,(«), both .^(w. ,v) and .v) compute the 
elliciency of (j/, v) relative to the same subset of /,(«). .^(m, v) is of course free 
to select A", i I, 2,..., k, where A® minjA I A ■ v f in which 

case y^(u, x) -^(if. But -^(u, x) would never select A^ , / I, 2,..., A', 
such that (X, 1 A^yA) ■ A", since such a selection of weights would not 
minimize (Xi i K/^) when A“ was available. Hence x) must select A" , 
/ I. 2...., A. such that (V* , A" /A) ■ . A®, and so :^(u, x) •/'(a. .v). Q.F.D. 

Thus when Kff /.(a) Isoq L(u), the two measures arc comparable for all 
.V r /.(u), u ■ 0, and the Russell measure never exceeds the Farrell input 
measure. To illustrate, consider the production function 

. .V,) .v| ^ ■ A®.'* (3) 

for which Fff/,((/) Isoq A(w), u ■ 0. It is clear from Definition I that 
.^(16,20,20) 0.8 with A - 0.8. It also can be verified by means of 

Definition 5 that -^({6, 20. 20) -■ 0.7048 with A, 0.4096 and A.^ 1. This 

example is illustrated in Figure 1 . The firm is operating inefficiently at point A, 

<2 
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where («, .v) " (16,20,20). relates point A to point B, where 

(16, 16) e Isoq ^I6). .v) could conceivably relate point A to any point of 

EfT /-(16) between points C and D inclusive, but the minimization process 
imbedded in .^(m, .v) selects point C, where (20, 8.192) r Eff Z.(I6). 

Proposition 8 , // (-.(1 L(u) ,/ Isoq L{u), then for all {ii, .v) such that 
.V F Hu), M • 0, and such that (A • .v) ■: Eff l.(ti)for some A c (0, I ], .P(u, a) , 

.^(i/, .V). 

After taking into consideration the restricted domain for .v, the proof is 
identical to the proof of Proposition 7, and is omitted. 

The gist of Proposition 8 is that if Eff L{u) / Isoq /_(«) the Russell and 
Farrell input measures arc not directly comparable for all .v t /.(u), u . * 0. 
The two measures are comparable only for those .v /.(«), u » 0, such that 
(A • .v) 6 Eff/.(«) for some At^(0, 1], in which case -^(u, x) ■ iflu, x). 
To illustrate, consider the production lunction (1). Off the ray .v, a^ the 
two measures arc not comparable; along the ray - x^ we have ^(u. .v) - 
.^(u, a). 


5. Conclusions 

If the structure of production technology is restricted sufficiently, then 
Farrell’s notions of technical efficiency have merit. Thus, for e.xample, if the 
production function <f> is continuous on R and if (f> satisfies a strong free 
disposability property (.v' - .v - <^.v') • <^(.v)), then Eff /,(//) Isoq L{u) 
and '^{u, .v) satisfies E.\ E.4, although .v) still fails E.3. If, in addition, 
<f> is homogeneous of degree ! 1, then '^{u, x) .satisfies E. I - EA, and ^(u, .v) 
■^(u, x) for xpL{u). u ■ 0. Thus under strong free disposability and 
constant returns to scale Farrell's two measures become one, and that 
measure is well-behaved on our criteria E.l -EA. 

The purpose of introducing .v) is to provide an elliciency measure that 
is well-behaved under the less restrictive technological assumptions <f>.\ <f>.5. 
This undertaking is justified by the dependence on Farrell's ideas of a growing 
number of empirical studies dealing with the computation or estimation of 
production frontiers, not all of which satisfy the strong technological 
assumptions under which Farrell’s ideas are valid. In practice the implemen¬ 
tation of a) is no more difficult than implementation of either .v) 
^ or .v). Once the frontier is computed, the efficiency of each observation 

I (w,-v), X (i L{u), u 0, is calculated by solving the minimization problem 

I specified in Definition 5 rather than the minimization problems specified 
j in Definition I or Definition 2. 
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I. ISIRODUCTION 

Lconomic analysis of natural resources has traditions going back to 
Malthus and Ricardo. The basis for the modern treatment of the best use of 
an exhaustible natural resource is the cla.ssical article by Hotelling 13]. 
Lately the problem has also been analyzed from a macroeconomic point of 
view by, e.g., Koopmans [.S] and Vousden [8], In these models either all 
consumplion in the economy is provided from the resource, or an additional 
source of consumption, outside the model, is postulated. The assumption of 
no alternative sources of consumption is extreme and unrealistie. The assump¬ 
tion of an alternative, exogenous source of consumption has been introduced 
by Vousden in [8] as “a convenient simplilicalion of the relevance of the rest 
of the economy to the resource-use decision." But except for foreign aid, and 
the most primitive subsistence agriculture, the time path of the alternative 
consumption will depend on the stock of phy.sical capital in the economy and 
the savings ratio together with the growth in labor supply and technological 
progress. It seems reasonable to think that, e.g., the optimal savings ratio 
will depend on the availability of natural resources in the economy. On the 
other hand it docs not seem reasonable to assume that the optimal path 
of resource depletion will be completely independent of, e.g., the stock of 
physical capital in the economy and the resulting potentiality lor consumption 
from sources other than the current resource extraction. This shows the need 
for an integrated model of the economy where optimal savings and resource 
extraction can be determined simiilliineoiisly. The purpose ol this paper is to 
present and analyze such a model for a small, open economy. The inter¬ 
relationship between the optimal rate of investment and the optimal depiction 
of natural re,sources is explored by Heal and Dasgupta [2]. However, their 
model is rather dilTercnt from the following model, which has the recent 
petroleum discoveries in the North Sea as its background. We consider an 
open economy where the rc.source good is exchanged lor other goods in the 
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world market. The problem of optimal extraction of a nonrenewable resource 
in an open economy has earlier been analyzed by Vousden [9], Kemp and 
Suzuki [4], Van Long [7], and Strom [6], Common to all these contributions 
is the fact that there is no physical capital accumulation in their models, so 
that the problem of determining the optimal accumulation of capital, 
together with resource extraction, disappears. In this paper the central issues 
therefore are: 

(1) What is the optimal intertemporal pattern of physical capital accumu¬ 
lation in an open economy with a considerable stock of an exhaustible 
resource? 

(2) What is the optimal intertemporal pattern of extraction of this 
resource? 

(.1) How are the decisions implicit in (I) affected by conditions in the 
resource .sector? 

(4) How arc the decisions implicit in (2) alTectcd by conditions in the rest 
of the economy ? 


2. Thl Model 

The following vtiriablcs arc used: 

Lit) Total consumption per capita 
c An exogenous source of consumption 
lit) Resource extraction per capita 
s(t) The (average) savings ratio 
k{t) Physical capital per capita 

/(k) Production per capita, exclusive of resource extraction 
p{t) The price of the resource relative to the “price” of other goods in the 
world market 

b(t) Total extraction costs per capita 
U Social welfare 

p The social rate of discount (constant) 
n The rate of growth in total population 
p, The rate of depreciation of physical capita] 
x{t) The stock of the resource per capita 
n{t) Net proceeds per capita from resource extraction 

The problem is then 


max r U{c(t)) dt 
Jo 
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!>.l. 


(') 

c{t) 

(1 ~i(0)l/(A(t)) -E)/(/)] i c, 

(ii) 

k{t) 

•^(0[/(A(t)) \ IJ(t)] -Xk{i), 

(iii) 

Hit] 

1 p(t)lit) 

A(r(/)), 

(iv) 

X 

n 1 /i,. 


(V) 

•i(0 iV) • 

«.Y(/). 

(vi) 

0 

.v(f) 1, 


(vii) 

0 

(•(/) . f. 


(viii) 

A-„, 

Y,, given. 


(ix) 

lim, 

., ■'■(/) : 0 , 

lim,.. A(/) free. 

(X) 

p, II, 

H, c, and p{t) exogenously given. 


Stated in words, the problem posed is to find such paths over time for 
resource extraction and total savings that the present value of total social 
welfare is maximized. The planning horizon is infinity. Instantaneous 
welfare depends on consumption per capita, and we assume that V -0 and 
U“ 0. Total population is assumed to grow at the same rale as the labor 
force. Consumption per capita is given by (i), where II is defined in (iii). All 
net earnings from resource extraction are used for import, so that the current 
account is always balanced. /j(/) is assumed to be independent of the amount 
exported (“small country" argument). Relation (ii), the expression for the 
increase in capital intensity, is fttmiliar from ordinary growth theory, (iii) 
expresses net earnings from resource extraction, where b' ' ■ 0 and b" 0. 
(v) says that the stock of the resource per capita is reduced by the extraction 
per capita r, and is also diluted by n.v because of the growth in population, 
by (vi) .V must be nonnegative and it cannot exceed one. (vii) says that the 
resource extraction is irreversible and that there is some upper bound f on 
extraction per unit of time, due to, c.g., limited pipeline capacity or limited 
loading capacity for tankers at the production platforms, caused by climatic 
and/or geographical conditions. In addition to the assumption of a balanced 
current account, the structure of the model above also assumes: 

(a) No search activity for new resources. 

(b) No uncertainties. In particular the future relative price of the 
resource is assumed known. 

(c) The slock of the resourex docs not affect social welhtre or the 
extraction conditions, except that it restricts total extraction. 

(d) External effects arc disregarded. Examples might be pollution due 
to oil spill, blowouts, reduced lishing possibilities, or the tact that two (or 
more) countries arc extracting petroleum from the same reservoir. 

(e) The producing country does not use the resource as an input. 
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Assumpliori'i (a) lo (e) are not trivial. Still, this model contain.s aspects 
I rom “real life” not Found in any of the contributions quoted above. 


3. OiMiMAMiY Conditions and Policy Rpoimls 


To analyze the problem, form the (present value) Hamiltonian function 


H c-'■'{(;[( I -.v(/))(/(A(/)) \ IIU)) \ c] . ^dO(v(/)f./(A(/)) 

, II(I)] AkiD) ciJitmt) ■■ nx){t))], (I) 


where we have substituted for c in (/ from (i). f/i(t) and c/J,!) are the so-called 
co-state variables, associated with k(i) and x{t), respectively. According to 
Pontryagin's maximum principle, a solution to the problem posed must 
satisfy the following necessary conditions’^; 

(a) fherc exist continuous functions of lime, q, and r/j, such that 


‘h U\\ s),C [sf ip ; A)] 7 ,, (2) 

q., (p \ II) q.,. (3) 

(b) For all f, II is maximized in .v and r, so that 


.v(f) 1 

e[0, I] 
- 0 


if^ilO : • U\ 

ift/i(t) (/'; 


lit) - u if q.,(t) < qiir 

e[0, f] if r/a(t) q,IT' (4) 

0 if (7a(t) : 


A number of policies arc therefore available to the economy; see Table I. 

Regimes G, /, and J are of limited economic relevance and will not be 
referred to any more. 

Equation (3) yields 


’/sCO ^/i.o ' O'" (3) 

f/.j is the shadow price of the resource, so that denotes the addition to the 
optimal value of the criterion function of leaving the marginal unit of the 
resource at t unexploited. q^ is the shadow price of physical capital per 
worker. By (4), if the solution for v is interior, the shadow price of the re¬ 
source, q .,, is equal to the marginal proceeds from extraction times the shadow 

‘ Such a solution will be really optimal, since (a) the Hamiltonian is concave in k, x, 
and I' for given (hU), and /, and (b) it is shown later that xU) will be exhausted in 
finite time and that y,(0 and k(j) approach finilc limits as t goes to infinity. 

* is of course not an exogenously given constant—it is determined in the optimization 
process. q.,n 0 is disregarded as economically uninteresting. 
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TABLE I 


Variables 


Regimes 

.V 

r 

r 



A 

1 

e 

c 

■ U' 


B 

t 

clO.r] 

c 

■ v 


C 

1 

0 

c 

-■ U' 


D 

•;I0,1] 

V 

(1 -m/ik) + im) + r 

U’ 


F. 

c [ 0,11 

< lO.r] 

(1 ' .vK/tA) -1 n{i-)) -t r 

- U' 


F 

c [0, 1] 

0 

(t .vM/fA)) 1 c 

v 

■ //'(OR/, 

G 

0 

7 ' 

f(k) t- IRf) ! e 

U' 

- //'(J'k/t 

1 

0 

e[0,el 

A(A) + JHi ) \- £ 

u' 

- //'(I'Wi 

J 

0 

0 

f(k) 1 e 

< U' 

■ //'(0)i/t 


price of capital. For an interior solution for .v, this shadow price is equal to 
the marginal utility of consumption per worker. In that case, the shadow 
price of the resource is equal to the marginal utility of resource extraction in 
terms of consumption per worker i/'t/'. Given k. r/,, and q.,, (4) determines 
the optimal .y(/) and i.(/) so that total consumption and capital-accumulation 
are determined. Let us study each policy in turn, assuming for the moment 
that p(t) is a constant p. 

3.1. The Interior Solution (Regime E) 

Since 7 , U" in E, it follows from (2) that 



■■ p 

- A) 7, 


0 

if A 

• A\ 


0 

if k 

- A^ 

( 6 ) 

0 

if A 

- . A % 



where k*, the modified golden rule capital intensity, is uniquely delined by 
.f'(k*) p -i-A, irrespective of conditions in the resource-extraction sector. 
Differentiating 7 , L " with respect to /. and using (.s). 

c -■(U’fLni f p ■ A]. (7) 

( 7 ) is familiar from optimal growth theory and says that along the optinial 
path consumption is increasing (decreasing) as long as the capital intensity 
of the economy is below (above) the optimal steady state capital intensitv A , 
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defined above. Regardinj! resource extraction, dilTercntialing //'(r)^i • 17 , 
with respect to lime and solving for c, we obtain 

Inserting for f/._, and </, from (3) and (5), respectively, and using (4), this 
simplifies to 

(//'//J'X/'-/X). ( 8 ) 

Due to the assumptions on the cost function, ( 8 ) says that, along the op¬ 
timal path, resource extraction should decrease (increase) as long as k is less 
(greater) than k, where k ■ k* is defined by f'(k) - /x. In addition to the 
cost structure in the extraction sector the optima! extraction path also depends 
on the capita! intensity of the economy. If the economy is growing {k : k*), 
the shadow price of capital (equal to the marginal utility of consumption) is 
falling and the user cost of the re.source is increasing, both contributing to a 
falling optimal path of re.source extraction. In a contracting economy 
(A' ■ k*). the shadow price of capital (equal to the marginal utility of con¬ 
sumption) is increasing, counteracting the growing user cost of the resource. 
For k k the relative rates of growth in and are equal, thus the ri.se in 
user cost is exactly olTset by the rise in the shadow price of capital. For 
A . A, vuV/i ’ ■ In a contracting economy resource extraction is there¬ 

fore increasing for k ■ A, it is constant for k k, and it is decreasing for 
k ■.; k. Furthermore, when k ■' k, (8) shows that when h" > 0 , t>(t) - >■ — go 
which means that when marginal extraction costs are constant for the per¬ 
missible calues of V, the interior solution cannot last for more than "an instant 
oftime"^: i.e.. this regime cannot be part of an optimal policy sequence when 
b" 0. From (5) and ( 6 ) it is intuitively plausible that there is a unique 
equilibrium situation {< 7 *. A *') in this regime. This equilibrium is a saddle- 
point; i.e., to every intial k„ there is a unique optimal path leading to (q'’, k*). 
(The proof is given in pre.sentations of the one-sector optimal growth model; 
sec, c.g., Burmeister and Dobell [I, Chap. 11]). Along this optimal path (7) 
and ( 8 ) hold, so, for k^ ■ k*, e is increasing while r is decreasing. While this 
equilibrium is reached only asymptotically, regime h' will last only for a finite 
time until extraction stops and the resource is exhausted. From (4), optimal 
resource extraction in F. is governed by 

(/; - b\iit)) U'[{\ - .«(/))(/(A;(t) -I- //((■(/)))-! c] r/ 2 .,,c*" "’h (9) 

In (9), lim, ., RHS - 00 , while LHS(r) • : LHS(0) ■' co. Thus (9) cannot 
hold for t —>■ CO. There is some finite t, T, where 1 ; goes to zero and the extrac- 

“ This can be seen more clearly by assuming , with h" 0, to last for some 

interval of time. This is only possible for/' ;i. But k has no stationary in A, hence E 

cannot last for more than “an instant of time.’’ 
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lion period is over. With a (mile T, the transversality condition for .v(r) is 

c- 'VjC/ j.vCO 0; e . ■ 0. (10) 

Since q.,(t) in E is always positive from (4), (10) is only satislied for .v(7) - 0. 
The same conclusions hold for regimes B and I. At T the resource will therefore 
he exhausted. 

3.2. Other Regimes 

B; In this regime the only source of consumption is the exogenous com¬ 
ponent, which provides the society with a subsistence level of consumption. 
At the same time, capital scarcity is extreme: this is why all production is 
saved, liquations (5), (6), and (8) hold also in this regime, and again, if 
extraction costs are constant, this regime cannot be part of an optimal 
policy. 

A, C: These policies arc boundary policies in the sense that the values of 
the control variables are at their boundary points. For these policies the 
exact behavior of the system may be inferred from these boundary values 
together with the initial conditions on k and .v. Since .y I, (5) and (6) hold 
also in these regimes. 

D, F: In D resource extraction is maximal. In F there is no extraction; 
(5), (6), and (7) hold in both cases. As in regime E it can be shown that there 
is a unique equilibrium, which is a saddlepoint. for each of the regimes D 
and F. 

Having studied the behavior of the economy within each possible policy 
regime, we now proceed to an analysis of po.ssible switches between these 
regimes to find optimal policy sequences over time. 


4. OPTINtAI. Pot K Y St;OUl-Nf'L.S 

The necessary conditions for the various switches to take place between 
the different policies are summarized in fable II. Piecing the different policy 
regimes together is particularly simple in this model, even it we have two 
co-state variables, since q., is growing exponentially. As an illustration, follow 
the possible optimal sequence from an initial situation in regime A. Such an 
economy is extremely poor in physical capital. Ao ■ - k* and t/, is falling. The 
shadow price of physical capital capital is higher than the marginal utility of 
consumption. All production is accumulated in order to expand the capital 
stock of the economy. On the other hand the economy is rich in the resource, 
which is extracted at a maximal rate. Since c e is a constant in A, V (e) is 
a constant. Over time r/, is hilling and q.. is increasing so that W and qJTJ'iv) 
are approached “from above” by i/i-Policy A therefore cannot be sustained. 
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Necessar)' Conditions for Policy Switches 
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If, at some t, U (c) c/j , while still t/o - ir{i)q^ , the economy switches 
to D, where now consumption is above subsistence level, while the resource 
is extracted at a maximal rate. Total consumption is now increasing over time 
and Vi =- is falling. The economy is accumulating capital also in this 
regime. C apital scarcity is less extreme than in regime .4, and the resource is 
abundant. Of course, the initial situation of a real economy is usually in D 
or E. A plausible example of an initial situation in D is the United Kingdom 
after the recent petroleum discoveries in the North .Sea. Policy D is also a 
transient policy since eiJlE([) is increasing while U' c/^ is falling. Sooner 
or later the economy will therefore switch to E, with resource extraction at 
less than a maximal rate. Consumption is still increasing even if resource 
extraction is now decreasing towards zero over time. An example of an 
economy where the initial situation seems to be in this regime is Norway, 
where initial oil production is well below the possible maximum. When 
extraction ends, the resource is exhausted and the economy switches to E 
which is the final policy, which, once established, will last forever. In E the 
optimal development is the same as in the one-sector optimal growth model, 
with consumption and the capital intensity increasing towards their optimal 
steady-state levels. 

Alternatively, if, at some /. JE{v){/i, with • 0"(c), the economy 

switches from regime A to B, where now resource extraction is less than its 
maximum and falling, while still all production is used for accumulation 
purposes so that consumption per capita equals c. B may of course also be 
the initial situation. B is also a transient regime, will be increasing over 
time while q^ is falling. From B the economy must switch to cither E or C. or, 
by accident, directly to E. If r/i “reaches” U'(c) while q.^ IEU )qi , the 
economy switches to E, with the optimal path as explained abovi'. The other 
possibility is that qi • U\c) while q.. //'(O) q,. In that case the economy 

switches from B to C where resource extraction has ended while ciipital 
accumulation is still maximal. Since q, is falling towards a switch 

from C to E must eventually take place. F'inally. A may also by accident 
switch directly to E, if q^ happens to be equal to (/'(fn'xacily at the point in 
time where maximal resource extraction stops. From an initial situation in i. 
the optimal policy sequence w'ill therefore be one ol the following: 

(a) ADEE. (b) ABEE. (c) ABCE, (d) AEE, (e) ABE. 

In all sequences extraction is gradually reduced. Maximal extraction until 
extraction stops is inoptimal, since such a policy W'ould require a jump in one 
of the co-state variables, which is impossible by the maximum principle. In 
Fig. I the sequence DEE'is illustrated graphically by f/^’andy. The economy 
is in regime D until t' with </, - q.,'n\l). From / to ; it it is in E, with 

y. - qjn\v\ after which it is in Fwilh qJlE[0) : • r/. ■ Resource extraction 
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ends at , when the resource is exhausted. An interesting question is now: 
How does the optimal extraction policy depend on the initial situation? 

Consider tirst a positive shift in k„ , with everything else equal. From the 
one-sector optimal growth model we know that a higher would imply a 
lower f/,(r) everywhere. A higher Aq would cet. par. also mean a lower q.i_„. 
If not, the intersection of qi(t) and would take place for t < t" so 

that the resource extraction period would be shortened. From the figure it is 
.seen that the time period when extraction is maximal (regime D) is reduced 
when cer. par. shifts down. Also, for q^ q.jn'(v) to hold for every t with 
a lower «/,(<), n'(v) must increase; i.e., r(r) must be reduced for every t. But a 
shorter extraction period with reduced extraction everywhere cannot exhaust 
the resource, hence it is inoptimal by (10). q.^ „ must therefore fall when A,, 
gets a positive shift. Suppose then that q.,,o fulls so that the extraction period 
is unchanged. The new situation is illustrated by r/i^ and < 73 * in the figure. 
f/i‘(/) is less steep than ( 7 i"(/); this follows from (5). q-Jq^ is unchanged. 
Because of this, going backwards from the difference between the two 
curves is less in the new situation than in the old; i.e., r/i® q.,°in'{0) 

— qJ/U'iO) for all t < , and the inequality increases as / goes towards 

zero. Thus, for r/, — q.J]['(v) to hold, this means that XjLI'iv) is less in the 
new situation, or that the extraction level is less now for all t < except in 
the period when D is operative. But the time period when this regime is 
operative must fall—this follows from the same argument, and is clear from 
the figure. Again this would mean that the resource is not exhausted at A . 
hence the extraction period must he lengthened when the initial capital intensity 
gets a positive shift. Regarding a positive shift in .v,,, it can be shown along 
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the same lines that cet. par., qi{t) and qj^t) must both fall when .v,, increases. 
Resource extraction and consumption increase and the extraction period is 
increased. 

A more iieneral question is: Under what initial conditions in the economy 
are each of the sequences (a) (c), or parts of them, optimal ? Suppose initially 
that £/■ is optimal and that now gets a negative shift. We then know that 
shifts up and the period when E is operative is reduced. Over time <’(/) is 
falling, so for a suflicicntly great negative shift in A'n , v{t) would be equal to 
f tor some timeperiod, regime D would be operative, and the optimal 
sequence would be DEE. For still lower regime .1 might be optimal 
initially so that the whc'le sequence (a) would be relevant. For even lower , 
</i might not have reached U'(c) when extraction is reduced from its maximal 
level and (b) would be the optimal sequence. Finally, (disregarding (d) and 
(e)), sequence (c) would be optimal for the lowest A„ . 

Consider next the effects of changes ;n p, the social rate of time preference. 
In the capital sector, an increase in p leads to a fall in k*. From the theory 
of optimal growth in the one-sector model we know that, for a given k, this 
leads to a lower </, and to a lower v for each k. Also increased social preference 
for consumption “today” relative to “tomorrow” would tend to concentrate 
resource extraction more towards the beginning of the planning period and to 
reduce the extraction period. This is accomplished by keeping the economy 
in E for a shorter period when p increases. As p increases still more and li 
decreases, the optimal policy sequence may change from EFto DEE, and so 
on. Changes in the exogenously given rate of growth in population, n. have 
the same effects as changes in p. 

Finally, consider the effects of an exponential trend in p(r) so that p{t) 
Instead of (8), we now obtain 

f {iJ’jrrKf p) -i>in- (iij 

from which it follows that, cet. par. <«; exponential rise {fall) in the relative 
price of the resource would tend to rediiee {increase) the rate offall in extraction 
along the optima! path. For sufficiently high rates ol increase in the relative 
price of the good the optimal extraction path may be rising. Inserting for p 
and ir and rearranging, (II) shows that 

v{t).-0 as/'{A-) .j3/(l b''P) P- 

From (4), 0 .h'/p ■ ], so that the RHS of (12) is always greater than 

fi -f p. As long as the marginal productivity ot capital in the economy is 
greater than the RHS of (12). the optimal dcvlopment of the economy will m 
principle be the same as when -- 0. If the economy is more capital intensive, 
however, resource extraction will rise over time along the optimal path when 
there is a positive exponential trend in the relative price ol the resource In 
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general (12) shows that the higher this trend is, the lower must the capital 
intensity be for falling resource-use to be optimal, or conversely, the higher 
the capital intensity of the economy, the lower the price rise needed to make a 
rising extraction-path optimal. The economic explanation is that when the 
relative price of the resource is rising, the increasing user cost of the resource 
and falling shadow price of capital arc counteracted by the price rise. If 
capital is '‘scarce," however, its shadow price may fall so fast that it olTscts 
the rate t)f increase in the resource price over and above the user cost. In that 
case optimal extraction would still be falling over time. Conditions for this 
case are given in (12). 


3. Comparing iiit Results with Eariii.r Models 
(a) The Resource Model 

The results obtained on the optimal path of resource-use in this combined 
model are somewhat more general than those found in earlier contributions. 
The optimal extraction path now depends on conditions in the rest of the 
economy. When the relative price of the resource is given and marginal 
extraction costs are constant, we have shown that an interior solution to v 
and .V .simultaneously cannot be optimal. If the solution for the savings rate 
is interior, resource extraction should cither be zero or at its maximum; and 
vice versa. This is so even if the social welfare function in the model is 
concave. A comparison with the results in the resource model by Vousden [8] 
is therefore not completely straightforward. In his model marginal extrac¬ 
tion costs are constant. In a growth-model context, the alternative constant 
source of consumption postulated in his model must be interpreted as a 
steady-slate consumption level, associated with some interior constant 
savings rate .v*. At the same time r is also interior and falling in his model, 
which is incompatible with the necessary conditions for optimality in the 
combined model, where v is either zero or v in a steady state. When marginal 
extraction costs arc rising, however, an interior solution for s and r simul¬ 
taneously is relevant in the combined model. With constant prices and the 
capital intensity less than or equal to the modified golden rule capital inten¬ 
sity, extraction is either constant for some initial period and then falling, or 
always falling. The extraction period is finite and the resource is always 
exhausted when extraction ends. All these results are similar to those found 
by Vousden in [8]. However, the result on the effect on the optimal extraction 
path from changes in the initial capital or resource stock bears little resem¬ 
blance to the result in [8] that “the optimal time of exhaustion will increase 
as the alternative source of consumption. C, falls.” 

Since the welfare function is the same in both models, the contrast in the 
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solutions must be due to the difference in supply conditions. In (he resource 
model the resource may be used for consumption purposes only. Extracting 
the resource is the only source of consumption in addition to the exogenous 
component. Since consumption from the resource is subject to a finite upper 
bound on cumulative extraction, society must—in order to survive—stretch 
out the use of the resource when the alternative source of consumption falls. 
In the combined model, the resource extracted may also be used for capital- 
formation purposes, and survival can be secured on basis of the physical 
capital stock alone. The future benefits to be derived from an extra unit of the 
resource extracted for investment purposes is higher the smaller the capital 
stock already attained. The optimal resourcc-usc in the combined model is 
therefore slowed down when the initial capital intensity gets a positive shift. 

Also, with an initial capital-intensity higher than the modified golden 
rule, a rising extraction is possible for some time. In such a contracting 
economy, an increasing shadow price of capital (equal to the marginal 
utility of consumption), which makes investment and consumption more 
valuable in the future, tends, cet. par., to make it optimal to postpone extrac¬ 
tion; this effect must be balanced against a rising user cost of the resource. 
The combined effect may well be to keep back production for some time, in 
contrast to the ordinary case where a falling shadow price of capital and an 
increasing user cost of the resource both lead to a higher extraction now than 
in the future. While a contracting economy may be of limited practical 
interest, the relevance of the capital intensity on optimal resource-use is 
obvious in the case of a rising price of the resource. In that ease the increasing 
user cost is counteracted by the rising resource price. In a model \sithout 
capital, e.xtraction rises if the rate of growth in price is higher than in the 
user cost. In a model with capital, this pattern is accentuated ;f capital is 
above its optimal steady-state level, since (hen the social value ol capital (or 
consumption) over time increases as well. If capital is scarce, however, its 
shadow price is falling, and it may fall so fast that it oHsets the rate of increase 
in the resource price over and above the user cost. In that case optimal 
extraction would still be falling over time. Such a country is too poor to 
alford to wait for the higher prices, at least for .some initial period until the 
capital stock of the economy is built up. 


(b) The Capital Model 

The problem now is how the optimal path ol consumption and capital 
accumulation in an economy is affected by conditions in the rcsouicc sector. 
To follow Vousden (8], assume that the economy initially, before resource 
extraction is started up at , is in a steady slate; i.e., A A ^ and .r v 
U*lf(k*). A.ssunie further (hat after extraction has started up, the economy 
is in regime A', so that extraction starts at less ih in its maximum. At the 
outset we may safety assume that consumption is a normal good for all t so 



176 


JOSIHIN AARRtSTAU 


that there is some increase in consumption when extraction starts. From (4) 
this means a negative shift in r/, at . Also, as in the one-sector optimal 
growth model it can be shown from (4) that . 0, so that the savings 

rate falls when extraction begins. But since the value of total production in the 
economy increases when extraction begins, total .savings may a priori be 
increased or reduced (or stay constant). To show that total savings must rise, 
suppose the opposite. If they fall for t - to ' t (e , 0 and sudiciently 
small), A' falls below its steady-state level h*. But from the one-sector optimal 
growth model a reduced A- must imply a higher shadow-price r/i, so this is a 
contradiction. By the same argument, A cannot stay constant when e/i gets a 
negative shift. Hence total savings rise when extraction begins, k increase.s 
above its steady-state level, so by (6), r/, increases over time, which means that 
e is falling over time along the optimal path. Over time, k and c approach 
their optimal steady-state values asymptotically from above, while Qi in¬ 
creases asymptotically towards its optimal stationary value. The optimal 
development of r, r/, , and k is illustrated in Fig. 2. At t, , when extraction 
ends, e and k arc both above their optimal stationary values. 

Since the optimal steady slate is unlikely to materialize in any actual 
economy (it is reached only asymptotically), the above thought-experiment is 
somewhat illegitimate. C'onsider therefore the case when k ■ . k* when a new 
resource, like a petroleum reservoir, is discovered and exploited. We may 




Figure 2 






SAVINGS AND RfiSOGRCE liXTRAC;T10N 


177 


again safely assume that consumption gets a positive shift when extraction 
begins so that qy{t) shifts down. By (6), q^{t) must be falling, since k < k* 
also after extraction begins, which means that c(t) is increasing. Two cases 
may be distinguished. The case in which c(t) c* for all t is illustrated in 
Fig. 3, where the optimal paths of c, , and k are shown. If, however, k^ 
is sufficiently close to k* and/or the new resource is sufficiently rich, c{t) and 
k(t) may increase above their optimal steady-state levels; see Fig. 4. 

In this case, as in the case discussed in connection with Fig. 2, consumption 
shifts up above its optimal steady-state level when extraction begins, and, 
correspondingly, shifts below q*. k is increasing. Since now A(/„) < k*, 
however, q^ falls and c{t) increases for some period after , until, at i, 
k - A*'. In /, qy - 0, and immediately after, when k ■ A*', r/, is increasing. 
This means that c(/) has a maximum in /. For / ' i the optimal development 
of the economy is identical to the case when A„ A discussed in connection 
with Fig. 2. (7) may be rewritten as 

eje - ' P \ A)/w, (13) 

where to - cV"jV' is the elasticity of marginal utility. When extraction 
starts, total savings increase so that A increases faster than before the extrac¬ 
tion period. With Za (approximately) constant in the relevant range, it 
follows from (13) that the relative growth in consumption is reduced when 



Figure .1 
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extraction starts. The optimal reaction to a newly discovered resource is 
therefore a positive shift in initial consumption combined with a reduced 
relative growth in consumption. J 'igures 2-4 .show that with resource extraction 
(/i(r) is less than q^it) without extraction for all ?, including t > f. This means 
that also in the post-extraction period .society will enjoy higher levels of capital 
and consumption per capita than it would have done without a resource extrac¬ 
tion period. 


6 . Conclusions 

(i) A dynamic model for an open economy where savings and resource use 
can be optimized simultaneously has been analyzed. The results are some¬ 
what more general than those found in earlier contributions. With constant 
prices and the capital intensity of the economy less than or equal to the 
modified golden rule, however, extraction is either constant for some initial 
period and then falling, or always falling, along any of the possible optimal 
sequences for the economy. 

(ii) When the price of the resource depends exponentially on time, it is 
optimal if, and only if, the rate of increase in the price of the resource is greater 
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than some critical value, determined partly by the capital intensity of the 
economy, to depart from the optimal sequences mentioned above. In that 
case resource extraction is increasing over time, and it may be optimal to 
leave the resource in the ground for .some initial period. When the capital 
intensity of the economy increases, the price rise needed to make such a policy 
optimal is reduced. 

(iii) It has been shown that as the initial capital stock of the economy 
increases, the extraction period is lengthened and the extraction level is 
reduced for every t. The resource is exhausted when extraction ends and the 
extraction period is always finite. Extraction should be reduced gradually 
towards zero, where extraction ends. 

(iv) If a resource is discovered and exploited, the optimal savings rate in 
the economy falls, while total savings increase. Compared to a situation 
without resource extraction, consumption gets an initial positive shift, while 
its relative rate of growth along the optimal path is reduced. Consumption 
and the capital stock will be higher also in the postextraction period. 

(v) Finally, it should be noted that with constant marginal extraction 
costs---an assumption often made in the literature—-an interior solution for 
.savings and re.source extraction at the same time cannot be optimal. 
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I. lNiR<)i>i:rriON 

Approval voting is a procedure for multicandidatc elections in which each 
voter votes for as many candidates as he wishes without ranking his choices. 

The candidate with the largest vote total wins the election. Ties occur if two 
or more candidates have the same largest vote total. Although it is assumed 
that the ultimate winner is one of the tied candidates in such cases, specific 
tic-breaking procedures will not be a primary concern in this paper. 

Because approval voting restricts voters' responses rather severely as 
compared to weak order responses allowed by Arrowian methods [1,3, 1], 
it is liable to criticisms based on its restricted ballot .set. On the other hand 
it is an easy procedure for voters to understand and respond to, and it can 
be readily implemented on existing voting machines. In addition, Kellett and 
Mott [6] and Brams and Fishburn [2] argue that approval voting is superior 
in many ways to other simple procedures—such as the one vote per voter 
system—that are often used in multicandidate elections. Hence whatever its 
deficiencies are from a traditional social choice theory viewpoint, approval 
voting deserves serious consideration as a practical alternative to existing 
procedures. 

Two variable-electorate axiomatizations of approval voting are presented 
in [4] as part of a more inclusive study on simple voting procedures. The one 
of these that I shall focus on here is closely related to the work of Smith [8] 
and Young [9, 10, 11 ] on point-count scoring procedures. The proof in [4] of 
the representation theorem for this axiomatization is based on a linear 
separation theorem and, as such, is indirect and nonintuilive. The purpo.se of 
the present note is to offer a mathematically simpler and more direct proof of 
this theorem. The new proof relates to the earlier proof in much the same way 
that Hansson and Sahlquist’s proof [5] of Young's representation theorem 
for the Borda point-count procedure relates to Young's original proof [10]. 


* Present address: Bell Latxjratories, Murray Hill, N.J. 07974. 
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2. Axioms and Direct Proof 

It will be assumed throughout that A' is a lixed linite set of m . 3 candi¬ 
dates. The ballot set 'J will be taken to be the set of all subsets of X. Unlike 
[4], (abstain) and .V (vote for all candidates) are included in -■:/ for com¬ 
pleteness. 

A ballot response prolile is a function tt from .'/ into the nonnegativc 
integers that has 2,V(/t) . ■ 0 so that there is at least one voter. The set of all 
such profiles is denoted as 7/. A social choice function is here defined as a 
function / from II into the nonempty subsets of X, with / (v) interpreted as the 
“best” candidates in X from the standpoint of /' operating on response 
profile TT. Hence /'applies to a fixed set of candidates and every positive finite 
number of voters or ballots. Since tt does not retain voters' identities. / by 
definition is anonymous in the sense that it is invariant to permutations of 
ballots among the voters. This type of anonymity along with the neutrality 
condition defined shortly identifies /'as a .symmetric social choice function. 

Let 7 r[.v] 1!{tt(A): .v e A] be the number of voters for tt whose ballots 

contain .Ye: X. Then / is the approval voting function if and only if [{tt) 

{.V r Af: Trf.v] for all .I’eA'} for all tte/Z. We shall characterize the 

approval voting function by the axioms of neutrality, consistency, and disjoint 
equality. For any permutation A on T andTre// let AItt) c//be such that 
A( 7 j-)(/f) tt{X{A)) where A(d) {A(.v): .v c- A], for each A e When A / B. 
we shall say also that tt consists of ballots A. Be '/ ifTrfd) — tt(B) I and 
tt{C) 0 for all Ces/^A, S}. Our three axioms, which apply to all tt, tt' c 77, 
all permutations A on X, and all A, B c ■/, can then be stated as follows: 

A\ (neutrality);/(A(7r)) A(/{tt)). 

/42 (consistency): /(tt) n/(Tr') ' .• /(tt ' tt') /(tt) rT/(7T'). 

A3 (disjoint equality): If tt consists of nonempty ballots A and B with 
A r\ B - c. thenf{TT) A B. 

The first of these is the usual neutrality condition. The second is Young’s 
consistency axiom [II] for the present context. It says that if the winning 
candidates for two disjoint groups of voters have a candidate in common, 
then the winning set for the two groups taken together is the intersection of 
the winning sets of the two groups taken separately. The third axiom, which 
applies only to two-voter response profiles in which the ballots of the two 
voters have no candidate in common, singles out the approval voting function 
from among all symmetric and consistent/on II. Under the hypothesis of 
A3, the social choice set is to be the set of all candidates on the two ballots. In 
particular, note that A3 does not require A - B . Hence if one person 
votes for .x and another votes for r and r, then/(Tr) {y, r, cl when there are 
no other voters. It is clear that A3 holds for the approval voting function 
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since thnt function assigns a full vole or “point” to every candidate in a ballot 
regardless of how many candidates arc in the ballot. It is also easily seen that 
the approval voting function satisfies .41 and ,42. The remainder of this note 
will therefore be devoted to a “direct” sufficiency proof of the following 
theorem. 

T'iii()Ri:m I. f an 11 /.v the upproral ratinf; function if and only if it satisjies 
A\, A2 and A3. 

In the ensuing proof, arguments of/will often contain elements in ^/, as 
in f(A), f(n ■ A i B) and /(tt i u 5). Each such element in ."/denotes 
a one-ballot, one-voter response profile. E‘or example. A in f(A) stands for 
77 with viA) I and rr(S) 0 for all ff y A. If tt consists of the ballots of n 
voters, then -n \ A -\ B consists of the ballots of n \- 2 voters, and tt f 
A B consists of the ballots of n \ I voters. For the latter, (tt \ A kj B) 
(A U B) tt(A kjB) I and (tt I /< u B)(C) tt(C) for all C / 4 u 6. 
This notational convention will be used only in arguments of /! 

Axioms 41, 42 and A3 arc assumed to hold for/henccforth in this .section. 
The proof that /'is the approval voting function will be carried out in three 
main steps. The first step proves that / is faithful, dual and strongly Paretian. 
The second step shows that / satisfies a three-voter analogue of 43 and then 
notes that /(tt i A 3 B ) /(tt -i- 4 U whenever A r \ B ^ o. The 
third step completes the proof. 


Step I 

The dual d(TT) of response profile tt is the response profile defined by 
r/(7r)(4) 7t(4'') for all 4 c. .c/, where 4‘' X\A, the complement of 4. The 

following conditions, which apply to all 4 t -n/, all tt u II, and all x, y e X, 
will be shown to hold for /': 

‘ 44 (faithfulness):/(4) 4 unless 4 - d, and/({■') -- X. 

4.5 (duality): /(tt) n /(7/(7r)) V' or/( tt) /((/(tt)) X. 

46 (strong Pareto): If y l A .■ .v t 4 for all A for which 7r(4) .> 0, and if 

.V b .4 and y ^ A for .tonic A for which 7r(4) • 0, then y i ((tt). 

Proof of 44. It follows from those A for which A(4) - A that 4 I implies 
that/(4) £ )4, 4'', A'J: and, by definition, /(4) / cr. If Ac:{c,X] then 
/(A) X. Assume henceforth that 4 is a nonempty proper subset of X. 
Suppose first that \ A . w/2, recalling that m > 3. Take j B i 1 4 ! with 

BC 4''. Then 43 implies f(A \ B) A kj B-. if 4'' C/(4), i.e. f(A) A'' 

or /(A) X, then B' C/(B) by 41 and then 42 implies that /(A | B) - 

f(A)r\f(B) since 4'" n B‘'o. But in the latter case/(4 1 B) then 
contains something not in 4 u fl, contradicting f(A t B) ^ 4 U B. 
Therefore 4' f f (A), and hence/(4) - 4 when 0 < i 4 i < m/2. 
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Now for any nonempty B that is disjoint from nonempty A for which 
\A\< m/2, A3 implies that f(A ! B) ^ A u B. Then A2 implies that 
/(B) n A -- 0 for otherwise with /(A) - A as just proved we get /(A B) 
= f(A)C\f(B) Q A, a contradiction. Therefore, since f{B)E{B,B'',X] by 
Al, and since/(fl) r\ A = 0 , we get/(B) — B. Since this is true for BC X 
for which | B | mj2, the proof of AA is complete. 

Proof of A5. By pairing up each ballot A inv with its complement A'^ in 
cI(tt), A3 and repeated applications of A2 imply that /(tt | (/(n)) = X. Hence 
if /(tt) n f(d(TT)) --/ 0 , A2 requires/(ir) ^ /(din)) — X. 

Proof of A6. Assume that a and y are as specified in the hypotheses of A6. 
If X E A and yi A for all A for which tt(A) 0, then AA and A2 imply that 
xGfirr) and y^f(TT). Thus assume henceforth that there is an A for which 
■7r(A) > 0 and either x.ytA or .v, y c- A'. Let tt* be the sum of all response 
profiles A(7r) over the permutations A on A" that have A(.v) .v and A(y) y, 
and let Z = Af\{.v, j’j. Then tt* is symmetric in Z and it follows from A 1 that 
cither Z C /(it*) or Z n /(n*) - u. Decompose n* into n* and n} so that 
+ TT.* =-77* with X(=A and y/A for all A for which 7t*(A) >0, and 
either x,ye A or x, >■ e A'' for all A for which (/4) 0. Both Trf and 

are symmetric in Z so that either Z C-/(tt/) or Z n /(rrf) o for / e {1, 2}. 
In addition, x e /(tt*) and y (//(tt*) by the first part of this proof, and either 
{a, y] C /(itJ) of [x, >'l n /(tt.^) =- by Al since tt/ is symmetric in {.v, vj. 
That is, A for which A(.y) -= y and A(y) x and A(z) z for all z c Z gives 
^(tt*) = tt*. 

Now if .V c -/( 7r . j ‘) then A2 implies that xc/(7r*) and y (/./(tt*), hence that 
y<t/(TT) since otherwise /f2 would give y( /(7T*). On the other hand, if 
-v ^/(tt^) then /(tt/) = ^ Z. In this case /(dlir/)) -■ {.v, y} by A5 and A I (since 
d(7r^) is symmetric in {.r, y!), and y t /(d(7r*)) and .v ^/(d(7T*)) by AA and .42 
(or by the first part of this proof). Therefore, since d(7T*) d(7T^) | d(Tr^), 

A2 implies that /f^Tr*)) {yl, and then A5 implies that y <//(7t*). Hence it 
follows again from A2 that y / /(tt). 

Step 2 

The main task in this step is to prove the following three-\oter analogue 
of A3: 

A3.1: If A, B, C <r and Ar\B = Ar\C = Br^C- o then 
/(A -I- B ■ i C) A \J BX) C. 

Since this follows easily from A3 and from A2 and/( s') A' if one or more 
of A, B and C is t', we shall assume that none of A, B and C is empty. Then, 
if I Z I = I B I ! C !, the conclusion of A3.1 follows iiiimcdiately from .41 
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and ^6, the latter of which Ik needed only if /t u S uC is a proper subset of 
-V. Henceforth in the proof of ,43.1 we shall suppose for definiteness that 
/f i ' i B ' : C ' and that /I ■ ■ C ; , and will let /I' C A be such that 

: A': : C . 

Since/t3 implies that/(/4' r B U C) /4'U fi u T and/(/l I-B U C) 

.4 u 6 u C, and since ,46 and/11 imply that/(/< i B i C) equals the union 
of one or more of/I, B and C -and similarly for /(A' f- B \ C)---applica¬ 
tion of A2 implies that 

f(A B C)n(A‘ 'U BkjC) - /{{A + B ! C) i (A' i B U C)) 

f((A’ \ B \ C) \ (A \ BU O) 
f(A' ^ B \- C) rs (A \J B \J C) 

HA' I B I C). 

Now if i B ; I C ! then /(A' \ B ■ C) •- ,4' u B u C by the first para¬ 
graph of this proof (or by Ai and Ab), and therefore/(/I | B ( C) n 
(.4' u B U D f{A' i B -! C) implies that ,4' U B u C Cf(A f B + C) 
and hence that f(A I B \ C) A u B u C. On the other hand, if i B ( ■ 

I C 1 then 1 B I ■] A' ] i C.’ , and the result just proved (for \ A \ ■ 

I B I ■ - i C i) implies that f(A' -r B ! C) — A' u B u C., then, as in the 
latter part of the preceding sentence, we conclude again that/(/l ! B -f C) 

A KJ B'J C. 

Thus the proof of 43.1 is complete. To complete the present step in the 
proof of Theorem 1 we shall verify 

47: If A, Be 4 o B - o and rre/Z, then /(tt I 4 r B) - /(tt -|- 
4 U B). 

This is true since /(tt 1 4 | fl) -• /((tt -f 4 | B) + (4 u B + (4 u B)')) 
"" /((tt I 4 u Bj -|- (4 I B f (4 u BY)) — /(tt | 4 u B), where the first 
equality follows from 42 and from either 43 or /(0 [- X) X, and the 
third equality is implied by 42 and 43.1. 


Step J 

As in the definition of the approval voting function let 7r[jc] be the number 
of voters for tt whose ballots contain x. If Tr[x] 0 for all xe X, i.e. if 
7r(4) > 0 only for 4 = 0, then /(jr) — X by 44 and 42, which gives the 
approval voting result for this total abstention case. Assume henceforth that 
7 t [ x ] > 0 for some x e X and, using 42, assume without loss of generality 
that tt( ) = 0. By applying 47 repeatedly to tt it follows that /( tt ) ^ /(■«•“) 
where 7r"[.v] - tt [ x ] for all xe X and 7r®(4) > 0 only if | 4 | = 1. In other 
words, all ballots in ir" contain exactly one candidate. 
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Let X --- {xi, Vov,„l and for definiteness take 7r"[vjt] with 
rta 5 ffm and rii ■ 0. If all fit are equal then /(5r“) ■ A" by I. If all n^. 
aren't equal, let j be such that n, - /i; > . Then, using A7 re¬ 
peatedly,/( tt") /(rr*) where 

7r*({.ViV,})--n, 

7r*({v,.v*}) - - - «*.i for k i I I,..., m - I 

7T*(X) = 

and ir*(A) 0 for all other A. Sequential application of A4 and A2 then 
implies that /(jr*) {.v, Hence /(tt) - {.y, a,,} since /(tt) 

/(’’■") /(tt*). Therefore {(tt) is the subset of candidates who have the 

largest vote total in tt. 
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1. Introduction 

As a natural consequence of the development of a long series of theorems 
concerning the existence of equilibrium, in the general equilibrium frame¬ 
work, the question arose of how to formulate a dynamic price adjustment 
process, with the property that the prices determined by this process even¬ 
tually converge to the equilibrium price. In other words, the problem posed 
was to describe a reasonable adjustment process with respect to which the 
price equilibrium is stable. The problem was first approached by Walras, 
who formulated the so-called tatonnement process. Since this process was 
first proposed a considerable literature discussing the problems raised by it 
has developed, sec, c.g., Negishi’s survey article [2]. 

The basic idea of the tatonnement process is that, given a price system, 
each agent informs an auctioneer of his demand and supply of each com¬ 
modity. Having computed the total excess demand for each commodity the 
auctioneer then announces a new price vector which is obtained from the 
previous one by increasing (decreasing) the price of commodities with 
positive (negative) excess demand. This process is repeated until equilibrium 
is reached. A fundamental feature is that no agent is allowed to trade any 
commodity until equilibrium is achieved. 

The question now arises: Given this assumption of “no trade out of 
equilibrium," if the tatonnement process does converge to an equilibrium, 
can we then say anything about the speed of adjustment? For the no-trade 
assumption to make any sense the convergence should be “fast”; that is, the 
organization of the market prior to trade should not take long. This question 
has been posed several times in the literature (see Negishi [2]), but to the best 
of our knowledge no answer has been offered. 
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The purpose of this paper is to provide a partial answer to this question by 
showing how a well-known result in the theory of ordinary differential 
equations gives, directly, an estimate of the speed of adjustment of the 
tatonnement process in the limit, (i.e., as the price approaches equilibrium). 


2. The Basic Model 

In this section we present the basic model. As our result is closely related 
to the “neo-classical” stability theorems, we adopt the model here which has 
been used in the vast majority of papers concerning price adjustment pro¬ 
cesses by a tatonnement procedure. 

We consider a pure exchange economy with m consumers (/ = m) 
and / commodities [h 1,..., /). The commodity space is de.scribed by R'. P 
is defined by P : {.x e R' | .v 0}, and P is the closure of P. Each agent is 

assumed to have some initial resources to' (a»i'. w,') belonging to P and 

oj, defined as the total initial resources o> : Eai\ is assumed to lie in P. 

A state (x' . x"‘) c P"‘ is a specification of a commodity bundle for each 

agent, and a state is said to be attainable if X!/ -x* 

A price system is a linear map p: W ■>• R which to each commodity bundle 
y O’l V. J'i) assigns its value, p ■ y. We only consider price vectors p 0 , 
where we have used the canonical isomorphism between R' and (R')*. bach 
agent has a preference-indifference relation (reflexive, transitive, 
complete), defined on P, and it is assumed monotone. 

The /th agent’s demand set at the price system p is defined as the maximal 
elements w.r.t. >, in the budget set y': {.v e P i /; ■ a-; p ro*}. If we 

impose the strong convexity assumption on >, (,v~, .v, .v /-■■ .v <',• tx + 
(1 — r)_y, 0 < t < I) the demand set will consist of exactly one point, so 
the /th agent’s demand is a function p is called an equilibrium price vector, 
if supply equals demand at the price system p, i.e. E^'\p) <a. f is 

the total demand function and ^ ^ ^ — oi is called the total excess demand 

function. 

This model has the following two features; 

(1) V/: is a positive homogeneous function of degree 0 in /;, i.e., 
tX^P) ^ iXp), Vo : ■ 0; 

(2) Walras’ law, i.e., p ■ Up) = 0, 'ip. 

Next we want to describe the dynamical feature of the model. This is given 
by the following differential equation: 

dpi (It =f ip), (I) 

where /■= C/i,..., f,) is a map delincd on P with values in R', such that sign 
A sign ChJi= I. 2 ./■ 
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This process describes the adjustment in the priees through time with the 
interpretation of a tatonnemcnt process as given above in the introduction. 

Di;nNnK)N. p") is said to be a solution to (1) with initial value p", if 
for/; I./ 

f>.mn P")), Vt ; 0, 

and 

V",.(0;p‘') p*". 

p is an equilibrium for (1) if and only if p is an equilibrium price vector, i.e., 
£:,,(p) =0./; I./. 

^I^l■INITl()N. An equilibrium p is called globally stable, if for every p” and 
every solution '/^ (r; p”) to (I) 


lim p") p. 

The adjustment process (1) is called globally stable if for every p" there exists 
an equilibrium p such that 


lim '/'(/; p") p. 

An equilibrium p is called locally stable if there exists a neighborhood U of p 
such that for every p" g we have 

lim WU; p“) ■- p 


for every solution to (1). 

The literature concerning tatonnemcnt processes presents a variety of 
theorems giving more or less similar conditions for which (global or local) 
stability is present. Here we stale only one such theorem. This theorem is 
representative of the existing stability theory, and so it is reasonable to accept 
as the basic result for the following section. 

To formulate the theorem we have to define the notion of commodities, 
which are strongly gross substitutes. 

DEfjNiTiON. The commodities h = 1,..., / are said to be strongly gross 
substitutes if the total excess demand function ^(p) = (^i(p),..„ Ci(p)) is 
differentiable at all price vectors p ^ 0 and 


>0 for h 7 ^^ fe, p > 0. 
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Stability Theorem (Uzawa [3]). Suppose 

(1) For any initial price vectorp® ■?> 0 process (1) has a solution 'P(t;p'') 
which is uniquely determined hy p" and continuous w.r.t. p". 

(2) There exists a strictly positive equilibrium price rector. 

(3) All commodities are gross .substitutes. 

Then the eciuilihrium price rector is uniquely (up to scalar multiplication) 
determined and the adjustment proce.ss (I) is globally stable. 


3. The Spi.ed of Aujhstment in the Limit 

If the assumptions of the above theorem are satisfied, then it follows that 
given € - ■ 0 there exists a /„ such that for t - /„ ’/'(?: p”) — p l < e. 

This formulation immediately leads to one possible way of describing the 
speed of adjustment, namely, by expressing tu as a function of e and the 
functions /),. How this should be carried out precisely docs not seem quite 
clear. Another approach to the problem would be to compare the convergence 
of the solution with the convergence of a well-known function, and this is 
exactly the task of this paper. 

Let us start by considering the problem locally in a neighborhood of an 
equilibrium. Let p be a locally stable equilibrium price vector associated with 
the tatonnemeni process 

dpjdt /(p), sign/* sign^A./t-l ./. 

Making the substitution q := p — p v,s may instead consider the process 

dq/dt :Z(q), Z(q)f(p), q p - p, (2) 

where q 0 is a locally stable point. 

To get an idea of the kind of result we can obtain, let us first look at a linear 
adjustment process which has 0 as a stable equilibrium. This process has the 
form 

dqldt A ■ q. 


where >4 is a (/ x /)-matrix. 

For this differential equation we can explicitly state the solution, which 
has the forqi 

a(t) - K e>\ 


where fC e K' is a constant determined by an initial value condition. 
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For a linear process local stability is equal to global stability. Because the 
real parts A, of the eigenvalues of A are negative, we get the existence of a 
positive constant C such that 

Vr; < C, where max X, < a < 0, 

QU); ! 9i(0! f ••• f I qiU)\ 

Since e"' » 0, ! <y{f)! - >-0 for / - *■ oo, it is reasonable to say that the speed of 
adjustment of the ^-vector is, in the limit, as least as fast as the convergence 
of the exponential map e"'. 

The result is not astonishing because of the form of the solution of the 
linear differential equation. However, this estimate of the speed of adjustment 
(in the limit) extends to the general case. 

THEORtiM. Suppose the map f : P -*■ K' is of class C'^ and (1), (2), and (3) of 
the stability theorem are satisfied. 

Then the solutions p(l ) to the tatonnement process 

dpldt f(p) 

fulfill the following'. 

(1) I! /j(0 — p i’A'”' ->■ 0 as t-> CO with A, < a < 0, V/. 

(2) log I p{t) — p 17/ A,/or some i, 

where p is the etiuilibrium price rector and the A,’.v are the negatirc real parts of 
the eigenvalues of Df{p). 

Proof. The theorem is a straightforward application of theorem 6.1, 
Chapter IX in Hartman [I]: Using the Taylor expansion around q = 0 we 
have the tatonnement process written in the form 

dqjdt -= DZ(0) -q \ R{q), 

where R(q) is of class C' and R(q)l\'. O'il 0 as q—>-0 (i.e., R(0) = 0 and 
D^R{0) 0), asq 0 is a sink. 

This implies that the conditions in Hartman’s theorem are satisfied, so (1) 
and (2) follow immediately. 

Remark. The following example shows that we cannot generally obtain a 
better estimate of the speed of adjustment, i.e., choose a = max, A,. Suppose 
f(p) Of{p)(p P) \ R(P -P) with «/(p)-ri J), /?(/7 -p)-- 
((p., - Pj)-'' 'A 0 ) (k large), and p 0 the equilibrium price vector. 

In a small neighborhood of p, the solution to the adjustment process 


dpldt=f{p) 
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will behave as the solution to the process 

dpidt Df{p}(p p). 

As Dfip) has I as an eigenvalue with multiplicity 2, the solution to this 
process is of the form 

(PiU),pAt)) (fh t K,e \ p. i ^ K,te '); A',. A, c U. 

Hinally we notice that the theorem extends to cover the case with a globally 
stable system without any further restrictions, as the proof only uses the 
behavior of the ad justment process in a neighborhood of the equilibrium. 
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I. iNTRODUniON 

I'or a market in which ii commodities are oiTered for sale, consider the 
well-known type of price adjustment process [I, 2] 

Jt 

in which p is the «-vector of prices, p„ is the initial price vector, and / takes 
into account the pertinent economics. Here n is an arbitrary positive integer, 
and, to fix ideas, the function / can be viewed as usual as being basically an 
excess-demand function. However, our assumptions concerning f are in 
some respects nonstandard; the reader is asked to keep in mind that no 
assumptions arc made that arc not staled. 

Our main purpose is to give, and to discuss, a necessary and sullicient 
condition under which, in a certain setting of economic interest, there is an 
equilibrium point p * such that all solutions of (I) approach p* as t ct7. 

Also considered, in Sections 5 and 6, are related results concerning weak 
gnjss substitute demand functions Q. Necessary and sulFicient conditions 
arc given for the existence of Q • (when Q satisfies a certain reasonable 
condition) and for the existence and antitonicity of Q~^. In addition, under 
the hypotheses that Q ' exists and is antitone, and that a certain mild regulari¬ 
ty condition is met, it is proved that Q is dynamically stable in the strong 
sense that a familiar associated price adjustment process is globally stable. 


2. Notatkin and Assiimpth)n.s Cdncerninc (I) 

The following notation is used throughout the paper. The set of all real n- 
vectors is denoted by R". For each .v e R", x, denotes the /th component of .x 
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for each /, and I .v \ denotes X,” i ' ' . For v r R" and _v f R”, the inequality 

•v ■ >’ (y ■ y) means that .v, ■ y, (.v, . >’,) for all /. The zero vector of R" is 

denoted by d. 

We suppose that there are two elements of R", ji and ni, with j 8 . ; ™ such 
that the domain of ,/' is the n-dimcnsional price interval S {r r. R”: n • 
r •' ji]. Roughly speaking, S is the set of all conceivable price vectors of 
interest to us. 

It is assumed that /'is a continuous mapping from .S’ into R" such that for 
each ■ /){ y) whenever .v r .S', y i- S, x y, and .v, - y, (i.c., / has the 

weak gross substitutes properly). It is also supposed that / satisfies the 
Lipschitz condition !/(.v) /(})■ p x y ; for all v f S' and yF.S’, in 

which /> is a positive constant. 

It is further assumed that S' contains two price vectors r and u such that 

(• u and /(h) ■ 0 f{v). ( 2 ) 

It is unnecessary to introduce additional assumptions to prove the results we 
wish to describe.' However, insofar as the interpretation of the results is 
concerned, we think of h and v as having suHiciently small and sufficiently 
large components, respectively, that (2) holds and D defined by /? {r S': 
ii 2 ■ , I'l contains all initial price vectors of interest to us. 

By a solution of (I) is meant a function p that takes values in S, is defined 
and differentiable with respect to t on [0. oo), and satisfies (I) with p„ a P. 
The following result is proved in [3], 

Tiilori.m I . For each p„ a P, there is a unique solution of{ I). 


3. Tin; Main Stabii.iiy Rfsi'I.t and Rf.i attd Disru.s.siON 

We refer to the following conditions. 

Condition I. There exists an element h of P such that 
(c, h,)FU)- 0 for some/■ 

for each ri^ P with the property that r / h. 

Condition 2. For each v and )• in P such that .x y and .v y. we 
have f,(x) -. f,( y) for some /. 

Our principal result, which is proved in Section 4, is 

Thedrkm 2. There is a point p* e P such that p{t) of{ I) satisfies pit) --p* 
as I >■ 00 for erery p,, p P if and only if Condition I is satisfied. 

' In particular, it is not necessary to make the natural assumption that n (and therefore u) 
have components that are all nonnegative. 
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Since / is c<mlinuous, il I'ollows that p* of Theorem 2 satisfies /(/?’*') 0 

(i.e.,/)' is an equilibrium point). 

When n I, Condition 1 has the simple interpretation that there is a 
point h such that the values of/arc negative to the right of h (i.e., are negative 
to the right of h for all arguments in D that lie to the right of h) and are posi¬ 
tive to the left of A. Condition I is not only an interesting extension of the 
condition for n I, it is also a useful condition. For example, the following 
proposition is proved in Section 4. 

Proposition I. //' Condition 2 /.v sotisjied, then Condition I holds. 

Therefore Condition I is met if/'is an excess-demand function with the very 
reasonable properly that the excess demand for at least one commodity is 
increased whenever some prices arc lowered and all others are unchanged. 

We now consider the case in which /'is differentiable, by which we mean that 
each,/j(.v) has a total dilTcrential H'* i./;/(-v) dxj at each x- e /J in the sense that 
we have 

H 

.ay) /i(.v) ' I /.(.vM.r, • .V,) I n(ir-.v) 

I I 

for y and x in D. The matrix of order n whose elements are the ./ivt.r) is 
denoted by/'(-'■) for .v c D. 

Since Condition I is satisfied whenever Condition 2 is met, the following 
result (which is proved in Section 4) shows, roughly speaking, that the price 
adjustment process is globally stable if every linearization of the process is 
stable. 

Propo.siiion 2. Condition 2 is .satisfied if fis differentiable and the eigen- 
ralues off'(.\) hare negative real parts for every x c; D.'^ 

It is known that certain very similar assertions concerning global stability and 
more general systems of nonlinear dilTercntial equations are false. (For an 
excellent and detailed discussion of that topic, see [4].) 


4. Proof of thf Risulis in Sfciion 3 
Proof of Theorem 2 

We shall use the following two lemmas, the first of which is proved in [3]. 
Lemma 2 is a direct modification of a result proved in [5] (where the function 
that plays the role of our /'is defined on a different domain and satisfies a 

“ The example; « 1,S P - [0, 2],and/tp) 1 -/>“ for/> t S (for which/'(O) 0) 

shows that the converse of Proposition 2 is false for a more serious reason than the fact 
that / of Section 2 need not be differentiable in order to satisfy Condition 2. 
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condition obtained from basically our weak gross substitutes condition by 
reversing the inequality signs). 

Lemma I. There is an equilibrium point''‘ in D, and if there is exactly one 
equilibrium point p* in D, then p(t) of(l) satisfies p{l) <■/?* as t - oo for 
each Po e D. 

LI':mma 2. The element e of D is the unique equilibrium point in D if and 
only if{v, — c,) /)((•) < 0 /or some ifor each r e D such that v / e. 

Suppose Condition I is satisfied. Then, using Lemma 2, there is exactly one 
equilibrium point in A and, by Lemma L there is a. p* e D such that p{t) >■ 
/)* as r — CO for every p„ c D. 

Now suppose that Condition I is not satisfied. Since, according to 
Lemma I, there exists at least one equilibrium point in /), we see, using 
Lemma 2, that there arc at least two equilibrium points in D. Of course, it 
follows that there cannot be a p* r D such that p(t) >p* as r >• oc for 
every p„ c D. This completes the proof of Theorem 2. 

Proof of Proposition I. As indicated in the proof of Theorem 2, there is 
at least one equilibrium point in D. In [6], it is shown' that Condition 2 is 
equivalent to the condition that (.v, .v,)f./;(.v) ./)(.»’)] ' - 0 for some i for 

any x and ;■ in I) such that .v /- ,v. Thus, if Condition 2 is met, and h is an 
equilibrium point in D, we have (r, ■ h,)f (i ) • 0 for some / for every r e D 
such that V / /;. 

Proof of Proposition 2. Suppose that / is dilfcrentiable and that alt 
eigenvalues of/'(.Y) have negative real parts throughout D. Let A, denote the 
class of real matrices of order n whose principal minors are positive. Accord¬ 
ing to a result proved in I?], we have /'(.v) c; Au lor every .v f D. Therefore, 
by [8, Theorem .1], the only solution in D of the system of inequalities .v ' a 
and/(.v) /(fl) with u c. D is the trivial solution .v a. Thus, for any .v and >’ 

in D such that x . = r and .x' / p, xx'c have f{x) < f{y) for some /, which 
completes the proof. 


5. Properhes oi Invlkiible w.g.s. Price Demand Rii.ations 
5.1. Preliminaries 

In Sections 5 and 6, P denotes {.vf P": .v 6\. 

We say that a function A from P into P has an inverse A ' if T(.v) ^ y has 

“ As usual, by an equilibrium point is meant an .v c S such that /(.v) 0. 

* In this connection, observe that .v and y in P such that r .■ y and/,(.v) - /,(y) implies 
that .V, -• y,. 


643/10/1-14 
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it unique solution a (which we denote by A Hy)) in P for each y e P, and A ’ 
is said to be antitvnc if it exists and we have A"^(a) -i" A \b) whenever a and h 
are elements of P such that a b. 

5.2. I'he Price Demand Relation and I'heorem 3 

Let Q denote a continuous demand function that maps price vectors in P 
into demand vectors in P such that the wcak-gross-substitutes condition is 
satisfied (i.e., such that for each /, QXa) . - Qi{h) for a and h in P such that 
a ■ h and h,). 

Conditions under which 0 ’ exists, as well as properties of Q * such as its 
antitonicity or lack of antitonicity, are often of interest in applications of 
economic theory. One very reasonable and easily interpreted assumption 
concerning () is that the following condition is satisfied. 

Condition .1. For each q and r in P, there is a p t P such that p ; • r and 
Qip) ■; q. 

A corollary of I heorem 3, the principal result given in Section 5, is that 
(J assuming it exists, is antitone if and only if Condition 3 is met. (An 
n 2 example of a Q for which Q ' exists. Condition 3 is violated, and Q 
satisfies the reasonable condition that each QXp) is a nonincreasing function 
of p, is given by Q^ip) Pi and Q.,ip) - Pi. For an example along the 
same lines in which each Qi(p) is a strictly decreasing function of p,- , con¬ 
sider < 7 , /Gfpi I 2)(pi ; O’and^a PiiPi) ^■) 

To state the theorem, which also gives necessary and sufficient conditions 
under which Q ^ exists and is antitone, it is necessary to introduce the 
following two conditions. 

Condition 4. For each <7 and r in P, there is a p e P such that p ■ r and 
QKp) ■ <7- 

Condition 5. For each a and b in P such that a'^b and a ^b,v/f) have 
Qkio) < Qk{b) for some index k. 

Theorem 3. The following three statements are equivalent. 

(i) exists and is antitone. 

(ii) Q ^ e.xists and Condition 3 holds. 

(iii) Conditions 3, 4, and 5 are satisfied. 

The theorem is proved in Section 6 . 

In the next section we describe a result to the effect that if Q-^ exists and 
Condition 3 is met, and if a certain mild regularity condition is satisfied, then 
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the price-demand function is dynamically stable in the sense that a familiar 
associated price adjustment process® is globally stable. 

5.3. Strong Stability of an Associated Price Adjustment Process 

We assume in this section that Q .satisfies the Lipschitz condition that for 
each r and .v in P such that r ' .v, there is a positive constant p{r, s) with the 
property that 1 Q{a) — Q(b)\ < p(r, .s)l a A | for a and b in {.v e P: r •' 
.V ,sj. 

Consider the adjustment process 

Q{p\ <!- i. 0, p(0) po (3) 

in which q and Po arc elements of P. As usual, by a solution of (3) is meant a 
diflercntiabic /^-valued function p(-) defined on [0, oc) such that (3) is satis¬ 
fied. Assuming that Q ' exists, we say that (3) is globally stable if for each q 
and pii, (3) has a unique solution pi-) and pit) — Q~Hci) 0 as t - > oo. 

Thiori M 4. The process (3) is globally stable if Q ^ exists. Condition 3 is 
met, and the /.ipsehii: condition is salisjicd. 

The proof is given in Section 6 . 

Using Theorem 3 and the main result given in Section 3, a similar theorem 
can be proved concerning the more general case in which Qip) — q in (3) is 
replaced with H[Qip) — q\, where, for example, H is a diagonal matrix of 
order n with positive diagonal elements. 

6. PRfKlFS 


6 .1. Proof of Theorem 3 

Wc use the following two lemmas. 

Llm.ma 3. If q, X , and y are elements of P such that P(.r) — q ■ 0 r- 
Q( _v) ■ • q and x ' y, then there is a z in P such that 0(z) q and x -Jz-- j’. 

Li.m.ma 4. If Condition 5 is met, then a and b in P such that 0(«) j,- Qib) 
implies that a b. 

Lemma 1 is proved in [9], and Lemma 2 is a special case of Lemma 1 in 

[ 10 ]. 

‘ See, for example, [I]. Section 5.3 considers the case of a market in which in the short 
run the supply of each commodity (such as a housing unit of a certain desirability) can be 
consider .:d fixed. 
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Suppose thill (ill) holds, and lei q c P he given. According to Conditions 
and 4, there ;ire elements x and v of P such that (?(.v) q ■ 0 - Q(y) q 
and r By l.emma .1 there is a ze such that Q(z) q, which shows 

that Q maps P onto itself, l-'rom Lemma 4 it follows that Q is one to one on 
P. and thiit Q ' is antitone. Therefore (iii) implies (i). 

Now suppose that (i) holds, and let q and r be elements of P. Let pe P 
satisfy Q(p) min[ 7 , 5(r)], in which niin[f/, Q(r)] denotes the clement of P 
whose /th component is min[q,, Q,{r)] for each /. Clearly, Q{p) .. q and 
QW) Q(r). I 'rom Q(p) Q(r) and the anlitonicity of *, we have p ' r. 
'fhis shows that (i) implies (ii). 

I 'inally, assume that (ii) holds. Suppose that Condition 5 is not satisfied, in 
which case there arc r :ind u in P such that n //, r / u, and Q{i ) Q(u). 

Let q denote Q(ti). We have 0(r) q 0, and (using Condition 3) there is 
a p I. P such that p r and Qip) - q 0. By Lemma 3, there is a zt P 
such that 0(r) q and r • r. Since (?(//) q and z, ■ u, for some /, we have 
a contradiction to the hypothesis that Q ' exists. This proves that Condition 5 
is met. By Lemma 4, Q 'is antitone, and a proof similar to the one given in 
the immediately preceding paragraph shows that Condition 4 is satisfied. 
This shows that (ii) implies (iii), and it completes the proof. 

6.2. Proof of f lu'orcin 4 

Referring to (3), let q and be given. According to Theorem 3, there arc 
r and u in P such that r p„ - u and Q(u) q ■ 0 ■ Q(v) q. Of 
course , Q(a) (?(A)! ■ p(u, r)' « I tor a and h in the set /) defined in 
Section 2. By Theorem I, there is a solution p{ ) of (3). By Theorem 2, 
Proposition I, and the fact that Condition 5 is met (sec Theorem 3), there is 
Li p^ in f) such that p(r) p* ► 0 as / - ► oo. Since Q ' exists, p"^ ---- Q '( 7 ). 
(For an alternative proof of p{,t) Q '(q) * 0 as t > 00 , see Lemma 1.) In 
view of the hypothesis that the Lipschitz condition is satisfied, p{ ) is the 
unique solution of (3). This completes the proof. 
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In applying coupcnitive game theory to economic problems of exchange, 
it is standard to assume that all logically possible coalitions may form. 
However, because of institutional, legal, or physical barriers, it may in fact be 
impossible for certain sets of agents to communicate or trade with one 
another directly. It would seem worthwhile to rccogni/.e this and to analyze 
the impact of such barriers to trade. In Myerson introduced the concept 
of a game with a communications graph,' which is a graph whose nodes 
correspond to the players in a game and within which the presence or ab.sence 
of a particular link indicates the possibility or impossibility of communication 


’ Katai's icsearcb was partially supported by a grant from the Graduate School of 
MaiiagL-nivnt, Northwe.sicrn University, white Roberts' work was supported by National 
•Science Koiindation Grant SOC 76-2095.1, Part of Posticwaite’s research was done while 
he ssas a viMting faculty member at the University of C alifornia, San Diego. 

' l et .V ;l, 2..A graph on the set of nodes N is a collection of links ij where / 

and j aic distinct elements of .V and ij ji. A graph is complete if it contains all the 

possible links. ,\ path from node i to node j is a collection of nodes I'l, i. .I't with i\ -= i, 

it j, and i,i, ) is a link in the graph for r !, 2,..., k ~ 1. A graph is connected if there 
is a path from any one node to any other node. 
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between the relevant pair of players. Here we apply this approach to the 
problem of exchange. If a particular pair of traders are linked in the graph, 
direct trade between them is possible; if they are not linked, they cannot trade 
directly with one another, although it may be possible to trade indirectly 
through other linked traders. 

The use of the graph structure on the set of traders permits the modeling 
of dilfering forms of market organization. For example, if the graph g on the 
set of traders is not connected, we arc effectively looking at a system of 
autarkies, while if g is connected but not necessarily complete one obtains 
models of different forms of economic systems. For example, the complete 
graph in part (a) of Fig. 1 represents a system under which all agents are free 
to exchange directly with one another, while the graph in part (b) represents 
the existence of a middleman through which all trade flows. Figure 2 can be 
C(msidered as representing two economies, where all foreign trade in one 
economy must flow through an export import agency. 





o>; 


FKjURE 1 



FKiURK 2 


A particularly interesting a.spect of the question of comparing different 
systems involves comparative statics analysis on the equilibria as the commu¬ 
nications graph is changed, with a view to answering such questions as 
precisely who gains or loses when a link is introduced or deleted from g. 

specific example of this involves the role of the middleman. Suppose that 
initially g is complete and then all links except those with one particular 
agent, say 1, are broken (as in Fig. 1). Since the graph is still connected, the 
set of Pareto optima is unchanged. However, no multiplayer coalitions not 
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involvinj! player I are connected in the second situation. Thus, the core 
allocations of the second economy will include tho.se of the first. Intuitively, 
one might expect that the player in the middle would not do worse in this 
situation; all trade must flow through him, which ought to improve his 
position. Somewhat more formally, ail coalitions including this player remain 
as before, while those excluding him are now powerless. The question is 
then whether he may in fact lose from having his special position. 

The definition of “may lose” we adopt here involves a comparison of 
the core allocations to the middleman. Clearly, the core in the game with a 
middleman will contain that in the game where all coalitions are possible. 
We say then that the middleman may lose if there is a core allocation .v in the 
middleman economy which is strictly worse for him than every core allocation 
t)f the unrestricted economy. Theorem I shows that in three-person games 
arising from situations of exchange, the middleman cannot lose. However, 
if we consider general Ihree-person games, this result is not true: for some 
three-person games, if we do not allow the coalition of players 2 and i to 
form, every point entering the core may be no better or even strictly worse 
for player I than every point in the core of the original game. Moreover, in 
general //-person games arising from markets, there may be points entering 
the core which arc worse for the middleman than any point in the core of the 
original game. However, in such cases, if preferences are strictly monotonic 

and the trade through the middleman is beneficial to the grand coalition, 

then some of the new core points will be better for the middleman. 

An economic agent or trader is defined by his characteristic a, - (ii', ir'), 
where //' is a continuous, quasi-concave utility function over R,’" and where 
If't R Here, /// is the number of commodities and tr' is his initial 
endowment. Given n such traders a,, icN {I,...,//,', a communications 
graph is a graph g whose nodes correspond to the // traders. An economy F 

is then a pair (a, g). where a (a,. a„) and .g is a communications graph. 

A coalition is a nonempty subset of N. A coalition .S' is connected if the 
restriction of .g to S is connected. We assume that N is connected and that {/| 
is connected for every /(^Al. An allocation is a vector .v (.v',..., .v"), 
.V' I R An allocation .v is feasible for the coalition S (S-feasible) if 

S.. .S Z/. .s " ' nnd S is connected. If ,v is feasible for N, we simply say 

that it is feasible. A coalition 5 can improve upon (block) an allocation .v if .S' 
is connected and there exists an allocation y which is fea.sible for .S' and such 
that //'{ r') i/'(.v') for every /'c S. The core of E consists of those feasible 

allocations which cannot be improved upon by any coalition. 

Let g,. iij:/,/t:,Vl be the complete graph with n traders and let 
g,„ /' I|. Then .g, represents free trade and g„, represents 

trading through a middleman (trader 1). Let E,. - (a,g,.) and E„, - (a, g,„) 
be the economies corresponding to these two structures. We are interested 
in comparing I's payoffs at core allocations in E^ and E,„. 
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Thkorf.m 1. l.cl n 3 and suppose «* is strictly monotonic for all i. For 
every x t Core(i',„) there exists a >■ (■ Core(£'r) with j j/^( v^). 

Thus, for every solution allocation .v which arises when he is a middleman 
there is a solution allocation y in the economy with unrestricted trading 
which is no better than x: any point becoming a solution when he becomes 
a middleman is belter than some solution under free trade. 

To prove this theorem we use the methods of the theory of balanced 
cooperative games. 

An //-person cooperative game is defined to be a collection V { Vf ,,, ^ vc.v . 
where, for every nonempty ,S' f' N, is a nonempty, strict subset of R" 
which is closed and comprehensive (i.e., if .v i Ty , >■ t: R" and y ■ . .v' for 
every i c. S then r t- f.y). We let 0,- J.v t Fy. for some y c Ky, i-' ■ x' 
for every i i. .S'l Then Core(T) Tv (H-c/.■ where the superscript c 
denotes the complement of a set. 

With an economy /■.' we can asstKiale an //-person cooperative game F(E) 
as follows. We let //' be a utility function for trader i normalized so that 
//'(u') 0. Tor . / Si. A, define 

{/• 1 . R” ' there exists some .V-fcasiblc allocation .v with v‘ i/'(.v') 
for every /'< .S'l if .9 is connected, 
and 

V.s R " {(' <T R" ' I" 0 for i 1, 2,..., n] if .9 is not connected. 

A collection of coalitions {A,),,.* is called balanced (sec [4]) if there is a 
collection of nonnegativc real numbers such that for every / p N, 

I. 

Li mma. I.el (a, g,.) he an economy it ith strictly monotonicpreferences 
and let \' he an n-persvn ftame associated with it. 

1. For every nonempty coalition S and for every .v, y l Ty , ifO • y’ ■ x' 
for every j v S and y /' .v, then y 1 0^ . Thus the Pareto surface of Ty contains 
no segments which are parallel to the axes of the players in .9. 

2. For every .v r R”, .v f Corc(T) if and only if for some _i’f. Core( 

•v tn’ty'). . u''{/‘)). 

3. For X p /?" let T, {,9 C A: .v f. Tyj. If is a halanced collection 
of sets with weights {S.yl.yy /-^ , and if xc Qy for some .9 c with 8 ^ . - 0, then 
there exists i’ e Ky with y' . • .x' for every i t; A. 

Proof of the Lemma. Part 1 follows immediately from the monotonicily 
of the utility functions. Part 2 follows from the definitions of the cores and 
from part I. 
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to pru\c purl 3 wc use a method due to Scurf [7], Assume a satisfies the 
hspotheses of the lemma, f or every .S 7 , there exists an .S-feasible alloctition 
ssith for every i' S. Also for some .S' 7', , cun be chosen 

so that .V' ■ u’(rs-) for every /• S'. Consider the allocation ; defined by 

^ n. c.,', where the summation is over those S ' Tj with S. Observe 
lhai :■ is a consex combination of the Cs'S and therefore (by the qiiasi- 
ctmeavity of the utility functions) u'{z‘) v' for every / ‘ ,V. Also, u‘{r') v' 
for every i • S. Let e' it‘{z‘). i • A'. Since 

^ X. 'Ls-s' 1, 'Ls Y. Y Y ' Y 

I V /• V s-r,.j‘V .s c v ^ s r N 

z is feasible and thus y (j '.i ")' f'y . Hy the monotonicily of the 

utility functions w'c can slightly perturb r to have y‘ . ■ v' for every i c N. 

Proof of Theorem I. Let L be the game associated with , and V be 
that associated with E,„ . We wish to show that for any rr. core f" there 
exists If ! core L with c' a ’^. To this end, suppose c' for all v B 
•'(lilt n Oj',.,) n OJ',; n or,, rv OJ,, , z ( B, and c 4 Oj,.»] . (Note that the 

core of L' is the set of Pareto optima in J?.) If we can show that , 

then z must also be in the core of K Then any point in the core V is at least 
as good for I as some point in core ), namely r. and we arc done. 

I hus. to obtain a contradiction, we will suppose that z i- Oi.^ai . Let T 
J.V', A':.V . ..S’ i {231, and zf. Cyl. Then I r (J^, ^.V, since otherwise the 

comprehensiveness of the l-',v sets would imply that z docs not minimize z‘ 
over fl. If {11 1 T then the proof of is completed because part 3 of the lemma 
would contradict the Pareto optimality of z({ 1 1 , {23| is a balanced collection). 
Then suppose {II 4 I ■ We claim / ■ (J, .V, / 1,2. For example if 2 4 Ur 

i.c., z i; I 'j.ji U t (|.j) , then for some small enough e • 0 , z' - z - ( 0 , e, 0 ) 
also minimizes z’, while z' r B, z 't 0 (i 2 :ii , and z' 4 for any S / N with 
2 I S. Therefore for some small enough <3 . 0, z" z' ' (0, 0, 8 ) we have 
z" < and z" y L.v for S ‘ ,V and .V /r {2. 3{. Thus z‘ is minimized 
at an interior point of B, which is impossible. So we assume without loss 
of generality that {12! t I tmd either {3{ o T or {13! >■ T. If {13! c T then we 
obtain a contradiction by the lemma ({12!. {I3|, {23| is a balanced collection). 
So we arc left with the cases T - {{I2{, {31! or T {{12}, (31, {2}}. In cither 
of these two ca.ses it is possible to transfer a small amount of utility from 1 
to 2 while still staying in B, which again yields a contradiction. Thus, z 4 O 123 ) , 
so z is unblocked in f", and thus all points in the core of V are at least as 
good for the middleman as some point in the core of V. 

This result seems intuitive, and it is surprising that the proof is so involved. 
However, the following examples show that the analogue of this theorem is 
not true for general three-person cooperative games, or for market games 
with a larger number of players. 
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Wc lirst show an example of a three-person nonmarket, cooperative game 
in which the middleman may lose. I.et e be a small nonnegative real number 
and define the game K ( ^•■(e')) as follows: 

I ;,; Ir ( /<■'; r' O’, for / 1,2,3; 

' i<' *■' some .v n convex hull |/4, B, C, f 1, r ' .v!; 

I j,.^: Irs- R‘: r'^ : i- 0.01'; 

I; r*I}; 

I ;., 3 i {/• € /?■': for some .v c convex hull jC, P, A'l, r .v|, 

where 

.-1 (II f, 0.0), B (I. 1,0), C = (0,0, 1), 

P = (0, 1,0), a; . (0, .1, J), F -- (0, 2, 0). 

O' (1,0,0). 

fhc core of f (€) is B {(1,1,0)!. When the coalition {2, 3f is no longer 
allowed to block, the core becomes all of the triangle /tBC’ with the exception 
of a small set of points near C. Thus the middleman is worse off at most of 
the points of the new core. Moreover, by letting e >-0 we ean make the 
proportion of the points where the middleman loses go to one. When e ■ 0 
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ihc middleman is never betier off, and he is worse olT at almost all the new 
points. Note, however, that when f * 0, l^'y contains segments which are 
parallel to the r- axis. Note too that none of these games are balanced in the 
sense of Hillera and Bixby [2], and so they could not come from markets 
with concave utility functions. 

Thus, the condition that the game be balanced is crucial to the middleman 
not losing in three-person games. One might still hypothesize that Theorem 1 
would continue to hold for market games with any finite number of players. 
However, the following example indicates that this is not the case. 

Consider the economy with five goods and five people, ,4, B, C, 1), and /f, 
whose utility functions and endowments are as follows; 


('(.v, 

, . .V:, 

. V., , .V 

,) .v,.v». 


or' 

(1.0, 0. 0, 0), 

(■'"(.V, 

, .V.J , V;, 

. .V, , .v 



o>* 

(0, 1.0. 0,0), 


, .\i , .V:, 

, V, , .V 

J ( V, i 

':,) V;, . 

Oj'' 

(0,0, 1. 

0, 0), 

0"(x, 

, .V.J . .V;, 

. -Vj . .V 

.) 


o>" 

(0, 0, 0. 

1,0), 

C'i.v, 

, .V., , V;, 

. . .V 

,) (w, 

v.i)(-v,-, 8), 


(0,0. 0.0. 1). 


With all coalitions allowed, the coalition {-4 B\ can block any allocation 
unless U' I!" I. There are no feasible allocations for which this is 
possible except those in which A and fiend up with all of the goods .c, and .Vo. 
Hence core allocations will be those in which the goods .Vi and .r.j are efficiently 
distributed among A and fl and the goods .v,. .v^, and .Vj are divided among 
(\ n, and /•,' in such a way that no coalition can block the allocation. 

Consider now the coalition {C E\. If C gels the bundle (0, 0. x, 0, I) and 
/•; gets (0,0,1 a, 0.0). (yf a and ffi 8(1 a). If a 1/9 the 
marginal rate of substitution for C of good 5 for good 3 is I/a 9, For F. 
the marginal rate of .substitution between goods 5 and 3 is 8/(1 a) 9, 
and hence this allocation of the goods of C and F is efficient with respect to 
them, fhus among the allocations which 1C. Fl can block are any which 
give (■'' A 1/9 and O' 8(1 a). Similarly {/?, fij can block any 

allocation which gives O, U" a • . 1/9 and U' - 8(1 a). 

Now consider the coalition jC D F',. If C gets (0, 0. 2a, 0, 1/2) and D gets 

(0. 0, 0, 2a, 1,2). E gets (0.0,2 4a. 0). The utilities are = U “ x 

and C- 8(2 - 4a)’^ If a ■ 1/18, (I/2)/2a •. 9/2 while - 

8/(2 4a) ’ 9'2. Thus the allocation is clficient with respect to C and F. 

The same argument shows that it is efficient with respect to D and F. It is 
trivially efficient with respect to C and D as well, and no reallocation among 
the three agents can make all of them better off. Thus this allocation between 
C. D, and F is efficient. Thus any allocation which gives utilities - U’^ ^ 
X -1/18 and = 8(2 - 4a) cannot be blocked by {C D F\. However, if 
X 1/3 the coalition {C Fj (or {O FI) can block since the utility which F 
can be guaranteed while C gets 0'^' ^ a is ~ 8(1 a) - 8(2 4ix). 
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We now claim that at any core allocation, wc must have t/''- 16/3. 

To sec this, note that if - j8, then {C D L\ can achieve - (/“ 

(16 j8)/32 ^ i\ via the allocation given above, with >\ ^ 16 /3/32. But 
if jS ■- 16/3, this allocation is blocked by either {C E\ or {D E}, since in 
either E can get 8(1 n) 8 8(16 i3)/32 4 ] ^/4 /J, while the 

other member gets n, and it is then possible to redistribute so as to make both 
members strictly better off. 

Now suppose we restrict blocking to only those coalitions containing E. 
Consider the allocation and associated utilities below: 


.v' 

(0, 0, 0, 0, 0), 

(/-' - 

= 0, 

.v" 

((), 0. 0 , 0, 0). 

V'> 

0. 

.x*' 

(1, 0 , H : f,0, J), 

LE' 

1 

.x-'^ 

(0, 1,0, ;■ 1 e. J), 

U‘> 

1 

.x' 

(0,0,1, f, i c.O). 

U‘- - 

1II 
II 


We will ihow that for suitably small 6 , this allocation is in the core as defined 
above of the corresponding game V. 

The coalitions j.l E\, E\, and {A R E\ clearly cannot block this alloca¬ 

tion. The coalitions /:1- and \l) E\ cannot block since these coalitions 
cannot give C or D utility greater than I. The coalition {C /) E] similarly 
cannot block since they cannot simultaneously guarantee C and D utility 
greater than 1/2. Wc will now examine the marginal rates ofsubstitution of C, 
D, and E to show that this distribution is efficient among them. MRS-]-,, is 
(3/2)/(2/3 : e) ■ 9/4, while 8/(2/3 - 2£) - 12. 'Ihus this allo¬ 

cation is efficient with respect to Cand E. Similarly it is cITicicnt with respect 
to D and A'and trivially so with respect to 6 'and D. Further, no reallocation 
between the three agents dominates this allocation. Adding A and B to 
{C D E\ cannot yield a blocking coalition cither. The only coalitions left 
to examine are those which contain Cor P (but not both), E. and A and/or B. 

Consider the coalition {A C El. Can this coalition block? It will be enough 
to show that with their combined resources C and E cannot both improve 
upon their utilities in the proposed allocation. Consider the distribution 
v*^' (1,0, (v/2, 0, I), .v'^ -=(0,0,1 - cic/2, 0, 0). This gives IE' n and 

U'-- 8(1 -- .v/2). If rv . ■ 2/5, 2/(«/2) - l/.v • 5/2 and 

8(1 - r»/2) ■ 5/2, hence the distribution is cHicient between them. In the 

proposed allocation we have U^- 16/3 16e . • 8[1 (I • 

8(1/2 .T'4€) for 0 ; 2/15. Hence even with /I’s endowment, C and E 

cannot both improve upon the utilities in the proposed allocation. Clearly 
adding B to the coalition {/I, C, E] will not change this. Also it is clear that 
the same argument shows that the coalitions {B, /), A; and {A, B, D, E] cannot 
block the proposed allocation. 
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I hus the proposed allocation is in the core if only coalitions containing 
tire allowed to block. Yet this allocation is clearly worse for E than any 
previous core allocation (when all coalitions were allowed to block). In fact, 
his ininimal utility over core allocations has gone down from 16/3 to 
16/3 10(4/30) 3.2. 

The preferences in this e.xample are not strictly monolonie, as was assumed 
in Theorem 1. However, it is possible to modify the example so that this 
condition holds and yet there are still core allocations when E is a middleman 
which are worse for him than any point in the core of the original game. 
Specifically, consider modifying the above example by adding a term r(Exj) 
to eaeh player's utility function, which then becomes strictly monotone for 
all r 0. Wo show that for r sufliciently small, there arc still core points 
when E is a middleman yielding U''' - 16/3. 

Consider the allocation 


.v-' (S, 0 . 0 , 0 ), 

.v« (h. 8. 0 . 0 , 0 ), 

.v'" (1 28.0,21/30,1), 1/2), 

,Y" (0,1 28,0,21/30,0.1/2), 

.v'^ ( 0 . 0 , 9/30, 9/30. 0). 


Ihis correspond.s to « 1/30 in the example above, except that a small 

amount of .v, and x, has been taken from C and /) and given to /( and B. 
Arguments similar to those used above show that for 0 8 ■ 1/84, this 

allocation yields a utility vector that not only is in the core of the game V' 
with E as a middleman (and the original preference orderings), but also has 
the property that, for all coalitions S ,/= JV, it lies outside k'j-. Note that 
E' • ■ 16/3 at any such point. 

Now, if we consider the games k'(r) and C'(r) obtained by adding rZ'x; 
to each player's utility function, it is clear that for any point in 
(resp., Tyl'')) there is some point hg k/y (resp., k'^) with u,' < Wj -i r I S' |, 
/cS. Now consider sequences {k(rit)j and {k"(r<)), and let M^GCore V(rt), 
(/*. - »■ I/. Then it is simple to show that u g core K, so that for any e > 0 
there exists K such that core k'(r,.) is contained in an e neighborhood of core V 
for k ' K. This in turn means that for any «, the minimum of on the core 
of l is at least 16/3 — e for all k large enough. If we can now show that for 
large enough k there are points in the core of k"(rj,) which are arbitrarily 
close to the utility image of the allocation given above, we are done. To show 
this, take the utility image ii of this allocation, and note that for k large 
enough (r*. small enough), ii is not blocked by any S ■/- N, since K^(rt) is 
within an e-ball of . Now consider any Pareto optimal point ii^ in V’(r^) 
with u j/ 11 ^. (Such a point must exist since U‘[x) £ U'{x) -)■ rZxj for any 
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.V ( vj .Vj), with strict inequnlity if .v / 0.) Since is within an 

«-baII of f'v , this sequence converges to u. and since «/.. is unblocked in 
we arc done. 

It is worth noting, however, that although core y\r/,.) contains points 
strictly worse for £ than any in core Kt/-*), in contrast to the situation with V 
and f " it also contains points which are better for him than any in core K(r,,). 
This is, in fact, generally true with strict monotonicity. 

Thi orfm 2. Comidcr an economy where, for some trailer i with strictly 
monotonic preferences, the initial enilowment is not Pareto optimal for 
S N ^ {i]. Then restriction of block ing to coalitions containing i must result 
in the aililition of points to the core which i strictly prefers to any point in the 
core with unrestricted coalition formation. 

Proof. Consider a core allocation in the unrestricted game which gives 
the central trader utility ii' which is at least as high as any other core allocation 
At least one trader j / i must have utility strictly higher than his initial 
endowment yields because u> is not Pareto optimal for N ~ {/J. Now consider 
a Pareto ellicient allocation which gives i the maximal utility possible subject 
to the condition that the noncentral traders’ utilities at least as big as their 
initial endowment utilities. Compactness of the feasible set and continuity 
of the utility functions guarantee that there is such an allocation and strict 
monotonicity implies that it yields u* : ■ u‘. By construction, no coalition 
containing / can block this allocation: hence it is in the core when i is a 
middleman. 

These examples of disadvantageous middlemen arc reminiscient of the 
examples of disadvantageous monopolies or syndicates (see. e.g., [I]), 
although the phenomena do differ somewhat. Exploring the nature of the 
relationships between these two phenomena and, more generally, the 
monotonicity of the core would seem to be an important but diflicull open 
problem. In any case, the rather surprising (to us, at least) nature of our 
results here would seem to indicate the value of further explorations of the 
communications graph approach. 
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1. While the concept of Pareto Optimality forms the basis for much of 
modern Welfare I'xonomics, it has long been recognized that, alone, it is an 
insullieienl criterion for social choice. The basic reason is that the set of 
Pareto Optimal allocations is simply too large. I'olcy [2] has attempted to 
narrow the set of allocations to be considered through the introduction of 
the additional concept of equity. Loosely, an allocation is equitable if each 
individual prefers his bundle to that received by any other individual. The 
impo.sition of such a condition is undoubtedly appealing and, though 
dillicult to extend to cases of production and non-tradeable attributes, has 
generated substantial attention for problems of distributing a fixed bundle of 
goods. 

Now, an equitable allocation need not be Pareto Optimal. For example, 
if individuals differ in their tastes, then the mere equal division of the total 
endowment will generally fail to be cRicient. Consequently, various authors 
have investigated the existence of allocations which are both equitable and 
cilieient (e.g., Kolm [3] and Varian [7]). 

Feldman and Kirman [1] have indicated some potential problems with the 
joint use of equity and elllciency. Specifically, they have offered an example 
of a 2-pcrson, 2-good exchange economy where an equitable endowment 
leads to a non-cquitablc competitive equilibrium. We shall show below 
(Theorem I) that this result can be substantially strengthened. With great 
generality there will exist an equitable allocation in such economies which is 
neither ellicient nor dominated (in the Pareto sense) by any equitable alloca¬ 
tion. Consequently, mutually profitable trade from this endowment (in¬ 
cluding all fair net trades (see Schmeidler and Vind [5])) will result in an 
inequitable allocation. Further, with greater generality, there is an in- 


* This research has been supported by Grant SOC73-05649A03 from the National 
Science Foundation to the University of California, Berkeley, administered by the Center 
for Research in Management Science. 
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equitable allocation which is always Pareto dominated by some inequitable 
allocation. 

After stating these results, their implications for the fairness concept are 
discussed. The main suggestion is that the concern for both equity and effi¬ 
ciency may be incompatible. 

2. A 2-person, 2-good economy (henceforth simply an economy) is a tuple 
c (vf, t/) such that’; 

(i) 0^-rw =(u',,ug 

(ii) U - {U', where, for each individual /, U‘ is a function from 

to the reals. (1) 

Intuitively, u indicates the total amounts of the two goods available and U* 
is individual /’s ordinal utility function. 

For each /, let X' {x^ E^'^\ x it ) and let X - f.v e X^ x X- 1 for each 
good,./ I, 2 I Xj* u;}. An element .v 6 X is called an allocation. 

Given c, the set of Pareto efficient allocations is denoted by P(e), i.c., 

P(e) {,v < A'j Vv e T, s.t. y /- x, U‘{y*) r - U'{x^) for / = 1, 2 implies 
t."(.v') U'(y‘) for / I, 2}. An allocation .v is called cc/tiilable iff U'{x') >- 
(/'(•v') for all /, A I, 2, / ■/■ k. If .v is both Pareto optimal and equitable, 
then it is called/n/r (sec Varian [7]). F(c) will denote the set of all fair alloca¬ 
tions for the economy e. Also, let ib - (ii’/2. u’/2), i.e., the equal division 
allocation. 

An economy c will be called an A-type economy if the following are true: 

(i) V/ I, 2, U' is continuous, strictly monotonic and strictly quasi- 
concave. 

(ii) V/, y/and V.v e int X\ SV'lbx,‘ exists and is continuous, (2) 

(iii) V.v P(c) with .v' / 0 or if. i 1,2, .v r int X. 

We have the following generalisation of the Feldman and Kirman example; 

TIii.tjRi M I. /.ct c (if, IJ) he any A-lype economy. If w i.s not the unique 
fair allocation, then there exist.'! an equitable allocation x XIF{e) with no 
equitable y c X, y /- .v such that (UHy^). UH y^) ■- (U'(x^). U%x^)). 

Thus, if such an equitable and inefficient .v is the endowment point, then 
any mutually advantageous trade must lead to an inequitable outcome. This 
suggests a conflict between the desire for mutual gain and that for equity. 

A similar result which is true for every /4-type economy is; 

‘ For X, ,v E‘, V ■ i' iff X; ■ Xi, j - I, 2; x ■ .v iff x, ■ , / 1,2, and x, - Xj 

for some arid x y iff a-, ■ y,j ^ I, 2. For sets A and B. the notation A'B defines the 
set of elements of A which are not members of B. 


642/19/1-15 
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Thlorim 2. Let c Iw, L ) he any A-lype economy. Then there exists an 
eciiniahle X ~ \' ami an inequitahte y ( X such that U‘{y') (j‘\x‘)for i 1,2. 

I'hi.- proofs of 'I'hcoreins I and 2 are presenicd in the appendix. 

I'he above results can be interpreted as follows: Let us suppose that, given 
an economy c, we wish to select a subset M C. X n't being those allocations 
which are socially desirable in some sense. Such an M can be viewed as the 
maximal elements of some StKial Preference Relation (SPR), Ji,. , on the 
elements of A' (where xK,.y means that .v is at least as socially desirable as y). 
Ni)w if one is to be concerned with both efficiency and equity, then it is 
reasonable to require that the SPR reflect the Pareto ranking and some 
equitable ranking of the allocations. A simple consequence of Theorem 2 is 
that no SPR can adequately reflect both efliciency and equity considerations 
(see Theorem 3). 

To mtike the above precise, given an economy e and some SPR, /?,, . let 
P, and /,. denote the strict preference and indifference relations generated by 
P,. The Pareto SPR, R,'', is defined by xR^'y iff 6"(.v‘) U'(y'), i 1,2 and 

the equitable SPR, R/, by iff .v is equitable and y is not. An SPR, , 

is called I’arelo iiuTusire'^ iff xR,''y implies xR,,y and xP,'‘y implies xP,}'. 
Similarly. R, is called etpiitahle inclu.sive ilf xR/y implies xRi.y and xP/y 
implies .vP,y. 

Tiif-ori m 3. i.et c he any A-type economy, then there exist.i no SPR whieh 
is both Pareto inclusive am/ equitable inclu.m e. 

Proof. By Theorem 2 3.v, y f Af with .v equitable, y not equitable and 
yP/'x. But also, xP/y. If R^ is to be both Pareto and equitable inclusive then 
.YP,.y and yP,.x. A contradiction. Q.E.D. 

Now an SPR that is both Pareto and equitable inclusive reflects strong 
concerns for both efliciency and equity. Theorem 3 means that these are 
simultaneously incompatible. Thus, to arrive at an SPR which reflects con¬ 
cerns for equity and the Pareto ranking, we .shall need a weaker criterion 
than “inclusivcness”. 

We shall next show that it is possible to find such an SPR whose maximal 
elements are exactly the fair allocations (Theorem 4). 

Consider the SPR, R' , defined by .vR’y iff either xR,'y or xR,^y. Two 
pi opcrties of R'^ arc of interc.st. Firstly, R, is still concerned with efliciency and 
equity, though very weakly. For example, it is possible that xPe’'y and yet 
-v/,'y. Secondly, /?' involves no additional considerations apart from effi¬ 
ciency and equity, because if .y and y are incomparable under both R/ and 
R/. they remain incomparable under R',. Now, generally, F{e) will not 

® This is similar to the definition of a pareto inclusive collective choice rule by Sen 
16. p. 30], 
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contain all the maximal elements under /?'However, detine R". as the 
transitive extension of , i.e., xRly ilT there is a positi\e integer n and a 
sequence .y(/), / 1, 2,.... n with ,y(/)c X, V/, .v(l) ^ .v, .v(/i) - y and .\(l) 

1), 1 < / /7 I. Then the set of Fair allocations, F(c') will be 

exactly the maximal elements oT-V under R" . 

Let us denote the set of maximal elements of X under any relation R, by 
M(R, , ,V) !.v I- ,V : Vi- c X. if then A.R,yJ. 

Tnioiti.M 4. (jifcn any A-type economy, r(c) M(R“. , X). 

(The proof is contained in the appendix.) 

Therefore, /■'{(•) ean be seleefcd using only considerations of equity, efli- 
cieney and transitivity. 

Now, given c, for .S' C X, let 

M(R", S) i.v irS ] '^y t. S, yR“x implies xR','.y\. 

We ean then regard R". as generating a soeial choice function, which selects 
\f(R" , .S') from any S C X. As a consequence of theorem 1, this social choice 
function will not generally satisfy the independence of irrelevant alternatives 
condition of Nash [4]. 

■ftiEORFM .S. /.ct c he any A-type economy. If tl- is not the nnic/iie fair 
allocation, then 3.S’ C /V such that F(e) C S and M(R ", S') / F{e). 

Froof. From theorem I, there is an equitable .v e XIF(e) with no equitable 
y f- .V, F z v. such that {U^y^h UHy^)) ■■ (U‘(x'), U%x^)). Let S F{e) u 
{.vl. (t is easy to verify that W(A" .S’) S. Q.R.D. 

Thus, if one believes that independence is important, then additional 
considerations apart from elliciency, equity and transitivity must be in¬ 
corporated into the SPR to arrive at F{e) as its maximal elements over X. 
However, even with additional considerations, if one should require the SPR 
to select exactly the fair allocations from every subset of X, then independence 
will not be .satisfied.'' Specifically, for a given e and S C ,L, let 

/'•'■(e) {.Y £ .S' \ X is equitable and Vve S', >■ / .y, if (3‘(.i'‘) U^{x'). i - 1, 2, 

then L’(y‘) - U’{x‘), i I. 2], 

denote the .set of fair allocations in .S. Then, from the proof of theorem 5, it is 
clear that there is an S’ C X such that F(e) C .S and T"‘(e) / /’(e). 

■’ For example, if .< is the equitable allocation in the statement of theorem 1, then x is a 
maximum element under /?'. 

‘This requirement is not met by the social choice function i.e., there arc 

S r X where , S) is not the set of fair allocations in S. 



214 


nOl.DMAS AM) Sl’SSANtiKARN 


ApI'I.NDIX 

First, uivcn an economy c, let /;(e) denote the set of'all equitable alloca¬ 
tions, Hel'ore giving the proofs of theorems i. 2, and 4, wc establish three 
lemmtis. 

Li,m\ia I. /.('/ (• hi' any A-type I'cniumiy, then both E{c) and F{c) are non¬ 
empty and closed. 

Proa/'. Thill Fie) / ■ follows from Varian [7, theorem 2.3], As F(e) D 

/’(e). Lie) . I 'or ; 1,2, by the continuity of U', N' {.v c- X \ f/'(.v‘) ■ 

V'i.\' ), k ‘ t'l is closed. Hence. F(e) TV* ri is clo.scd. P(e) is closed by 
Varian |7, corollary to theorem 2.4]. Hence, Fie) = Fie) n P(e) is also 
closed. Q.F.I). 

l.i.MMA 2. /.et e (if, O) he any A-lype economy. If w is not the unique 
fair allocution, then l/t;{l,2| and .\-> Fie)/He) with U’i.K^) -• U'(v‘), Vre 
Lie). 

Proof. I 'rom lemma I and strict quasi-concavity of the (/‘’s, 3.v, y 6 /'(e) 
with V.v i:/'(e>, .Y / .V. and U'Hy^) ■ U%x^),'i.\ e Fie), 

•Y ■ y. If u' is not the unique fair allocation, then either .v w or y / w. 
W.l.o.g.. let .V ■' ft’. Note first that x‘ I- w* and x‘ >. w‘, I ~ \, 2, otherwise, 
by strict monotonicity, either U'i.x'^) ■' U^.x-) or UH-x^) Ll%x'), contra¬ 
dicting v ' Fie). 

rho proof now proceeds by construction. There are two cases. 

Cn.sv(i) L%\-) i^Hx'). 

(’learly. there is some small number e ■ 0 such that (/-(.x- --- e) > U- 
(,\' ■ <), where e (c, e). From (2Kiii), such an e can be chosen so that 
.Y (.v‘ f, .V- e) X. I hcn. from strict monotonicity and the fact that 
U'i.x') (''(.Y-), we have (/‘(.y*) - U'(.x-). Therefore .y is equitable and 
clearly, as f ''(.y‘) ■ T''(.v'), it follows from the construction of .v that .x $ F(e). 

O/.vcfii) {''-(.Y-) U\x^). 

For this case, first note that; 

( 3 ) 

otherwise, if T'H-v^) v"). then, as .v^ x^, by strict quasi-concavity 

{.'((.y‘ x^Yjl) . V‘ix‘), i 1, 2, contradicting .Y e/’(e). 

Now. w.l.o.g. let .V,' ' K'/ and jf,* < xbf. This implies that: 

.v,‘ ' .Yi^ and .V.J* < x.f. 


(4) 
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Let Z be the set of all unit vectors in For / 1, 2, r e Z and x‘ e int. X‘, 

let be the directional derivative of U' at jc' in the direction z. From 

(2)(ii), these exist, and D^\x*) = VU‘(x*) • z, where VU*ix') is the gradient 
of U' at Also, from (2) and the construction of x, there exists a unique 
z c Z with T] ■ 0 and z^ < 0, and: 

0 (See diagram I.) (5) 



NexI, consider D.%k^). From (4), (5) and strict quasi-concavity, D,%x^) -z 
0. Thus > 0 such that Vr c Z with | z - • n | < e; 

Vt/2(.x') r < Vt/*(.x''X-») (6) 

Choose such a v such that i>/(.x‘) 0. Then, from (3), ( 6 ) and the facts 

that U\x^) C“(.x') and x e int. X, there exists aS > 0 such that; 

(i) .V (x^ -1 Sc, .x^ - Sr) F X, 

(ii) - C‘(x'), 

(iii) i/‘(.v*) 

(iv) CX-v') ^ UW + Sr) < U%K^ - Sr) - U^(x^). 

X is thus the desired equitable allocation. Q.F.D. 

Lemma 3. Ix’t e - (le, U) be an A-type economy with w as the unique fair 
allocation. Then 3x c E{e). x -/ w. 

Proof. -Let y, zc Xbe defined by: 

(i) yi .= (wJ2, 0 ), y^ = (w,/ 2 , jvj), 

(ii) z' = (w’l. W.J2), z^ =■-- (0, W.J2). 
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By strict monotonicity, y'‘) and L’’(r’) ■ As (as 

defined in the proof of Jemma /) is closed, 3A,0 .A ■i, .such that L/’(x^) 

( where .V Ai’ + (l A) r. Clearly, .v r-«j. Thus, if ' U'^(x^), 

then .V is the desired allocation. If ■ t/^v'), then x (.v^, .v^ is the 

desired allocation. Q.F..D. 

We can now eivc the proofs of the theorems. 

I'roof of llicorcni 1 . 

I or / I, 2, let S' {.vc /:(e): U‘(x‘) , Li‘{ y'), Vy o Cfe)!. By lemma 1, 
these are non-empty. By Jemma 2, 3/ r. {I, 2,*, with .S' n F(e) . ■ . W.l.o.g., 
let .S' n F{c) . By continuity, .S' is closed, so 3.ve.S' such that U-{x-) 

Vf' ,S’. It is easy to check that .v is the desired equitable allocation. 

Q.n.D. 


Proof of thforem 2 . 

If u' is not the unique fair allocution, the result follows directly from 
theorem I. so let ti be the unique fair allocation. By Jemma 3, 3 .vg H(e), 
X /■ w. Thus, .V t/ /•(('). Now, by continuity and strict quasi-concavity of the 
U'\, V.vr. Af, 3.VI P(c) with {/'(.v‘) f/’(.v'). Hence, as Hje/'fc) 

with C'(.v‘) and • 6'%v-). Also, from the above, there is an 

allocation y near z such that y c /’(c),y / «’ and U\y') > U‘{x‘), i - 1, 2. 
.V and y arc thus the desired allocations. Q.E.D. 

Proof of iheorem 4. 

First, Vy c F(e), V.v c X x /= y, clearly not xR^y. Thus, F(e) C A-ff/?" , X). 
Next, let xc XfFie). If .v is inequitable, then, for a y e F(e), yP./x, so that 
yR’x(F(e) is non-empty by lemma I). From the above, not xR^y, so 
M{R’, X). Lastly, let .v be equitable. Then /’(e), so 3z e P(e) with zR"x. 
If zcF(e), then not xR^z and so x^ M{Rl,x). If z ^ F{e), then xR/z, so 
xl’z. But 3y G F(c) with yR'^z. Thus, by transitivity, yR^x and so x M 
(R;, X). Thus, M{R:, AT) C F(i'). Q.E.D. 
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In a recent jirticle in this journal [I] Xavier Calsamiglia (C) shows that 
decentralized resource allocation processes which can compute efficient 
production plans in economies with nondecrcasing returns to scale must use 
messages of infinite dimensionality On the other hand, I have proposed in [2] 
a planning procedure for those economies which is informationally decen¬ 
tralized, computes an optimum as seen by a central planning board (hence an 
etlicicnt production plan), and uses a linite-dimensional message space. 

There arc two differences between C’s set up and mine. First the class of 
environments he requires his processes to perform in is wider: the quantity- 
quantity algorithm (q.q.a.) requires the production possibility sets to show 
free disposal. An examination of C’s proof shows that this limitation would 
not affect his result. 

The q.q.a. also requires the C.P.B. to have some a priori estimate of the 
optimal production plan. This might be a requirement which cannot be 
dispensed with without cost; and actually we would be led to this conclusion 
if it were not for more fundamental questions in the economics of the 
problem. 

Indeed, I believe the main difference between the two papers comes from 
conflicting uses of the terms “process” and “message space.” In this note 
I try to throw light on the use of those terms in C's article and to sharpen 
the economic interpretation of his mathematical results. Both papers use the 
standard terminology of their respective traditions, i.e., the “informational 
size” and the planning literatures, hence, the comments made below should 
have a broader significance than explaining the paradox exposed at the 
beginning of this note. 


* This research was conducted while I was at the Laboratoire d'Econometrie de I’Ecole 
Polytechnique and was funded in part by a grant from the CORDES, No. 136-77. Thanks 
are due lo J. Cordoba and J. J. Laffont for helpful comments. 
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1. THt Problem 

C uses a setup first introduced by Hurwicz [3] and refined by Mount and 
Reiter [5], Let be the message space which can be used by each agent; 

riAi is the collective message they send. The allocation process 
is an iteration in such that 

m,2 m”\c% 

where w, - represent the messages sent at the /th iteration and e' is a 

description of the /th agent. In production planning, to which we restrict 
ourselves, e* is the production possibility set of the firm. The privacy require¬ 
ment is expressed by the fact that wj.i depends only on e\ at the exclusion 
of t''. / / /. When the process comes to an equilibrium we have, for some 
in {/n‘j: in' /‘(ini <") for all /. Let be the set of /n c such that 
/‘(nP,..., m',..., m"; c*) - nP; if e (c', c^..., c’‘) describes the production 
possibility of the economy we have i4e) ^ fl" i 's the set of 

w t such that /‘(m; e‘) == ni‘ for all /. The equilibrium messages must 
still be translated into action; this is done through an “outcome function” h 
which associates to m t .a production plan. The allocation process is 
satisfactory if A ^ ^ associates with every e a satisfactory plan. C defines 
satisfactoriness as elliciency. He shows that there exist no finite-dimensional 
,// such that the allocation process (/i, h) is satisfactory. 

It is important to note that the formulation puts a dynamic notion (the 
planning process) into a static framework as we focus only on equilibrium 
messages. In the following paragraphs I pre.sent what I believe to be a correct 
economic interpretation of C’s results, first in a static and then in a dynamic 
framework. 


11. A Static Interpretation 

Let g'(m; e') - f'(/n; e‘) — m‘. We an studying the solutions of 
{ ^‘(in; e*) - 0, i - 1 , 2 ,..., n; h(m) x), where x is efficient and m e 

C shows that there exist no (g'J and/; such that this system of equations has a 
solution for all environments with increasing returns to scale. Economically, 
this translates into the following problem. The g’s represent questions asked 
to the firms; given the wP’s (j -A i) and g’, firm I’s answer, m*, is computed 
only from data internal to the firm. C proves that there is no set of questions 
with manageable answers which can in all environments with increasing 
returns to scale describe at least one efficient point. 

If such a set of questions existed, the interpretation of the equilibrium 
messages would be similar to that of a price equilibrium in Walrasian systems: 
We know it exists but finding it requires a separate analysis. 
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III. Dynamic Analysis 

This leads us to the explicit consideration of the dynamic elements of an 
allocation process. A planning procedure could be described as follows. 
The economy is composed of « f I agents, n firms, and the planning board. 
At stage t, the center asks questions q, to the firms. Firms send an answer r ,, 


= p(9<; c; 

where e represent the characteristics of the firms and m',_i their accumulated 
memory of past questions and answers. 


-- e). 

From those responses the planning agency asks the questions of the next 
stage 

<ii 11 y('“(;«; 'v), 

where u is its utility function and v, its own memory of past questions and 
answers; 

0 - n). 

Quite a few planning algorithms have been built using elaborate compu¬ 
tations and memories (r,) from the center. Much less effort has been devoted 
to the possibility for firms to remember something about past iterations, 
although it could guide them in their choices of answers as they derive a better 
understanding of the center’s utility function and production possibility sets 
of other firms. (Note that this is only a question of interpretation: < 7 , can 
always be made to include all q„ and tg, 0 < t\ the firms could then recom¬ 
pute H’, in the process of formulating r, , without the use of a memory.) 

In this framework there are two interpretations of the Mount and Reiter 
framework: 

(a) There is no center so that f/'" — r*. Each firm lakes the answers of 
other firms as given and computes its response. This is clearly not very 
satisfactory if we are discussing a theory of planning. Other aspects are 
discussed in (b) of which this interpretation is a specific case. 

(b) Define Wj -= (r,, Vt, m',); we have /-m i = - p(y(r, ; r,); <?; iv,), 

L't+i ---- v{vt ; y{rt ; u; Vf); rt; u), and iv,,.i -- ^(w,; y(r, ; u; v,); ; e). It is 

therefore possible to define f, in the sense of C’s framework, from p, y, 
and V. However, /n, is not really a message but a combination of messages 
and memories. 

This remark points to the solution of the paradox exposed at the beginning 
of this note: The planning literature defines the size of messages from the 
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I. Inikouuction 

This paper unifies the Iwo leading classical concepts of equilibrium for 
an economy: Walras equilibrium and Cournot equilibrium. The theory 
provides a fresh setting for the study of competitive markets, and leads to a 
description of economic equilibrium which differs in substance from the one 
offered by modern formal competitive theory (sec, e.g., Debreu [3]). 

Modern formal competitive theory docs not permit free entry, hence the 
number of firms is fixed. Further, it is posited that firms behave in one of 
two ways. In one case, perfect competition is assumed: Firms act as if they 
have no effect on price; they maximize profit taking prices as given. In the 
other case, imperfect competition is assumed: I'irms recognize and act on 
their ability to influence price. In the model we present, price and market 
power arc determined by free entry and (he size of ellicient scale relative to 
demand. Several distinctive features of classical economic analysis occupy a 
centra] role in the development. 

Specifically, we study a model in which the number of firms is determined 
endogenously; firms enter when it is profitable to enter, and the entry of 
firms is a driving force in the explanation of value. The presence of fixed 
costs (more precisely, the fact that the efficient scale of firms is bounded 
away from zero) places a limit on the number of firms which are “active” in 
an equilibrium. When efficient scale is small relative to the size of the market, 
equilibrium "will be characterized by a large number of firms and small 
profits for each firm. In this case, firms will have very little effect on price 
when confined to the range in which they make nonnegative profit. (We do 
not study the case of large efficient scale; however, in that situation, firms 
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may make laryc prolits and their actions may have a substantial effect on 
price. I he rcsultinj! allocations will typically lack the efficiency properties 
associated with perfect competition.) In contrast to modern formal theory, a 
chance in the spccilication of tastes (and;Or technology) will change not only 
the actions of linns present in the market, but typically it will alter as well the 
number of linns in each industry. 

Price taking producer behavior obtains tinly as an idealizatirin; the primi¬ 
tive solution concept employed is Cournot Nash equilibrium with quantity 
choosing firms and entry, l-'irms choose a quantity action given the actions 
of other (inns; they evaluate the profitability of their actions according to 
the demand fiutction of the price-taking (consumer) sector. More precisely, 
prices arc idcntilieil by the condition that consumer excess demand matches 
the tiggregate action of linns. Cournot Nash equilibrium is defmed by the 
Idllowing two eondilions: No firm in the market can increase profit by 
altering production, and no firm absent from the market can enter and 
achieve a positive prolit. 

rhere are a countable infinity of firms of a variety of basic types available: 
however, since cllicient scale is bviunded away from zero, only a finite number 
of them are active in an equilibrium. Since there arc only a finite number of 
active (irms, each firm is signiticam and alfcets price: Thus, isoprofit mani¬ 
folds arc not linear. I'urthcrmore. prolit functions arc not concave. The 
assumption that eilicient scale is bounded away from zero could be defended 
on grounds of realism alone. However, the need for this assumption goes 
deeper, and is in fact dictated by the requirement that the number of firms be 
endogenous and determined by the opportunities for prolit. For ii’production 
becomes increasingly ellieient as output converges to zero, then the size of 
lirms will be indeterminate (arbitrarily small) and the number of firms 
likcwi.se indeterminate (arbitrarily large). N'onconvcx technology and free 
entry arc intimately related. No theory of economic equilibrium which 
requires nonincrcasing returns to scale throughout can provide a satisfactory 
explanation of the number of lirms in a market. 

Now' suppose that efficient scale is very small relative to the size of the 
market. Assume that there arc a countable infinity of firms of a variety of 
types available. Profit functions may not be concave and production sets are 
not convex: this suggests the possible nonexistence of Cournot-Nash equili¬ 
brium w ith entry (see, c.g., Roberts and Sonnenschein [12]). Hut, if an equili¬ 
brium with entry exists, it is highly likely that it will approximate a Walras 
equilibrium of the economy obtained by viewing there to be available, for 
each firm type, a continuum of price taking infinitesimal sized firms. (For¬ 
mally, one replaces the given technology by a cone technology which includes 
all multiples of possible productions and convex combinations of such 
points.) Although generally loosely presented, reasoning to support this 
belief is not uncommon in the partial equilibrium analysis of a single market. 
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The availability ot a continuum of price taking inlinilcsimul sized firms is 
formalized by a horizontal supply curve the height of which is given by 
minimum average cost. The perfectly competitive (Walras) output is deter¬ 
mined by the intersection of that supply curve with the demand curve. 
Cournot-Nash equilibrium output cannot fall short of the perfectly com¬ 
petitive output by more than the cost minimizing output (eilicicnt scale) of a 
single firm; otherwise, there would be entry. Thus, if the scale at which firms 
are most efficient becomes small relative to demand, then the deviation of 
Cournot-Nash output from perfectly competitive equilibrium is small. 
(Similar reasoning is no doubt behind a conjecture of Samiicison [14]. “As 
the size of the market grows relative to the size of the minimum scale at 
which unit costs are at their lowest, the system approaches the perfectly 
competitive equilibrium.") But the above argument is possibly vacuous 
unless one can show that the notion of Cournot Nash equilibrium with 
entry is viable when eflicient scale is small relative to the market. Novshek [10] 
provided the required argument for the case of the partial equilibrium 
analysis of a single market. The c-eniral achievement olThis paper is to extend 
the analysis to the case of general economic equilibrium. We next make the 
preceding argument more explicit. 

Consider an Arrow Debreu private ownership economy /■ which satisfies 
suflicient conditions for the existence of Walras equilibrium with one 
exception: Production sets are not convex. (As a leading case, consider the 
zero vector union a "standard" and strictly convex production possibility 
set which is displaced by a vector (of fixed costs) ir 0( / 0).) If firms arc 
infinitesimal relative to the market, and if a continuum of each type ol lirm 
is available, it is natural to consider the economy in which each lirm is 
replaced by the smallest convex cone which contains the production possi¬ 
bility set of that lirm. The cone so defined is viewed as an industry: and the 
implied industry supply curve is the counterpart of the perleclly elastic 
supply curve of partial equilibrium analysis. (Ownership shares are most 
conveniently translated into industry ownership shares; however, this is not 
essential.) Since rf has convex production sets, Walras equilibrium exists, 
and an equilibrium of is viewed as a Walras equilibrium of in which 
firms both must and do take prices as given. Associated with every equilibrium 
is a measure of firms in each indu.siry. 

Alternatively, for each a (0 a • ’ I), consider the economy r^fx) obtained 
from the original economy r? by replacing each firm T by a sequence ol firms, 
referred to as an industry, each with production set f'('x) xX. When l x 
is an integer, Xfx) is viewed as a representation of Y in per capita terms in an 
economy in which each consumer has been reiilicatcd I /x times. As a becomes 
small, eflicient scale becomes small relative to the size of the market. As 
small becomes infinitesimal, i.e., as « approaches zero, it is natural to think 
of <f(rx) as converging to This is because (in per capita terms) the sum of the 
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pi'ocluclioii sets of each industry in converges to the production set of 
the corresponding industry in 

We prove that it is a generic property of economies that there exists 
X 0 such that Cournot Nash equilibrium with free entry exists in <?’(«) for 
all X X. I he number of firms in the market is determined endogenously. 
I irms xvho choose to produce, typically have positive profit, and all firms 
with positive expected profit adopt pure strategies. Pure strategies are not 
required as a condition for equilibrium, rather they arise as a characteristic 
of equilibrium. Firms are permitted mixed strategies. Marginal firms are 
firms which maximize profit by choosing strategies of the form “produce r 
with probability it and stay out of the market with probability (1 - ir)"; by 
profit maximization, they must make zero expected profit. F'or i .v only 
pure and marginal firm strategies are profit maximizing in the equilibria 
which are exhibited; furthermore, the number of marginal firms is uniformly 
bounded in x. Thus, as x *-0, Ihe proportion of firms which are marginal, 
and the aggregate output of marginal firms (per capita) converge to zero. 
Marginal firms arise naturally in the theory and are a proper analog of the 
entity which hears their name in less formal analysis. Without marginal 
firms. Cournot Nash equilibrium will in general not exist and nonexistence 
will be “robust." 

I he existence theorem requires as one of its hypotheses Ihe presence of 
ii Walras equilibrium for at which no industry can increase profit by 
increasing the scale of its xxperation. From the present point of view, equili¬ 
bria of ^ which fail to have this property are not proper Walras equilibria. 
Without this property, firms of arbitrarily small size will profit from entering 
the industry, and upset equilibrium. Thus, a notion of downward sloping 
demand (OSD) arises naturally as a requirement for Walras equilibrium with 
entry, and equilibria which do mrt satisfy this condition arc artifacts of a 
specification of the competitive model which requires that firms be infinite¬ 
simal. While it is natural to think of these equilibria as failing a “stability 
lest." the considerations involved are in fact more basic. If x is sufficiently 
small, but not zero (i.e., if efficient scale is small, but not infinitesimal), then 
Cournot Nash equilibria of f^'('x) cannot exist close to a point where DSD 
fails. For at any proposed equilibrium of <?'(i\.) near such a point, profits in 
every industry must be nonnegativc. and an inactive firm can make positive 
profit by entering an industry in which profit increases with scale. 

Having settled the problem of existence, it becomes meaningful to inquire 
whether the set of Cournot -Nash equilibria approaches the set of (DSD) 
Walras equilibria as efficient scale (measured per capita) approaches zero. 
Two questions are distinguished. First, whether an arbitrary (DSD) Walras 
equilibrium of ^can be obtained as the limit (as a->0) of a sequence of 
Cournot Nash equilibria, one point in the sequence for each ^(a). Second, 
whether every limit of Cournot-Nash equilibria (as « 0) is a DSD Walras 
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equilibrium of rf. Both questions are answered in the afiirmative. Since the 
Walras equilibria of ff coincide with the Cournot-Nash equilibria of the 
preceding questions might be rephrased as pertaining to the lower and upper 
hemicontinuity of the Cournot-Nash correspondence at the point of in¬ 
finitesimal (per capita) efficient scale. We note here that Cournot's approach 
of replicating firms with a fixed “demand sector" does not lead to prices 
which approach Walras equilibrium prices. With efficient scale bounded 
away from zero and nonnegative profit, prices diverge from those associated 
with efficient scale (competitive prices) as the number of active firms is 
increased. This is because the output of some firms will necessarily approach 
zero, and this will require prices higher than minimum average cost so that 
profits do not become negative. And, of course, equilibrium does not in 
general exist (Roberts and Sonncnschein (12]). For a partial equilibrium 
analysis, see Novshek, [10] and Ruffin [13]. 

Taken together, the existence and convergence results unify the concepts 
of Cournot and Walras equilibrium. For economies in which efficient scale 
is per capita small and entry is free, the assumption of price taking behavior 
(in/) leads to an outcome which approximates the result obtained with 
strategic behavior. Free entry, ab.sent from the current formal analysis of 
perfect competition, is a driving force in the analysis. With free entry, as 
efficient scale becomes small in per capita terms, the dilference between 
Walras equilibrium in / and Cournot equilibrium becomes small. The 
concept of Walras equilibrium is derived from a primitive concept of strategic 
behavior; it is appropriate when the data of the economy indicate small (per 
capita) efficient scale and there is free entry. Finally, only the equilibria of / 
which satisfy DSD are true economic equilibria. Most of this is of course 
very classical; what we offer is an adequate formal setting. 

A word about the way in which “free entry" is to be understood. I here 
are an infinite number of basic technologies, which for simplicity are identical 
in the present model. Once one technology is used, it is no longer available to 
others, but there are always additional (identical) technologies available. 
With little additional complication, wc could have considered a situation in 
which there are an infinite number of distinct basic technologies. Free entry 
would not mean that the technologies remain available to others once 
employed, but would require them to be available when not employed. This 
naturally leads to strictly convex production .sets in /and scarce factor 
rents. 

Novshek's Theorem [10] on the existence of Cournot Nash equilibrium 
with entry in a single market suggested the possibility of the general equili¬ 
brium analysis presented here. That work is surveyed in Appendix I. Prior 
to the completion of our paper, we had access to a manuscript by O. Hart [6]. 
While Hart's analysis does not include the mam concern of this paper-the 
existence of Cournot-Nash equilibrium with entry-he does provide a 
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convergence result which is similar in spirit to our Theorem 3, but lor an 
economy in which firms choose the commodity they will produce from an 
infinite set of possible commodities. We heartily recommend this paper to 
the attention of the reader. Finally, we note that the interplay between 
significant fixed costs, the number of firm.s, and the variety of products 
actually produced, has for many years been a central ingredient of the theory 
of monopolistic competition. For a particularly interesting modern treatment 
in partial equilibrium, we recommend a paper by M. Spence [16]. 

The next section introduces the formal model. This is followed by Section 
111 which presents the theorems and two sections (IV and V) devoted to 
their proof. Section IV is expository and is designed to introduce some of the 
concepts used. It is an important part of our presentation, as the formal 
proof involves an unusually large amount of computation. Remarks and 
conclusions arc contained in Section VI and Section VII. 


II. The Modu. 

The notion of a basic private ownership economy is standard. 

a. An economy (Xj , <w,, , Y ,, 0,,) is; 

(aI) For each consumer i I, 2,.... /«, a consumption set T", C R', an 
initial endowment vector w, «.• /?'. and a preference ordering C Xj x X ,. 
[Whenever we speak of a collection of consumers (A',. oy . ^,) the following 
hypothesis is maintained. Desirability; for any sequence {p'jCJ, {(pi, 
p., ,..., Pi) ' 0; Sp^ 1], if p' ► pr:3i/i, , and if for each / and /, />'(p') is 
>, maximal subject to p' .v, then | 

(a2) for each firm / or k - 1,2,...,/?, a production set YjCR', [we 
maintain the hypothesis that for all j. Oe Yj and the asymptotic cone (sec 
Debreu [3, p. 22]) of Y, contains no vectors with positive coordinates]; 

(a3) for each / and / a nonnegative number O/j which indicates the fraction 
of firm7 owned by individual i. For each /, Xi ^ij 1- 

The economies arc derived from the basic economy by replicating 
the consumer sector (1/a times), viewing production in per capita terms, and 
for each /. positing the availability of a countable infinity of each of the 
y'j of <?! In the economy <?^((0. we speak of the /th industry;® for simplicity, 
ownership shares in f5'arc translated into industry ownership shares in ff(ix). 

b. For any economy = (Af,, <a,, >,•, Yj , Bn) and any number « ^ 0, 
the economy fffiv) ^ (AT,, co ,, '>,■, Vjif'*), is defined by; 

' Prime (') denotes transpose. 

* By industry, we mean the set of firms with identical technology. Several industries 
may use the same inputs to produce the same outputs. 
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(bl) the m consumers are those of (f; 

(b2) for each / ■ n and each positive integer /. 


Y,, t- Yjiin) ) J y) if Yii/ixr Y, : and 


(b3) 6 iji 6,1 for all and /. 

The economy is derived from the basic economy by replacing each 
production set of li’ with the smallest convex cone with vertex at the origin 
which contains it. The economy is interpreted as the limit of as n 
approaches zero, and corresponds to a view in which the actions of firms in 
are infinitesimal in per capita terms. 

c. For any economy 6 - (A',-, , Yj , If,;), the natural limit of is 

the economy ^ -- (X ,-, <«,. f j, f^,) defined by: 

(cl) the HI consumers arc exactly those of 

(c2) for each firmy 1,2...., .</, is the intersection of all closed convex 
cones with vertex at the origin which contain >',; and 
(c3) ownership shares are exactly those of i'.. 


The dclinition of a Walras equilibrium and a Walras allocation for econo¬ 
mies and pure exchange economies is standard. The Walras correspondence 
indicates how equilibrium prices vary with initial endowments in a pure 
exchange economy. 

d. For an economy (A",-.«),■. . T,, If,-,), the triple j’*) tr 

/?,' X nXi X /7Tj is a Walras equilibrium if’ 


(d I) p*'xt - p*'m, I <i I< - 

(d2) Y., Xi Zjyt ' : 

(d3) .V,.Y,*^ implies •/;*'<'>, X/ 

(d4) p*'yj -■■■- P*'yj implies y, f. Y,. 


If (/j*, .V*, r*) is a Walras equilibrium for then (.v*. y*) is called a Walrus 

allocation. . 

An exchange economy rf -. {X ., «.,•. >,) is an economy minus f.rnts and 

profit shares (a2) and (a3) of (a). The pair (p*, x*) eR. y IIX, is a Walras 

equilibrium for rf if 


(d5) p*'x* p*'a>i,i U2 .w; 

(d6) Yx^ I iOi ; and 

(d7) A-, >-,■ xt implies p*'x, p*’<»i ■ 


Kx*' - (xl', an‘i ■*'*' 
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The vector p* is called an equilibrium price and x* is called an equilibriurn 
allocation. For (T,) and (>,) fixed, the iValras correspondence W assigns to 
each vector (a>i, u ).,the equilibrium prices of ^ (X, , w, , ^i). 

As mentioned in the introduction, the study of equilibrium with entry 
dictates the requirement that eHicient scale occur away from zero output. 
Since we are ultimately interested in Cournot-Nash equilibria which approxi¬ 
mate Walras equilibria of it is natural to view efficient scale relative to 
Walras equilibrium prices, p* of Not only is it assumed that efficient scale 
occurs away from zero, but in addition that such efficiency cannot be approxi¬ 
mated in a neighborhood of zero output. For simplicity, we add the require¬ 
ment that efficient scale (relative to p*) is uniquely attained. 

e. Let {p*, X*, >•*) be a Walras equilibrium of if. We say that <5 has efficient 

outputs bounded away from zero relative to p* if for all / e {1, 2. n}: 

(el) (T; n {)': p*'y j 0;)'{0! is a singleton y, Yf (this defines the .scalar 

rj); and 

(e2) for all K, <1 c (0, oo), there exists c > 0, such that p*'yl\\ y ii < — e 
for all r r ( Yj n N,(0. K))\(Ni(yj y* , b) u (Oil, where M,{a. h) is the ball in 
around a with radius A.‘ 

It is generic that no more than / - i industries satisfy (el),® and the re¬ 
maining industries are such that for all prices near p*. all nonzero outputs 
in the cones 9, yield strictly negative profit. Since the equilibria we construct 
for Theorems I and 2 will have prices converging to p*, these remaining 
industries must eventually be entirely inactive, with no profit incentive for 
entry. Without loss of generality, we ignore these remaining industries, and 
assume that the number of industries which must be considered, n, is less 
than /. Of course, the set of industries which must be considered may vary 
as we look at different equilibria of if, but it is a generic property that the 
number of industries which mu.st be considered is less than /. 

Production sets are required to have one of two forms in a neighborhood of 
efficient scale. Kither they are finite polyhedra, or their boundaries are 
smooth manifolds. While we do not require that the manifolds have maximal 
dimension (/ - 1), we consider a formulation which rules out (mixed) cases 


^ In an abuse of notation, we use _Vj to indicate a vector in /?' and a vector in R'” (with 
all components zero except possible Hj - D -I- I. Hj - 1) f 2,... I(J — I) +1). For 
example, in ,v ! {.Vj t Ci). <’i (I 0 0 Of (= /?' is added to .V; c R‘, which is then im¬ 
bedded in R"', and added to .rc R'". 

® l-ct C be the set of closed convex cones in R' with vertex the origin and dimension 
greater than or equal to one, and define the metric rf on C by d(c, , cj) - Me, c\ Ni(Q, 1), 
e, r, jV,(0, I)), where h is the Hausdorff metric. For each c ff Clet Pic) — {pc ' p'y -r 

0 for all . 1 ' e e and p'x 0 for some 0 x e r}. Let (r, , Cj..... r„) t C". Then the property 

that rx Pit-,) = £■, I e / C {I, 2.nl, whenever .> / — I is generic (i.e., the property 

holds on an open dense subset of C"). 
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in which, foi example, inputs can only be combined in fixed proportion but 
yield varying marginal returns. While cases of this type could be included in 
the analysis, their treatment increases notational complexity. 

f. If there exists a cube C with center at yj’/ such that C n )', is a finite 
polyhedron, then Yj is called locally polyhedral, at yj * . 

Let t’e the largest subset of {I, 2,..., /} for which there exists a neigh¬ 
borhood N{y) such that the projection of the set of ctficient productions of 
Yj in N(y) onto the SXy) coordinate subspacc is a singleton. L\Sj{ r) gives 
the co-ordinates in which production is locally variable by the./th firm at .r. If 
there exists a neighborhood l^iyjvf) such that the .set of ctlicient productions 
of Y, in iV(yj>’/) is a smooth manifold of dimension ^lL\Sjiyjyf)) - I, then 
}■, is called smooth at y,yj. (We maintain the hypothesis that 1 1 mjSjtyj r*), 
where the union is taken over j such that f j is smooth at y,.! *.) Yj is 
regular smooth if iy~gj(y,y^) is negative definite where g, gives the first 
coordinate of efficient ptiints in tV(y,>*) as a function of the remaining 
.^(/-\Sj(yj t'*)) - I smoothly variable coordinates." 

A conceptual problem must be addressed prior to the dciiniiion of (.'ournol- 
Nash equilibrium in (5(a). Suppose that several firms assert a quantity action. 
In general, there will be more than one price consistent with their actions; i.c,, 
there may be more than one price which generates a demand that matches 
the aggregate action of firms. To see this, consider the exchange economy ^ 
obtained by distributing the actions of firms in (f(a) according to profit shares 
(and adding these amounts to initial commodity endowments). It is clear 
that each equilibrium price of 6 ' generates in (5'(a)a demand which balances 
the asserted quantity actions of the firms (Rader [II]). Unless one price is 
singled out, it is impossible to evaluate the actions of each linn, and so a 
Cournot Nash game is not well defined. Since our methods demand that 
price varies smoothly with the quantity actions of firms, we develop a ter¬ 
minology to apply to situations in which there exists locally a twice con¬ 
tinuously differentiable selection from an appropriate Walras correspondence, 
-lialasko [2] has demonstrated that the existence of such a selection is generic 
in an appropriate space. 

Prices are expressed relative to the price ot the first commodity; i.e., 
p, 1. We note that in noncompetitive theory the choice of numeraire 
typically affects the profit maximizing action of firms.’ Our formalization 
requires that there is a salient commodity in which all firms measure profit. 


* If (el) holds, OVtyjV*) must be negative semidefinite, 

’ Peter Hammond pointed this fact out to us. Sec, for example, (iaKs/ewicz and Vial 
[5, pp. 398 400]. Aside from the requirement that the numeraire is a commodity which 
is smoothly variable for each firm, the existence theorem remains valid independent of the 
choice of numeraire. This is because there arc only a finiic number of commodities and an 
« which will work for each one of them. 
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};. l.ct p' be an equilibrium price for the exchange economy rC - {X, , w, , 
>,). The pair{/',/)^) isa/i'*^ baxed inverxe demand function if 

(gi) /■ is a selection from the Walras correspondence of the the ex¬ 
change economy ri with I; and 

(g 2 ) /■'is twice continuously differentiable in a neighborhood of 
(fa, . o !.,and has value p* at a>.** 

■| wo notions of equilibrium for an economy are defined. The first 
corresponds to a Cournot Nash equilibrium in mixed (quantity) strategies, 
where payoffs are defined relative to some selection from the appropriate 
Walras correspondence. The second, called Cournot equilibrium, corresponds 
to equilibria of the above type in which optimal mixed strategies are either 
pure quantity strategies (typically indicating positive expected profit) or 
“produce i' with probability w and stay out with probability (I - tr)" (indi¬ 
cating zero expected profit). Kquilibria of the latter form, Cournot equilibria, 
are economically more meaningful and their existence is demonstrated in 
'I heorem I. Despite the fact that arbitrary mixed strategies are available in a 
('ournot equilibrium, opiimbing action leads to only marginal firms and 
pure strategy firms. 

h. Let \ be a positive number. Consider an economy S {X,. u >,. 

>',. (I,,) and the associated economy <i(’x). A Cournot equilibrium in mixed 
strategies for r/( \) is a nonnegative n vector - 7 , with integer components {rjj is 
the number of active firms in industry /), a function p. from {(./, r): j n and 
1 ' Ty,l into the set of probability measure on R' (ydy. t‘)('4) is the probability 
that the cth firm of type / has a production in A C R'), and a p based inverse 
demand function (F\p) for the exchange economy if (X/.oi, . 

(Xr .1 H.W dpij, r))),(if h the exchange economy with endowments 
determined by expected output) such that 

(hi) for all ( /, r) in the domain of p. the support of p(J, r) C K,(x) (i.e., 
all of a firm’s actions must be in its production set); 

(h 2 ) for all (,/. r) in the domain of p, and all probability distributions v 
with support in Yj(i\), 

( Z T'l) -’ rf ^ ' 4 ^) '■ Z -' J,) .Ire ^ dp(v in./t’)y 

■"H'i ’’'’'■I 

" T is a function of endowments ui e /f‘“. To determine prices wc consider exchange 
economics where production has been distributed according to ownership shares. For 
convenience we will write Fir) for F((iui -f where y - (>’J, .r,,..., .lO & /?'" 

is the vector of productions, and ai — (<a,, ..eu„) e R‘" is the vector of original en¬ 

dowments. Throughout the analysis 01 will remain fixed, while y varies. 

‘Rx.e/fi) is the Lebesgue-Stieltjes integral. 
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where /a is the product measure of the ^i(/. /•), (/• - y ,. / /,). and /x(r in 

j, I') is with they, v coordinate replaced by i’ (i.c., each active linn is maxi- 
ini/ing profit); and 

(h3) for all k \ n, and all i' with support in y'd'):), 

’ '.tiii i , ■■ • 0, 

where p, v i> isp with the additional coordinate (the k. j I coordinate) r. 
and ii,., - 1 , = 0 ify / k (i.c.. it is not prolitable for any additional firm 

to enter). The probability measure p on R'" is the Coiirnoi proiliiction for />( \) 
corresponding to the above C ournol equilibrium in mixed strategies if for 
all ‘>-measuruble” A C R'\ p(A) is the ’> probability" that for all y, Z, 

j„,. belongs to the projection of A onto the (/( / 1) ; 1. /( j I) i /) 

coordinates subspacc of R'". The measure p on R'" induces a measure f on 
R' ' by ^{P) ply c R'" : l\y)c {\', .■ P\. The measure f is the Cournot 
price ilixlrihiiiion corresponding to the above Cournot et|uilibrium in mixed 
strategies. 

A Cournot cquiUhrium for /<(.<) is a Cournot equilibrium in mixed strategies 
(/c, T/, (/•’, p)) such that for ally and r, either 

(h4) ;c( /, u) is degenerate, or 

(h5) /i(y, r) is of the form ”0 with probability tt, (tt > (0, I)), y, i }',(.>;) 
with probability (1 tt)". 

Firms of the type de.scribcci in (h5) are referred to as inaryiiuil finn.'i.'" 
Since tt ■ 0, profit maximization implies zero expected profit. 

We now formalize the requirement of liownward sloping demand." The 
economy exhibits downward sloping demand at (/)*■, v*. /•’) it /’’ has the 

property that XyfFly'^ \ Aj*) • 0 for A • 0 , but small; i.e., profit of the 
action decreases (from zero) as A increases from zero, and increases (Irom 
zero) as A decreases from zero. It is convenient at the .same time to introduce 
a measure of the cITcct on the price of commodity r ol a “one unit' increase 
in the use (output) of commodity .v by industry /; for this \vc introduce the 
matrices B, Recall that in the introduction we argued that equilibria of 

A probing question by Kenneth Arrow led us to consider the possibility of marginal 
firms. 

” The DSD condition only applies to the industries which arc "active” in the target 
Walras equilibrium {p*. .v*, y*), i.e., those y such that there exists 0 / such that 

P*'yi “ 0. As noted in the remarks after (c), all other industries arc completely inactive, 
with no incentive for entry, for all prices near p*, and therefore they can be ignored. (It 
is possible that there is a 0 Z y, c ?. such that p*y, - 0 but - 0. In this case, we use 
J'j rather than y'* in the DSD condition.) 

“The definition of B, implicitly assumes that Fis defined for certain points near .v*; 



234 


NOVSHr.K AND SONNENSCHEIN 


A which fail to satisfy OSD cannot be achieved as a hmit of Cournot Nash 
equilibria. 

i. Let ^ (X, , ta, , >,. y ,, 0,j) be given. Assume (p*, x*, y*) is a Walras 

equilibrium of and is a p* based inverse demand funetion for the 

exchange economy 


I'ory f ! 1, 2./)j, let Bi be the / > / matrix 

The economy t exhibits ihwmvanl sloping demand (DSD) at (/>*, .v"*", v*. F) if 
Oforall./.” 

It is now easy to sec why a Cournot equilibrium forii(rt) (n small) cannot 
exist near a Walras equilibrium of ^ at which DSD fails. At any such potential 
Cournot equilibrium, prices p arc near p*, so active firms of type j must have 
actions near and these firms earn nonnegative profit. If an additional 

firm of type./ enters with action j then the new prices are approximately 
p i ayjflj and the entrant earns profit (approximately) ™yj.v*'(p I 
nyjBjj'j*) which is strictly positive if .i t'5j>'; ' • 0. Thus additional entry will 
occur, and no Cournot-Nash equilibrium with entry can exist near the 
Walras equilibrium at which DSD fails.^® 

We give a geometric argument (sec Fig. I) that DSD is satisfied when the 
economy acts as a single consumer. Under the above hypothesis, there is a 
single Walras equilibrium production j*, which is given by maximizing a 
utility function u on the production set (we assume strict quasi-concavity 
of ii). Since exhibits constant returns to scale, p*y* = 0, where p* is the 


lalcr wc will require (hat F is twice continuously ditTercntiabic in a neighborhood of y*. 
Tf in the Walras equilibrium (p*, x*, y*), all consumers do not consume a bundle in the 
interior of their consumption set, then the definition of F(y) for some y neary* may depend 
on a notion of equilibrium in which some consumers are not in their consumption sets. 
Sec remark S for a related discussion. 

” When F is viewed as a function of endowments cu rather than production (i.e., F is 
written in full form F((cu, I- SjSjjy*),) rather than as F(y) -- see footnote 8) then the 
rs entry of Bj is 



This has a natural cost-benefit interpretation. At any Pareto optimum of S which 
does not satisfy DSD, a planner (just as a firm) could buy resources at market prices and 
sell their product at a price which would more than cover cost. As such, they fail a cost- 
benefit test. 

“ This is formalized in Theorem 3. Note that we do not treat the case y*'fl/y* = 0, 
where higher order terms must be considered. Similarly, Theorem 3 shows (weak) DSD 
must hold (i.e., y*'B,y^ < 0). 
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equilibrium price vector. If the measure of firms changes, then output also 
changes to y* -■ Ay, and so prices must change to F(,t’* I Ay) in order that 
this new amount will be demanded. (Both the ca.se of more firms and less 
firms are considered simultancou.sly in the diagram.) Clearly F(y* f Ay)Ay 
■;0 for all Ay, and this is the finitistic equivalent of DSD. Also, the 
geometry is inessential as /-'(y* -fidyl^ys 0 follows directly from the 
weak axiom of revealed preference. In fact, it is clear that DSD will be 
satisfied if the Walras corre.spondcncc satisfies the weak axiom of revealed 
preference locally and in certain directions. 



Several nondegeneracy conditions are necessary to the analysis. Appendix 11 
establishes the genericity of these assumptions in an appropriate space. 


i. Let ^ - (A', OJ be given, and let (/>*, .x\y*) be a Walras 

equilibrium of <f. Suppose that (/■', p*) is a /; '* based inverse demand funcUorr 

for the exchange economy <?(>•*) ■ (.V,, <», ; "Ej J ^ 

j y is either locally polyhedral or regular smooth at y,y;. II is loca ly 
polyhedral at y. yf define 6', to be the / / matrix of zeros. If f ,• is regular 

smooth at Yjyf, then is the 1 d-mensmnal 

subspace of R‘ corresponding to the components other than one which ar 
smoothly variable along the etlicient production surface of 1, near y,y sec 
(0). Let g, be as in (f)) (i.e., g; gives the values ol the first component of 
efficient points as a function of the other smoothly variable 
<5 • ={Z)Wyiy*))-^ (which is negative definite) and f, / (the identity 
matrix) for Let Gj and P, be the corresponding matrices 

(filled out with zeros) for the full dimensional sP^ce 
Also define p - - ptn ; P (Z'zf’® v Vfo* x* ‘v* F) 

The economy ^satisfies the condition AZ) (nondegeneracy) at (p ,x,y,F) 

provided: 
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' I‘> P].- 


Vi 


U /> 1 

0 I J 


I fO P]f- 

[() J J 


y,, 


B, B, - B,: 
B, B,- B,, 


W. 


liofs not hiive eigenvalue I (G, and B, arc / ■, /. / is (/ I) ;, (/ - I)). 

02 ) 


[o ';]<■ . 


yi 


0 


■.c! 




« il • U 


B, B, - B„ 
iiv B, B„ 


Iriy In 

HJinu) 


does not have eigenvalue -I, for a sequence of integers m, ■ * oo. (Only one 
m value is used in (he proof, but its magnitude must be greater than in, 
where m is determined by the data of the economy.) 

(j3) 


Xi ' 




0 




yaJ’a 


1 o 

[B, Ih • 

" {I -r //|!n< .(n 

• 



ri \r 


0 





_ 

y^ynj 


has rank n. 


111. Theorems 

Theorem 1 is the main result of this paper. For sulficiently small ct, we 
prove the existence of Cournot equilibrium with free entry. The number of 
firms in the market is determined endogenously. Firms who choose to 
produce typically have positive profit, and all firms with positive expected 
profit adopt pure strategies. The number of marginal firms is uniformly 
bounded. 

Theorem 1. Let 6 ^- (X, , ca, , >,, T, , 0„) be given. Assume that Shas 
a Walras equilibrium (p*. y*), and that there exists a p* based inverse 
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demand function {F,p*) [for the exchange economy (A',. tu, ; 

L; ^uy*-: ^i)]. which exhibits downward sloping demand at {p*, v*, _)»*, /'). 
Assume d has efficient outputs bounded away from zero relative to p*, and for 
all j, Yj is either locally polyhedral or regular smooth at Vj K*. Assume in 
addition that the nondegeneracy conditions hfP are satisfied. Then, there 
exists ix 0 such that for all <x ■ ' there is a Cournot equilibrium for the 
economy <?(«). 

Theorem 2 is a corollary to the proof of I heorem I. It establishes that an 
arbitrary (DSD) Walras equilibrium of <fcan be obtained as the limit (as 
iv —>• 0) of a sequence of Cournot equilibria, one point in the sequence for 
each «?(«). Furthermore, there exists a fixed number N such that these equi¬ 
libria may be chosen so that for all a ■ the number of marginal firms is 
less than N. It follows that as x approaches zero, the maximum of the sum of 
the outputs of the marginal firms in each industry becomes arbitrarily small 
(in euclidean norm) relative to the sum of the outputs of all firms in that 
industry. 

1 his is important from a descriptive point of view because we do not want 
existence to rely very much on the presence of firms who move in and out of 
the market. No such firms are ncce.ssary in the limit economy if'. This leads 
us to the notion of a proper sequence of Cournot -Nash equilibria. A sequence 
of Cournot equilibria in mixed strategies, one for each dfa,,.). is called proper 
if the product of n,, and the number of active firms that use zero with positive 
probability, converges to zero. This formalizes the requirement that the linns 
which use zero with positive probability become a negligible part of the 
economy. Theorem 2 establishes that when the conditions of Theorem I are 
satisfied, there exists a proper sequence of Cournot Nash equilibria which 
converge to the Walras equilibrium (p*. .v', 

Theorem 2. Ixa the conditions of Theorem I be satisfied. Then there exists 
p from (0, I] to the .set of probability measures on R''‘ with the following 
propertv: There e.xists S, , S.,. x G (0, oo) and an integer N such that for ail 
fx o, p{'x) is the Cournot production associated with .some Cournot equili¬ 
brium (p(x), x), (T’fo!), p(x))) of if {(x), and 

(2.1) the number of marginal firms is le.ss than N\ 

(2.2) !’.»’* — ' '' 

(2.3) /VfaA-;,esupporte(n.) \\p -P.< ^ where ^ ((.x) ^ is ^ the Cournot 

price distribution corresponding to (Ffx), ;>(«)), and p - {p-l, p ^, Pi ). 

Theorenv 3 establishes upper hemicontinuity of the Cournot equilibrium 
correspondence at tx — 0; Any proper sequence of Cournot equilibria with 
mixed strategies, one for each «*(«/- -»-0), for which expected output con¬ 
verges, converges to a DSD Walras equilibrium of (which is a Cournot 


643/19/2-2 



238 


NOVSHKK AND SONNENSCHEIN 


equilibrium of li(0)). This makes precise the sense in which DSD is a necessary 
condition for Cournot equilibrium. Any Walras equilibrium of that docs 
not satisfy DSD is. in the present interpretation, an artifact of the infinitesimal 
specification. Globa! analogs of (el) and (e2) are introduced and guarantee 
that efficient outputs are bounded away from zero at all relevant prices. 

(el') For all /'. if / f the interior of Q is such that t'y - 0 for all y c- Y,- 
then there is at most one 0 A y(t) c Y, such that t'y(t) = 0. 

(e2') For all 7 , with / and v(/) as in (el'), given A, S c (0. X)), there 
exists t 0 such that for all s e N(t. c). 

[(y r y ,' ,v' 7 - . Oi n MO. /C)] C [jOi u N{y{t\8 )]. 

(e3') The cones V,, i' ,..... f „, —12 are positively semi-independent 
(see Debreu [3, p. 22]), and for each /, 0 i.s an exposed point of (i.e., there 
exists a hyperplane of support H to ’f -, through 0 for which H niY, {0]; see 
Valentine [17. p. 52]). 

Thkorfm 3. Let (A',- . oj,- , >, . F,, d,,) he given. Suppose that the 
y, , }'«..... Y„ .satisfy (el'). (e2'), and (e3') and that there exist: 

(i) F : I] X R''^, a scleetion from the Walras corre.spondenee 

for e.xchange economies with X ,, fi.xed: 

(ii) a sequence (fXfr)*;,! of strictly po.sitive reals: and 

(iii) a function p from , 'Xo . .x.,,...] to the set of probability measures 

on R'”. .such that 

(iv) .\n —»• 0 as k cc, 

(v) for all A, p(ix;,) is the Cournot production associated with some 

Cournot equilibrium in mixed strategies (/a(«j.), [F,p{ct^)) of <f(«i.); and 

(vi) there exists >■* e /?'" .such that /(>’, dpiocif) -»■ j’* as k —* « 3 .’“ Then 

(3.1) for all e - 0. lini^^.^ p{<sfi{N(y*, t)] ^ I. 

Turthermore. if F is continuous at >’*, and wr let denote the Cournot price 
distribution corre.sponding to (pin^), F). 

(3.2) there e.xi.sts pe R‘ ^ .such that for all e ' ■ 0. limt..,^ t)} - 

1 ; and 

(3.3) there exists .v* e. R'"' .such that ((1, p), .x*. y*), is a Walras equili¬ 
brium of if. 

Finally, if the sequence of Cournot equilibria in mixed strategies is proper, if 

'* The set of aggregate actions which are feasible is bounded, so there is always a sub¬ 
sequence for which Hr, dpt-xj) converges. 
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F is twU e continuously differentiable in a neighborhood of [more precisely 
in a neighborhood of {to, I Y., and if Bj is defined as in (i) for each 

J = 1,2. n, then 

(3.4) yt'BiVj 0 for each j 1,2 . n. 


IV. Inirudl(vik>n fo THr Prikh- of Thkiri m 1 

The purpose of this section is to develop sonic of the concepts used in the 
proof of Theorem I, in particular “backward mappings.” Our framework is 
partial equilibrium: a single market with tZ-shaped average cost curve firms 
and downward sloping demand. The reader will profit from turning first to 
Appendix 1, where that framework is explicitly introduced. Let r" be the 
competitive industry output, .vyj* be the “competitive output" for a firm of 
size n, and EIS {a) be the largest y for which a firm of size iv has a nonzero 
optimal response (it can be shown that for t suflicicntly small, the nonzero 
respon.se is unique, call it Her)). The following “residual demand" diagram 
(Fig. 2) is standard; the average cost function .4C,' and demand function F 
are drawn relative to the action v* -- 'vyv* other linns. We note; 

(1) The profit maximizing response of a single firm is less than vyi '• and 
profit is strictly positive. 



Fio. 2. / 1 C „' is the average cost curve positioned with respect lo residual demand when 

the output of other firms is .v* — ^y.r*. is the average cost curve positioned with 
respect to residual demand when the output of other firms is F-iSint), (Note that \K con¬ 
verges to zero as s. converges to zero. However, in this diagram ly* <A, y*] is inde¬ 
pendent of a and F varies with «. because the horizontal axis is relabeled as \ varies. K is 
chosen so that all relevant outputs lie in a ball around j * with radius \K. In partial equilib¬ 
rium, any K . yy* will work.) 
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(2) As the origin of the average cost function (equal to the aggregate 
action of other firms) moves to the right, maximum profit declines, and at 
aggregate output of others, EIS{ix), maximum profit is zero and is achieved at 
both zero output and output >’(a). 

(3) Uy adopting the convention that xK is a fixed distance on the horizontal 

axis, the shape of remains fixed in our diagram as x varies. For a sufli- 
cicntly small. - (j'*' --■vx,r‘*')]/rx and l<\yy* y(ix)]lfx are non- 

negative and converge to zero, since F becomes flatter in the diagram with 
standard unit 

I he backward map h{y, v)[A(.i', 'v) ^ >■] indicates what the output of other 
firms in the industry must have been for the nonzero action of one maxi¬ 
mizing firm to be r b(y, .»), yielding aggregate output v. For -x small, and 

I'c EIS{\) ■ .v('v)l, it can be shown that b{y, \) is a well-defined 

continuous function. For integers N, define the intervals 6(n:, N) {y ■- H 
(.1' h(y, \)\ y (. [i:iS(<\), ElSi'x) ■ r( x)Jl, and note that B{'t, N | 1) is 
left of fl(a, /V); however, they may intersect. 

If 0 i- fi( V. /V) for some N. then there exists y e [EfS{i\), EIS(<\) i .v('v)] 
with r /\l{y - b( y. \)) 0. so there is a symmetric N firm equilibrium 

with aggregate output y, each operating firm acting optimally and earning 

nonnegative profit, and no incentive for entry (since 0 is an optimal response 
to .!• ElSi^x)). 

If On' B( \. N ] for all /V. we must introduce the backward mapping for a 
marginal firm. First note that a marginal firm is also profit maximizing, so 
the aggregiite action by other firms must be E/S\\), where the marginal firm 
is indilTerent between action y(’v) and 0. For any y ' EIS{ x), a pure strategy 
strictly dominates every mixed strategy. For expected output y(^[EJS{a), 
KIS( x) .i'( <)1 the aggregate action of other firms must be E/S{ix), with the 
marginal firm producing r(») with probability [>’ E/S(,:x)\ly(a) and pro¬ 

ducing 0 with probability I - [ r E/S(a)]ly(ci). As y varies through 
[/;75( \). EIS{ \) i ( x)], the expected output of the marginal firm varies 
through (0, i’( \)]. 

l.et A' be such that fl( v. A' ' I) ■. 0 - B( \, A). Using N regular firms and 
one marginal firm (and ignoring here a minor correction [which vanishes as 
.X >• 0] necessary because expected price is not equal to price of expected 
output), the total backward map from E/S(tx) •- y(.x) goes to c e 
B( \. A' I) 0 since the marginal firm has the same action as a regular firm, 

with probability equal to 1, while the total backward map from ElS(n) goes 
to r £•■ B{ X, ;V) ■ 0 since the marginal firm has action 0 with probability 
equal to 1. The map is continuous, so there exists an equilibrium with A 
regular firms and one marginal firm, with expected output y g (£/S’(<x), 
ElSi'x) ■ .r(tx)). In the equilibrium, all firms arc profit maximizing, regular 
firms earn strictly positive expected profit, the marginal firm earns zero 
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expected profit, and there is no incentive for entry. (It should be noted that 
in the partial equilibrium model marginal firms are not needed for small ,i; 
i.e., O e B{(\, N) for some N (see Appendix I).) 

The essential ingredients of the above argument arc: first, to surround zero 
by the intervals Bin, N) and B{(x, N \ 1) [for some A], and then if necessary 
{O ^ B((x, A^)), to introduce marginal firms to “capture” zero. For situations 
in which there is more than one commodity (and/or more than one industry), 
the corresponding problem of surrounding and capturing zero (starting at a 
point of nonnegative profit and no entry) becomes more complex. The non- 
degeneracy assumptions (jl) (j3) play a central role in the argument. 
Appendix II establishes the gencricity of these assumptions. 


V. Prooi s 

The proof of Theorem I follows a sequence of lemmas. Let v) 
denote the set of profit maximizing actions for a firm with production set 
T,(r<) when the action of other firms is y* I ixZ. Figure 3 is an analog of 
Fig. 2. We have represented the production possibilities of the /th firm with 
!! oiK II a fixed distance in the diagram. If the action of "other firm.s” is 
y* 1 - aZ (for some fixed re), isoprolit manifolds are defined for the firm. 
Since the axes are relabeled as re varies, the relation between y *■ and y* | reZ 
remains fixed in the diagram. As re approaches zero, the actions of "other 
firms” approach the competitive output, and in Fig. 2 (with || re/f 1| a fixed 
distance), isoprolit manifolds "converge uniformly" to the isoprolit hyper- 
plancs H„. associated with the competitive equilibrium price p*. (The 
dependence of the isoprofit manifolds on re in Fig. 3 is analogous to the 

I 
I 
i 
I 

/ 

I 

f 


Fig. 3. WJ is the set of actions by a firm of type,/ vhich earn zero profit when the 
action of other firms is y* H- anJ prices arc fixed at p"- 
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dependence of the inverse demand function /■' on a in Fig. 2.) In the limit, 
the profit maximi/ing actions for the /th firm are 0 and j'/. Lemmas I 4 
show that for a sufficiently small, the profit maximizing actions of a firm are 
cither 0 or an ctticient production in a neighborhood of rcyjyf. 

Li.mma I. the hypotheses of Theorem 1 are satisfied. Given 

A ■ . X, there exists M ■- rfj such that ■; .v • M \ for all x c r,(Z, x) for all 
(Z. vie A'lO. K) (0, IJC R"' - 

Proof of Lemma I. The set of aggregate (over industries as well as firms) 
productions 

I U (n(') ■ ^ 

Z' NIU.K) 

is bounded above. By desirability (see (al)) and the upper hemicontinuity 
t)f the Walras correspondence, {F()’)!.»' i )'* ' crZc Domain of F 

for some ( i'/x), rx, Z) o Fj(.x) < (0, I] .< A/{0, At) such that >v(ix) r S/ 
(;7 : x/A ; S- <u, u Sj is contained in a closed cone C in the interior of 
Q' (this set contains all prices that could result from a feasible action in 
Kj(a) when others’ actions are j’' f ;xZ,(Z, «) e A'(0, A") x (0, I]). Since the 
asymptotic cone of Yj is contained in -Q', there exists M oo such that 
px •-'0 for all pe:C\{0]. xc y^(l),'l.\ ii . - M. Noting Oc F,(tx) = cxK>(l) 
completes the proof. | 

Let AYfix) be the set of technologically efficient productions in 

EYf'x) {yc Kj(<x)( ^.vei3'\{0} such thaty f .ve K/ix)}. 

Lf.mma 2. Assume that the hypotheses of Theorem 1 are satisfied. Given 
A - . X there e.xists ix 0 such that xe EYfx) for all xezfZ, a), for all 
(Z, <x) L= N(i), A) \ (0, >x]. 

Proof of Lemma 2. The profit of a firm in the yth industry which chooses .v 
given that the actions of other firms are y* f <sZ is ll{x \ Z, .x) ^ x'F{y* i 
(xZ i .v). By the previous lemma i| .v |i ->■ 0 as tx > 0, and by (g2) F is con¬ 
tinuously differentiable at y* f rxZ f x for all « sufficiently small. Thus, 
■cllli'x, F,(y* ■ niZ i .V) .x'((YF/8yj,)(y* -i- vcZ j x)). Since F,(y*) 

"■ 0 for all /, it follows that i'nji'Xi '> 0 for a sufficiently small, and 
.xe E >'j(ix) for all .ve zfZ. cx). | 

Lemma 3. Assume that the hypotheses of Theorem 1 are satisfied. Given 
K, Setfi, oo) there exists 5 >0 such that xe N(ayjy*, exS) KJ {0} for all 
.V F :fZ. x), (Z. x) e N{0, K) X (0, a]. 
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PioofoJ Len)ina 3. By (e2) and Ihe continuity of/’ in a neighborhood of 
>•*, there exists ji(M) > () such that y'F{W);i\y\i -P(M) for each yc 
[>; n A^(0, Af)]\[A/(yj6) kj {0}] and W close toy*. Setting M equal to the 
M value guaranteed by Lemma 1, for <% small, (1 /lv) .v'/'(aZ fy'* + .v)/ 
li(l/(x)A-|| < -^(A/) for (l/«)A-6[Kjn /V{0, Af )]\[/V(yjy.;, S) u (0}]. Noting 
that {I jo) :j{Z, in) G N{(i, M) for {Z, (x)g N{0, K) x (0, 1] and that and 
zero action yields zero prolit completes the proof. | 

LtMMA 4. Assume that the hypotheses of Theorem 1 are satisfied and that 
Yj is locally polyhedral at y.yf. Given A' •; oo there exists x - 0 such that 
2 ,(7.. nt) C {0, 0 Ly,yf}for all (Z, .\t) e A'(0, A') x (0, -i). 

Proof of Lemma 4. Let T, {/ 1 ; , / | I and there exist y, u Yj , 

A -0 such that / = A(y,y; y,) and fcyjy/ ; (1 - ,j.) y, e: Y,- for all 

/re [0, 1]|. If Tj . 1 , Lemma 3 yields the result. If not, there exists S • 0 
such that M(yjyf, S) n Yj -- {yjyf - at I r e f , a c [0, S)}. By Lemma 3, 
(l/A)r,(Z,-vlCGOjU [A'ly.y* 3)n Kjl) for all Ze/V(0, A), for all a 
sufficiently small. For any .v c- My^y/. n Y,, //(xv | Z, n) ^ ixx'T(y* {- 
<xZ t tv.v) is differentiable for a small, and ((7//i .v)(A.v | Z. a) = A/'(y* i 
aZ -j-- A.x) <s-^l(‘^F,li[v,k)(y* i aZ r 'xvll't.,c. For each tr=Tj,(\l'x) 
t'((‘III().x)((x..x \ Z, x) /'F(y* I aZ ! .«.v) j a/'[(■/',/( yj,i.]'*, .v which is strictly 
positive for a sufficiently small sincc/'F(y*) -Ofor all tc-'f, and aZ |- 
A.V ►0. Thus, for a sufficiently small, for all ZeN{0,K), x-jyjy* 
maximizes /7(A.r | Z, a) over the set .v g hl(yjy*, i>) T\ Y,, and c,(Z, a) C 
[0, Ay^-y/}. I 

The technique of proof involves separating out the determination of how 
many firms of each type are in the market from what an active firm does. 
From Lemmas 1-4, the aggregate action of other firms is approximately y*, 
then the action of a firm which is active in equilibrium (and thus making 
nonnegative profit), will be approximately xy^yf We therefore study those 
actions of firms which maximize profit on a neighborhood of fxy,yf. As a 
converges to zero, the number of firms pre.scnt in an equilibrium grows 
without bound. Although the deviation of active firms from Ay^y/ becomes 
insignificant, the total deviation of active firms may be significant from the 
viewpoint of entry of new firms, and is thus important for the analysis. 
Lemma 5 computes the deviation of an individual firm, and Lemma 6 makes 
use of the significant aggregate deviati on. 

For each j, let h, 0 be such that N(y,yt, is a subset of the cube C 
(if Yj is Iwally polyhedral at y,yt) or the neighborhood Niyjyf) (if Y, is 
locally regular smooth at yjyf) which is described in (f). 

Let zf(Z, a) denote the set of profit maximizing actions in Vfa) n 
N(a.yjy*, (xSj) when other firms' actions are y* + <xZ. By Lemma 3, for a 
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suHiciently small, z*(Z,rx)- z^Z,a) if /7 (a-] Z, a) ; 0 for some xe 

zt(z, 


Lemma 5. Assume the hypotheses of Theorem 1 are satisfied. Given 
K' rcj there exists i - 0 such that for all (Z, «) e N{0, K) y (0, a], zf(Z, 
is a singleton and 


:/(/, A) 


““ [o C, [_^ ^ 


and 


•'^YiTs ii* locally polyhedral at Yjyf) 


izt(Z. x) 

r-z; 


- s- [I ’ fjcA I O(a^) 


(- [0] if Yj is locally polyhedral at 


[Recall p' =. (pt,pi,-^Pr)Y 

Proof of Lemma 5. The results for loeally polyhedral Y, follow from the 
proof of Lemma 3. 

If 7; is locally regular smooth at yj>*, by Lemma 2 we can restrict atten¬ 
tion to the smooth eflicient manifold, so the profit maximization problem 
becomes 


where gj gives the deviation of the first coordinate from yjy*i as a function of 
the deviations .v of the other coordinates from Ysyti smooth efficient 

manifold of Vj n Nfyjvf, S,). [Pj is the projection to the space of components 
other than 1 which are smoothly variable]. 

Restricting attention to changes in x which are in PfR'), for re sufficiently 
small the profit function is differentiable, and 


m 

f.V 


(X 

1'’-1 » 11 

kc ) + 

restricted 


' 1 t J| 

10 FjiR’) 



X {yjyr -! 

1- .\- + gj{x) ej]| , 



where F and (FJevj^. are evaluated at >>* -|- reZ + a.{yjyf -f x I- 


" A function r(n.) is Ofi") if there exists M < as such that I r(oi).'a" | M for small a. 
(i.e., is bounded as a ->0). 
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and is dejined to be zero for those components not variable in 

P,{R’). 

Since |1 x (i 0 as n. 0 for optimal choices. 

(rW/f.v )lrestric(e,itop (jjij ; t'.v') -| where the s, t 

entry of ic!'^gjix)ldx c'a') is dejined to be zero if either or .Vj is not variable 
in Pj{R^). Yj is regular smooth at y, 1-7 so .v'(^'g;( 0 )/f.Y f'.v') a < 0 for all 
0 ^ A E Pi{R% 

Since {crg,ix)rd.x ex') converges to (< x(0)/i'.v ;‘ a ') as .-0, zf(Z, r\) is 
a singleton for a. sufficiently small. 

To find the unique profit maximizing .v, set (f'/7/('.v) 0, use the Taylor 

expansion for f( ) and [(■/=■,( )/fjvKat y*) and (ig,(.v)/i'.\-)(at 0), note that, as 
defined, (cgj(0)j‘Ax) -PjPiy*) and solve to find 

i y,(a, ! «:))•; I 1 o(r). 

(Recall /■, I so the first row of each B, is a zero vector.) With this evaluation 
of A, g;(.Y) - -T'(y*) PjX (- 0((Y-) and the n) result follows. 

The <%)lc'Z',) result follows from implicit di/ferentiation of the first 

order condition along with the evaluation of .v above. | 

Using the “reaction functions” of Lemma 5. it is possible to find a Cournot 
“equilibrium” when the number of firms of each type is fixed and allowed to 
be a non integer and a is small. Lemma 6 computes “equilibrium” aggre¬ 
gate output as a function of a and the number of operating lirms of each 
type, which Lemma 7 shows that for a small, for certain numbers of operating 
firms, each firm earns positive profit (.so, as noted in the discussion before 
Lemma 5, the “reaction function” gives the true profit maximizing action of 
the firm) and there is no incentive for entry. 

Let Z{v, a), V £ R“, be the normalized error from competitive output y* in 
a symmetric (within industries) “equilibrium” in which there arc l/ ny, | Vj 
firms of type j operating and forced to maximize prolit over the restricted set 
Yja) n Niayjyf, aSj) for./ =1, 2. n (no entry is allowed). The normaliza¬ 

tion is such that aggregate output in this “equilibrium” is y^ ) 'xZ(n, a). 
Note that 1/™yj -t- Vj is not restricted to integral values. 

Lemma 6. Aixume the hypotheses of Theorem I ore satisfied. Given 
K ao there e.xists S > 0 such that for all (u, 'll) <1 A/(0, K) X (0, 'x] C /?" x 
/?*, a Z(v, a) exists and 


Z(v,oi) 



I 0(0 


where H\ is the matrix in (j I) (jo {/ t ^11 ^ invertible). 
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Proof of Li'mmu 6. Let 9 &j(Z, at) Z •. (!,"«);* (Z, r«) and define i//j(Z, a) 
')• By Lemma 5, given K ■" oo, there exists « 0 such 

that for all (Z, i) f <V(0, K) ■ (0,.«], ififZ, v) is a well-defined function and, 
by implicit differentiation. 


f.'i/j/Z, jl) 

fz; ■ 




Using ip,(iAj(0, k), ■<) - 0 and y»,(Z, «) Z -i ( 1/.x) c*(Z, a), we find 
0X0, .x)- and. for Ze iV(0, #f), 

V-X^, .x) Z -y,y; , x[° ■ /’] /)|? 


Lor i> e R'^ the backward map *P(Z, v, ci) is defined by 

'/^(Z. c, x). z . I; r* X ( i v^iUZ, oc) - Z]. 


To understand the significance of this function, note that for aggregate 
output in a Cournot equilibrium in pure strategies of «f(«) to be y* -\- aZ, 
each operating lirm of type j has action (x(Z - 0X^. result of 

defining 0X' <^) the inverse of (pf-, «)]. If there are (1/rxy,) -h Vj firms of 
type / operating with pure strategics, their aggregate production is (l/ayj |- 
pj) ai(Z — 0;(Z, «)). Hence if 'F(Z, v, ti) — 0, then y* + ocZ ■ - (l/ayj I 
(',) (x(Z ->pAZ,n)), and the aggregate output of the l/xy^ t u, firms, 
j 1, 2,..., n is exactly the aggregate output needed. Thus, the “equilibrium'’ 
error Z( n, (x) satisfies W[Z(v, ex), u, cx) - = 0. 


ii'F(Z, r, x) 
Z' 





/]=/+//, + (?(^), 


and for (Z, v) e JV(0, K,) x A^fO, K 2 ) C R'" x R" converges uniformly to 
/ t- ^/i as cx converges to 0 (where K ,, fC^ are any finite numbers). Also, 


no, r, - (-uy,y; 



] O(cx) 


so nz, V, a) - If'fO, V, cx) i- {/ i- N,} Z b O(oc) for (Z, v) e N(0, /STi) x 
N(0, K 2 ), and Z(r, cx) - —{/ + Hi) ^ *F(0, v, a) 0(a). [Given the K in the 
statement of the lemma, an appropriate AT, is determined by {Z(v, x)i ve N 
( 0 , K)).]^ 
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Llmma 7. Assume the hypothesex of Theorem I ore satisfied. There exist 
V f Ji", f * -- 0, (« • 0 such that .i), \), \)i a), a), a) . 0 


N(v*, €*) (0, a]. 

Proof of lamina 1. Let 


all J 

1, 2.. 

...n. J 

fO p 

]<M 

0 Oi 

10 / 

mJ 


Then for and Af ; oo, Z{-, a), coverges uniformly to 0), AZf-, a) conver¬ 
ges uniformly to zero, and (I/a) a), a), a) and (I/a) a), a) 

converge uniformly to y/j-j force A^fO, K). 

The first expression for prolit is 

zf{^,HZ(l\ a), a), a) /•-( f* I aZ(i. .)) 

^ s{Z{V, a) — iAj(Z(t, a), a)}' h\y* J tZCc, a)) 

^ L BiZ,U'. a) ■! 0(a“) [using / j 

so (I/a“) times that profit converges uniformly to 

I 

The second expression for profit is 

ztXZ(.l\ x), a)/•'(>’* i a) I z/fZfc, «). «)) 

= B,z,{r, x) i- 

so {I /a^) times that profit converges uniformly to 

YiPf’ I • 

Thus, it suffices to show that there exists av^eR" such that 

lBr-B„]Z(v*.0)<-[ 

B..yV 
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But by (j3) 



has full rank, so such a u* does exist. By the uniform convergence on compact 
sets and the openness of the condition just above, the t * .r-- Oand re ;> 0 also 
exist. I 

There exists re* 0 such that for all (n, re) 6 t*) x (0, re*], the 

Z(r, re) “equilibrium” has strictly positive profit for operating firms who are 
therefore, by the remark before Lemma 5, at global profit maximizing posi¬ 
tions (zf - Zj), and there is no incentive for entry over the entire production 
set T/re). It only remains to show that there is an equilibrium with integral 
numbers of firms in each industry. To this end, we introduce marginal 
firms, and a backward map for marginal firms (sec Figs. 4 and 5). 



Fici-s. 4 (left), 5 (right). L,“ ^ {y* + cxZlyf'(B,Z, + B,Z,) - 0}; L,' -- {>■* + aZ| 
y*'(B,Z, h B,Z,) - -y,y*'Bo t} ■= fv* -f reZ ! Ze £/S,(A')}: reZ I yt'(B,Zi + 

B,Z,) - 0}; L,' = {y* + aZ I + B^Z,) - -y,yt'B.y,*) = {y* + r.Z\Z<= 

£iS.(A)U ) (a) -• {y* J nZ(r, <i) ! reN(r*,^*)}; £,'(«) = [y* + reZ I Z g £7A,(A,«)}; 
£,»(.) {>•* + «Z 4- eXZ.re) :Ze£-AS,(A.re)}; O'* + . Za EISttK,cL)Y, 

£="(') --- O’* + ^z + :\(Z, iXpZc- £/5,(A. a)); a (o + b) - q^Z, c‘{c + d) q^tZ, a). 
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As in Section IV, a marginal firm must be faced with an aggregate output 
of other firms which makes it indifferent between entering and staying out of 
the market; i.e., the output of other firms must be on the marginal firm's 
entry indifference surface. Given an appropriate aggregate output .)■, the 
backward map for a marginal firm gives a point Z on the entry indilference 
surface for that firm, and a number q between zero and one such that when 
the firm is faced with output Z by other firms, and is active in the market (at 
its optimal nonz-cro output) with probability q. and inactive with probability 
1 -- q, then expected aggregate output is y. Lemma 8 computes the backward 
map for marginal firms. 

First, for each /, for each K -; oo define the entry indilference surface 
KtS,[K, ix) -■ {Z 6 V(0, K)\ 7/(rf(Z, .«)i Z, .) Oj and EISJ^K) {Z c yV(0, 
A")! yj' Y.I Viyj'Bjyf)- Po*’ sulliciently small, /'7.V,(Ar, oc) is a C 

tnanifold with boundary (since F and are C) and there exists ; rj 
such that (HEISjiK, x), EIS^K)) ■ 'xM, ( where ei is the Hausdorif metric). 

For v e; [0, -t*] let Q( x) - {Z(r, v); p (V(t>*, 6 *);. Since Z( , a) converges 
uniformly to Z(-, 0), there exists M., ■: x) such that i/(C7('i‘). •i’'' 

all small v. Thus for A' sulliciently large (to include the entire area of interest) 
there exists 'v, 0 such that for all ■< i"- (0, a,]. 


mm mm ' .v — v 

t 


mm min 


EIS,{K, x).c< C7('‘)l 


I 


.V — f 


.V I 


EIS,(K).yi Qm - 0 , 


where the last inequality follows from l.emnni 7 and the definitions of 0(0) 
and EIS,{K). 

For each./, for all Z r Q(x), xu[0. «,]. the backward mai) lor marginal 
firms is defined by </i;"(Z, a) (Z,{Z. a), q,{Z, «)) c E/S,(K, .x) x (0, 1) such 
that x) i (l/.x)<?,(Z, A)e;(Z,(Z. x),a) / (where A' is sulliciently 

large to include all relevant points). 

Because of the properties of y'-, and the fact that V( x) is bounded away from 
the entry indifference surface and the zero profit surface (A,'( 4 and a;'(«) in 
Fig 5) for all / the marginal backward map is approximately computed as 
follows; Find the unique point r in the intersection of the entry indifi'erence 
surface EIS,(K, x) and the line segment joining >■'' r 

aih (Z(r, v), a), and set the probability qi equal to the ratio of the length 
of the segment from r- r«Ztorto the length of the (nonzero) optimal 
response to r, <g,((r ■ .T*)/a, a) (see Figs. 4 and 5). 


Llmma -8. Assume the hypotheses of Theorem 1 ^tisf.edand 
zrre , 7 .r in the statement of Lemma 1. Then there exhts •x 0 such that 

^r(Z(r, a), «) = - dtiZiv, 0). 0) yJ’/. 0), 0)) 0(,x) 
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for all (i\ \) <■ Niv', e*) • [0, •«], where 


0). 0) 


vT S 


Proof of Lemma Existence and uniqueness of i/;/"(Z(r, ix), \) for small 
ix follows from the existence and uniqueness of n) and the fact that 
min, min]''A - .ri' ' x o KJS^(K, ix), y e Q(ix)] -0 for small v. This also 
guarantees v), f\) is bounded away from 0 and away from I for x 

small and v t N(t'*, e*). The expression for il/f^iZU', a), ix) follows from the 
properties of :f(Z, -x) and the fact that dlElSfK, x), E/SfK)) \Mi for 
small The expression for qfZitx 0), 0) follows from the form of EISfK) 
and the fact that (I 'a) c/{Z, n) converges to yjy'j as i\ converges to 0.1| Let 


f/(Z, v) 



By (j3) and Lemma 8. {q(Z{i\ n), a)i re N(v*, e*)] is the closure of a neigh¬ 
borhood of < 7 (Z(r*, 0), 0) for sufficiently small. Thus, there exists an 
integer m ‘ 0 and an <x 0 such that for all x e (0, ^], 

{»7<7(Z(r, (v), (x) - r I r e N(v*, e*)) D ([—1, 1]" f {mq{Z{v*, 0), 0) -- »;*)). 

We could use a different integer fHi for each component of q, which cor¬ 
responds to having a different number of marginal firms in each industry. 

Proof of Theorem 1. Let (>*, e* be as in Lemma 7, and m as in the remarks 
after Lemma 8. For all 0, there exists a vector with integral 

compronents such that 


<( '■) (l/.xy, ; r/) . m<//Z(i *, 0), 0)1 -- i 

for all y, so there exists x* v ■ 0 such that 

»?f( 0 — (l/Ayj - (T( x)) /n</j(Z(d x), x), a) - 0 for all /, 

for some r/a) e IV(r*, e*), for all 3ie(0, cx*]. (Note that ; — (1 '.xy,)i 

I vf I ; m f- i.) 

Now consider a backward mapping from Z with hi marginal firms of each 
type, and ijffa) pure strategy firms of type /,./ ^ 1, 2 ,..., n. 

If F(,r) is not linear in y near y* then an error is introduced because 
expected price is not equal to price of expected output, so the backward 
maps, and the entry indifference surface, etc., must be redefined to take 
account of the effect of the mn firms using probability distributions. However, 
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the elTect of all these changes is only 0(.-») since the support of the aggregate 
distribution is contained in some ball with radius xK for some K < co, and 
for bounded Z, F(y* 1 nZ) is essentially linear in Z for small .i. 

Thus the “contribution” of the pure strategy firms is ¥'(Z, - (I/ O 

r, a) { 0(n) where F' (1/y, , 1/y..I Vo)' while the “contribution” of 

the marginal firms is 


'/iVii'i 


: 0(0. 


’F(Z(f(.\), i\), iT'O - mci(tii’t), 0, -v) 


' 0( v) 


\<luYny„l 

The backward mapping from Z(r(.0. v) with j)*(x) (l/'»).^^ . “ 

mci(v('x), iv) is therefore 

/Ori.i'r'l 

\(/„(fi( 0. Oy,,.!',;/ 

(where ir) - iv), <»)) which is equal to 

/ ■ . ' (0 p'lr 0 O] 

Z(fi(<0, 0 I (t'i(■^) -mAih). '0) y>.r, : ^ [q ^ J 0, [ „ 

X V S,Z, i 

I, )'> : 

{/ : f/,)Z(f( v), O i (- i [o I 

-i- 0(x) 

0(x) by Lemma 6. 

If we call this backward map W. m, 0. then f ^ 

O(cc) where N, is the matrix in (j2) (we choose m to be one of the /n, values) 
For a sufficiently small i'Pf ItZ' is invertible by (j2). Since we are "t‘e«sted 
in a compact set of r values, and therefore a compact set of Z values and the 
functions we consider converge uniformly on compact sets, 

->0 such that the 7 ,*(rv) pure strategy and wn marginal firms are all acting 
optimally and generate aggregate expected output y vZfif^),-0 : 
0(a^ Md since f(«) e N(v*, **). by Lemma 7 and the uniform convergence, 
a^e“e eSs « - 0 such that for all . u (0. ■«], there exists a true equd.brium 
whh “marginal firms of each type and ,;(«) pure strategy firms of type y, 
y = 1, 2,..., n. In this equilibrium 

(a) ’ there is an integral number of firms in each industry, m -u ,,*(.): 
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(b) all firms, including marginal firms, are maximizing profit over all 
mixed strategies on their entire production set; 

(c) all pure strategy firms earn strictly positive expected profit, while 
marginal firms earn zero expected profit, 

(d) there is no incentive for entry (entrants earn strictly negative 
expected profit if existing firms maintain their actions): 

(e) there exists S < oo such that the support of p(ct) is contained in 

N(y*,(\S) where p(n) is the Cournot production associated with the con¬ 
structed Cournot equilibrium of i5(a(). | 

Proof of Theorem 2. Let be the a value guaranteed by T heorem 1, and 
let p: (0, (v,|] - »• probability measures on /?'" be defined by pOx) the Cournot 
production associated with the Cournot equilibrium of constructed in 
the proof of Theorem 1. Also, let N nm : 1 where /» is as in the proof of 
Theorem 1. Then in each Cournot equilibrium, there are less than N marginal 
firms. 

As noted in the proof of Theorem 1. there exists oo such that supp 
p(a) C A( r*, \S,) for all <y e: (0, Since F is in a neighborhood of y*, 
there exists S., a and T c (0, v„] such that supp |( x) C N(p, for all 
,x( (0, v], where ^( v) is the Cournot price distribution corresponding to 
(/•(n). P( r))[T(.») F\. I 

Proof of Theorem 3. The set of feasible states is a subset of 


■■F J y (. R'" : ,1; I'j' X T' ' Z economy ( <). 


By (e3'), there exists K oo such that .FC A(0, K). Also by (e3'), 0 is an 
exposed point of 'i'j so there exists .V; such that y'.v, - 0 for all y e? By 

decomposing each ye; into a multiple of .v, and a vector orthogonal 

to .Vj, noting that 

min ( I f" ?,\10!) ‘ 0 

v yI 


and using C A'(0, K) we sec that there exists K < co such that for any 
countable set A. and {_r„ \ ae A} where y„ e f, for each ae A, i 
II .)■„!! K implies that the corresponding economy output y e R’" is not 
feasible. 

.F is bounded, so by desirability and the upper hemicontinuity of the 
Walras correspondence, the set of feasible prices is a subset of a closed cone 
contained in the interior of Q, and, as in Lemma 1, there exists M < oo such 
that (+) supp fi(ciii.)(_/, e) C N(0, Maf) for all 0 < n ^ 0 < / < «, k > 1 

(0 dominates any action outside A(0, A/nt*), and the mixed strategies are 
noncooperative). 
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We now consider the actions of operating firms as independent (for each 
given k) random vectors witMhe same underlying probability space (with 
expectation operator E). Let Af*,. be the random vector in R‘ corresponding 
to they, r firm in d’(<x,.), and let Xf, Xj, - EX';,.. Since i-+' ( vf, 

.tJ') and 

^ I £ Ex^;„ 

r=l r- 1 

as k >■ cc, in order to prove (3.1) it is sufficient to show that for all / - 1, 2. 

n, i I, 2,...,/, and S 0, 


limprobjl ^ =1, 

where is the ith component of Xf,,. 

By definition, Xf„ induces the measure on R', so by (•) prob 

{A'/i.i e [ 1 and therefore prob {i Xj,t j 2M 1. 

Fixy G {I, 2,..., n},i e{\, 2,..., /}, and S ■ 0, and for notationul convenience 
let Jf/ denote Xj'^t. Split the sequence (| Af/|)* into two parts, 
depending on k: and, For the first part, 

prob {I Af/I-s; < 2A/('V<.)'''‘“| I. For k sufficiently 

large, 2 /l/(a ,)'/2 < S, and prob {| Z"','?*’ A'/ | < I. 

For the second part of the sequence, by the Markov inequality [8, p. 158], 



1 

I .If/ -s ■:f I 

' f r 1 



for any r :> 0. Let r =2. The A"/' are independent (for fixed k) with zero 
means, so E | Zv'i?’ A'/ i'-* - ^ Zrll?' i AT/' I". Also prob 11 X/ \ : IMx,] 

1 and prob I AT,'-'! . ■ 2K} -- 0 (otherwise a state which is not feasible 

occurs with positive probability). Thus, 


rtjittf) 


X E ! AT/' -s; sup X ! 1 * : Z ' 2A,', ■ r, ■ ' 2\f x,, for all r 


where the second inequality follows from the fact that the sum Z» -i i r'u I* 
maximized at a boundary solution with ; ! — 2Mxt for as many v as 

possible. Thus, prob {| Af /'= 0(<x^) '■0 as k-->■ co. This 

completes the proof of (3.1). 

Let p be defined by Ffy-*) - (1, p)- ^(«.) 's completely determined by 
p{<x^) and F, and (3.2) follows from (3.1) and the continuity of Fat y*. 


64Z/19/Z-3 
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Let .V* be the allocation in the exchange economy £(y*) {Xi ,ui, ■- 
1!- is an equilibrium allocation at (l,p) (.v* exists by defini¬ 

tion of /■’ and p). F is continuous at v*. so (1, p) must be supporting prices 
for each cone T, (otherwise entry would occur at some a, , destroying the 
C ournot equilibrium in mixed strategies). Thus, ((1, p), .v*. _v*) is a Walras 
equilibrium of which establishes (3.3). 

fo prove (3.4), suppose yfB^y^ 0. By (c2'), the boundedness of the set 
of feasible prices and (3.2), given S : 0 there exists C'l < oc. such that 

supp n(oii)(j, (■) C ‘S) U {()] for all k kj . 

The sequence is proper, so if I,, is the number of active firms in the Cournot 
equilibrium which u.sezero with positive probability, then ai^t^ >■ Oas A >■ oo. 
Thus, for any •: - 0, there is an S ■' oc. such that for large k, with probability 
one, the aggregate action of active firms which u.se zero with positive proba- 
bability is in A'(0, /(.'>,,S) C A'(0, e/2). If Tj^. is the number of active firms of 
type 7 in the Cournot equilibrium which do not use zero, then n/tTjc is 
bounded (by feasibility) and, for any 8 0, for large k, the aggregate 

action of these firms is in NlT,i,~xi.y,0, P), with probability one. 

Combining these properties with (vi) of the theorem, we see that for any 
f ; ' 0, for all sufficiently large k, pUx^) N(y*, e) 1. 

f'or all k sufficiently large, some firm of typey must be active (by (3.1) and 
yf # 0). For each k, let x,, 0 be an action with positive probability for 

.some active firm of type j, and consider an entrant using pure strategy ,r,,.. 
The active firm only has actions in A'(a:Vj((l,p*)), rvS) u{0). Conditional on 
the action of the active firm being 0, the entrant has nonnegative expected 
profit (just as the active firm does at action .v* prior to entry). Conditional 
on the active firm having action in A((a>'X(l,p*)), a8). the entrant’s profit 
increases for all states with aggregate output near y* (yf'Bj-y* > 0). For 
any e : ■ 0, for k sufficiently large, p(re*) N(y*, e) ^ 1 so for e, sufficiently 
small, the increase in profit is greater than Ixkyjyf'BXcikyjyf). For k suffi¬ 
ciently large («,- sufficiently small), the net change in expected profit has the 
same sign as yJ'Bjyf, and entry will occur, upsetting equilibrium. This 
completes the proof of (3.4). 


VI. Remarks 

A. The analysis we have presented differs substantially from standard 
formal treatments of competitive theory: Nonconvexity is essential, market 
power is endogenous, downward sloping demand is a requirement for static 
equilibrium, there is free entry, etc. Yet our complete dependence on the 
results of modern competitive theory (as surveyed in Debreu [4]) should be 
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apparent to the reader. To underscore this dependence, we list some of the 
ways in which the paper relates (even ties together) recent developments in 
competitive theory. 

Theorem I on the existence of Cournot equilibrium with entry requires the 
existence of Walras equilibrium in As such (he result rests on the existence 
of Walras equilibrium. The Pareto Optimality of Walras equilibrium trans¬ 
lates to the approximate Pareto Optimality of Cournot f quilibrium when 
eflicient scale is small (Theorem 3). Theorem 2, together with the result that 
Parem Optima are Walras equilibria in translates to the theorem that 
provided efficient scale is small, any Pareto optimum which satisfies OSD is 
approximately a Cournot equilibrium (relative to the appropriate specifica¬ 
tion of private ownership). Also, the replication of consumers, the idea of a 
limit economy, convergence results, etc., borrow from a pattern well 
developed in the literature on limits of cores. (A natural way to obtain 
decreasing returns in d' is to exploit a measure theoretic specification of the 
kind used in that literature.) 1 heorem 2 contains a result on the “rate of 
convergence." 'I'he entire framework is equilihrium with endogenous un¬ 
certainty. A “differentiable" framework is for a great many reasons natural 
for the analysis; in addition, the possibility of a stability theory in S based on 
the entry and exit of firms is an attractive possibility. Product differentiation 
with an infinity of conceivable commodities would require extensions to 
economies with infinite dimensional commodity spaces. 

Finally, the notion of a regular economy is intimately related to !he exis¬ 
tence of a selection from the Walras correspondence, DSD is a requirement 
imposed on the Walras correspondence, and existence can only be guaranteed 
as a generic property of a class of economics. 

B. The analysis could be enlarged to admit the ease where industry 
production sets in<f exhibit (strictly) diminishing returns to scale. This could 
be modeled in one of two natural ways: diseconomies (external to the firm 
and internal to the industry); or a measure space of available firms in if with 
differing efficiencies. 7hen, it would be possible for a linn to have a large 
positive profit in equilibrium (rents). 

C. The limit economy is studied in greater detail in a sequel to this paper, 
titled “Walras Equilibrium as an fdealiration of Small Eflicient Scale and 
Free Entry.” Since production in takes place in a continuum of firms, each 
of which reaches efficient scale at an infinitesimal level of output, the convexity 
of the aggregate production set f is guaranteed by Richter’s Theorem on the 
integral of correspondences. For any price vector p, firms may be active if 
they can rpake a nonnegative profit (and must be active if they can make a 
positive profit). The sum (integral) of their actions is both on the boundary 
of ? and is supported by p; furthermore, since some firms produce more 
efficiently than others, there are Ricardian rents. (Such lents disappear in the 
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present model since all firms have access to the same technology.) Both the 
distribution of income among consumers as well as the amount of income 
which goes to each consumer depend on the ownership structure of the 
economy. 

The existence of Walras equilibrium in t follows from two arguments: 
(1) the standard equilibrium existence theorem (Debreu, [3]), with some 
minor modification, shows that there is an equilibrium with f as the produc¬ 
tion set. and (2) profit maximization on is equivalent to profit maximization 
on the (infinite collection of) sets which are added to form t'. The classical 
results of welfare economics apply for the present model. They follow 
from (2), via the standard welfare theorems (Debreu, [3]); however, the 
“Second Theorem" (optimal are equilibria) does not require convexity as a 
basic hypothesis. That assumption is replaced by the hypothesis that firms 
reach efficient scale at an infinitesimal level of output. 

D. The assumption that consumers exhibit price-taking behavior is not 
neces.sary; what is required is that every set of quantity actions by firms yield 
a well defined vector of prices. For suitably smooth “F,’’ results analogous 
to Theorem I hold. For example, suppose that in each economy the 
quantity actions of firms result in an allocation in the core of the associated 
pure exchange economy, and let price be the implied efficiency prices. Since 
the cores of the exchange economies converge to the Walras equilibria of the 
exchange economy associated with <f, the modified (non-price-taking)Cournot 
equilibria of i5’((x) converge to the Walras equilibria of (#. In connection with 
this point, it is appropriate to underscore the asymmetry between our 
treatment of consumers and producers. The present analysis is designed to 
explain perfectly competitive producer behavior and has no role in the ex¬ 
planation of price taking consumer behavior. The key ingredients in our 
explanation of perfectly compietitive producer behavior are small (per 
capita) efficient scale and the free entry of firms. Whatever the explanation of 
competitive consumer behavior, it is not free entry and small efficient scale! 
Firms and consumers are created and exist for different purposes; they 
perform a different function in the allocation of resources. In contrast with 
standard models of Walras equilibrium, we highlight the creation of firms; 
this dictates the a.symmetric treatment afforded consumers and producers. 

E. Since uncertainty disappears for the equilibria exhibited in Theorem I 
as a converges to zero, the results obtained are easily extended to firms that 
maximize a (smooth) expected utility of income function. This admits risk 
aversion into the analysis. 

F. As long as there are only a finite number of conceivable commodities, 
our analysis includes the classical case of product differentiation. For any 
fixed value of a, there may be many commodities which are not produced. As 
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(Y converges to zero, the number of different commodities actually produced 
(from among the large but finite number of available commodities) may 
increase. For situations in which there are an infinite number of available 
commodities, it is necessary to consider economies / with infinite dimensional 
commodity spaces (see, e.g., Hart [6J and Mas-Colell [9]). 


G. With only a countable number of firms, the introduction of mixed 
strategies does not remove all discontinuities. The only way to remove the 
discontinuity associated with entry is to have a continuum of firms. Here is an 
outline of a simple example in which equilibrium with entry does not exist in 
mixed strategies for all a • a ' ■ 0 (i.e., introduction of mixed strategies docs 
not imply that equilibrium with entry exists for all ix). Consider the partial 
equilibrium setting of Fig. 1 with linear inverse demand /•'. Assume constant 
average cost p (which is greater than the competitive price /■’(> *)) up to some 
positive output level. For cx sufficiently large, only the constant average cost 
portion of the cost curve is relevant. If equiilibrium were to exist with a 
finite number of firms, then expected price must exceed p in order to insure 
that active firms are maximizing profit. But then entry is profitable. This can 
easily be turned into a general equilibrium example. 

More importantly, arbitrary mixed strategies are not consistent with 
observed behavior. Thus, the fact that only pure and marginal firm strategics 
are profit maximizing in the equilibria of Theorem 1, even though arbitrary 
mixed strategies are allowed, is significant. 


H. The introduction of marginal firms is essential. Restrictive assumptions 
are necessary to guarantee the existence ol equilibrium in pure strategies for 
all (X sufficiently small. We have substantially explored such assumptions, and 
existence results will be reported elsewhere. 


I. A natural test of the robustness of the equilibria considered here is given 
by the ability of a single firm with perfect information and perfect knowledge 
of the behavior of other agents to increase profit by departing from the 
prescribed behavior. We observe that the maximum profit such a firm could 
obtain is less than aK, where /f is a constant. Thus, the benefit which accrues 
to strategies which are more sophisticated than those considered here (e.g., 
the strategy of a firm acting as a Stackelberg leader, knowing the responses ol 
the rest of the economy) will eventually be swamped by the costs ol obtaining 
information (which do not depend on -x). Similarly, from the point of view of 
cooperative action, any cartel must be sensitive to the possibility of entry if 
it restricts output to increase profit. Threats aside, cartels must limit price 
to prevent entry, and so the profit which accrues to a cartel is 
where Z, is a constant. (This is discussed by Novshek [10].) For this reason. 


•• Since entrants can produce as efficiently as cartel memlKirs each cartel member faces 
at least the same loss as an entrant when threats are carried out. 
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we believe that the results reported here have natural extensions beyond the 
case of quantity choosing Cournot equilibrium. 

J. l inns that recognize their clTect on price do not in general maximize a 
weighted sum of shareholders’ utilities by profit maximization. Consider a 
sequence of Cournot equilibria, one for each economy I Ik), k k,lc i- \, 

k 2 . as constructed in the proof of Theorem I, where the are 

viewed as “per capita” economies for k replications of each consumer type. 
Ixt i\(p. n ) be an indirect utility function for consumers of type i. For large k, 
the equilibrium prices and wealth (/»'■, iv/) are approximately equal to the 
competitive prices and wealth {p*, te*) = (p*, p*'u>i). For any single firm of 
type / for which the /th consumer of type / has ownership share in rf(l//c), 

I uf) 

fc k ('p " fu- ' 


For (1/A) fl,,- both terms are of the .same order of magnitude so cither 

may dominate. Whenever Oj,j -0 as k -* oo, if the firm's actions are con¬ 
strained to lie in a bounded set, then the elTect of a single firm on any single 
consumer converges to zero. 

If for some ///', 0'/,j is bounded away from zero, then for A suffiiciently large. 


(T, 

r v' 




and the utility maximizing solution is approximately the competitive solution 
which is approximately the profit maximizing solution (as seen in the proof 
of Theorem 1). I n either case, any cost (to the firm) of learning the preferences 
of a consumer/owner eventually outweighs the gain from knowledge of an 
exact “welfare function" to be maximized by the firm.'" The second ease is 
related to Hart [7], which deals with a .stock market model. 

k. Implicit in the manner in which firms determine how much they will 
have to pay for an input is the assumption that in equilibria of (f the consumer 
.sector consumes some of each commodity. Thus, there are neither pure 
inputs nor pure intermediate products. The producer sector can always 
obtain, from the price taking consumer sector, an additional amount of a 
commodity to use as an input by paying the appropriate price. This could be 

Wc ha\'c assumed 5^,, (I kW,, , so it is worthwhile for consumer owners to have 
whole industries act collusively, in which case equilibrium (if it exists) is not in general 
approximately competitive. This simplifying a.ssumption can be eliminated, but the cost 
is increased notational complexity. The 9,„ must be specified for all ijt, and prices will 
depend on which firms of type j are active. However, near a Walras equilibrium of <?, 
this will be only a low order effect, so under suitable conditions the proof of Theorem I 
can be modified to cover this generalization. 
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softened by introducing a sector of pi ice taking firms, but such a device would 
be contrary to the spirit of the analysis. 

L. When is small, changes in demand lead to new equilibria in which 
both firms’ actions and the number of active firms have changed. As y. --•■(). 
the change in the number of firms is dominant. This suggests the possibility 
of a real time dynamics in which the adjustment of price is determined by 
the rale at which firms enter. In addition, .since firms recognize (heir e/fcct on 
price, there is no contradiction in having them change the amount which they 
offer to the market (or even enter!) when preferences, technology, or other 
data of the economy change. It is only in the limit that a tension arises 
between price taking behavior and the need for prices to adjust in order to 
clear markets (see Arrow [1]). 

M. Under what conditions docs the Arrow Debreu model apply? If one 
views industry constant returns to scale as being an idealization of small 
per capita efficient scale and free entry, as done here, the Arrow Oebreu 
model with constant returns to scale is applicable, but only if downward 
sloping demand is satisfied. If one views constant returns to scale for firms as 
empirically correct, then the Arrow Debreu model captures formally the 
notion of perfect competition only in so far as we acknowledge that the 
technology is freely available to all users. In this ease, our argument for 
downward sloping demand as a requirement for static equilibrium applies 
again, and perfectly competitive equilibria which do not satisfy the condi¬ 
tion are simply the result of actions which are irrational (and in no approxi¬ 
mate sense rational). If we understand the Arrow Debreu theory as appro¬ 
priate for conditions of decreasing returns to scale for firms and no free entry, 
there is the “embarrassment” of possibly significant profit and possibly 
significant market power to explain. Free entry is not available to make these 
go away (and if it was available the model would collapse), l-inally, the 
Arrow-Debreu model is not applicable under conditions of increasing 
returns to scale, since equilibrium will generally not exist. 


VII. CdNtT.USION 

Theorem I proves the existence of Cournot equilibrium with entry. 
Theorems 2 and 3 unify the equilibrium concepts of Walras and (.ournot by 
establishing that Cournot equilibria arc approximated by certain Walras 
equilibria. 

The Arfow-Debreu model is viewed as representing a “friclionless system,” 
whose “frictions” are barriers to entry and noninfinitesimal efficient scale. 
When efficient scale is small (but significant) and entry is free, certain Walras 
equilibria serve as good approximations to Cournot equilibria with free 
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entry. However, when there are barriers to entry, or if efficient scale is not 
attained at a level which is per capita small, the “frictionless” idealization is 
no longer appropriate. In the “friclionless .system," demand determines the 
measure of firms which are active in each industry. Zero profit becomes a 
consequence of free entry, and firms take competitive prices as given because 
prices really are beyond their control. However, the analysis shows that the 
viewpoint of the Arrow -Debreu model as representing a frictionless system 
is only proper under conditions of downward sloping demand and when the 
efficient scale of firms is bounded away from zero. (Thus two cornerstones 
of the classical partial equilibrium diagram are introduced into formal general 
equilibrium analysis and play a central role.) 

We present a simple proof that the perspective we have offered does “make 
a difference.” Recall the standard line: Consider a perfectly competitive 
economy with one firm (two or three firms) and constant returns to scale. 
From the present viewpoint, it makes no sense: The number of firms is not 
endogenous, and perfectly competitive behavior is not a primitive solution 
concept; it applies if conditions are right. Finally, competitive behavior is 
unlikely to obtain with only one firm (two or three firms) active in equilibrium. 
In contrast, the formalism of the present analysis forces you to say this: 
Consider an economy with one industry (two or three industries), free entry, 
small efficient scale, and downward sloping demand. If efficient scale is small, 
then the production sets of each industry exhibit approximately constant 
returns to scale. Small efficient scale with entry dictates the result that firms 
have almost no effect on price when attention is restricted to the region in 
which they make positive profit. The addition of a demand sector determines 
the number of active firms in each industry. In each industry in which there is 
positive output, there are a large number of firms active, each of which is 
producing a small amount (at approximately efficient scale). 


Appendix I 

Partial Equilibrium (Novshek, [10]) 

Assumptions 

For the cost function Cfy), 

(C) C(y)=-'0 v=0, 

- Co + F(.v) y > 0, where C, > 0 and for all y ^ 0, 

V > 0,v’ > 0, f' 0. Average cost is minimized uniquely at y = 1. 
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For the inverse demand function F(Y), 

(F) /■ e C^([0, Qo)) with F' < 0 whenever F • 0, 

and there exists Y* 0 such that /•’( F*) Ql) (equals minimum average 
cost). Y* IS the competitive output. 

Definitions 

{II, 1) An cc size firm corresponding M C is a tirm with cost function 
- - t\C(yliy). For each m, C, and F, one considers a pool of available 
firms, each with cost function , facing market inverse demand F. 

(11,2) Given C, f, and an ixfc-(0, aj), an (.v, C,/•') market a/uilibrium 
with free entry is an integer n and a set {j',of positive outputs such 
that: 

(2) ■{ >'i ,...,>',,1 is an n firm Cournot equilibrium (without entry), i.e., 
for all I 1.M, 


. 1 

)r, -C,{r,) f{ X Vy ^ y) 


f \Jpi ' 


for all v ■ 0, and 

(b) there is no profit incentive for additional entry, i.e., 

^s(y) Oforallv 0. 

The set of all (cv, C, F) market equilibria with free entry is denoted E{x, c, F). 

It is easily demonstrated that the Nash Cournot equilibria exhibited 
converge to the competitive equilibrium Y*: i.e., given C satisfying (C), F 
satisfying (F) and <Ye(0, 00), if n, {r,, e /fi Tt, C, A), then i 

Yj £ [F* ■ rx, F*]. This observation is made whole by the following theorem. 

Theorem. Gwen C satisfying (C) and F satisfying (F), there exists , 0 
such that for ail x c (0, a*], F(.x, C, F) 


Appendix II 

In order to show the genericity of (jl), (j2), and (j3), we use as basic 
Cj. >’*, Bj , and Ofj subject to 

(a) Gj is negative semidefiniteand x'GjX < 0 for xg P j {/?*)\{0}; 

(b) jfffr*)-0 for ally; 
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(c) /■',(>•*) 1; 

(d) vyBjvf < 0 for all f, 

(e) (I, 0, 0,,,., 0) Bj (0, 0.0) for all/; and 

(f) Y-i =-■ I for all j. 

The ownership shares, Oj,, and the shape of production sets at competitive 
outputs, O',, are clearly basic. The f(y*),y*, and rflioj’ arc considered basic 
in the spirit of the result that given any prices, p. output, j'. and Jacobian 
Uyi‘P]’ of consumers exist whose aggregate demand is y at prices p, and 
has Jacobian [iyjip] at ( v./>) (Sonnenschein [15]). The Bj are used as basic 
rather than the i Fliot, since 


[fl, ••• B„]iJi„ 

soif/H wand 



0i\h i ■ 

" 0\nh''l ' 



■ ■ 0mtJl .1 


■■OuF 


■0m ■ 

0n4Tf HI ■■ II 



has rank n (which is a generic property if m ■ n since the 0,i are basic) then 
if any i'l'ji'w (with - O') is possible, so is any [fl, • • .S„] (with 

(10 ■• ())„, [5, (0 -O)!.,,,,). 

When consumers are specified in terms of demand functions rather than 
preferences, the genericity arguments can be modified to remain valid under 
suitable conditions. At the end of this appendix, we briefly sketch the modi- 
tications. 

We only consider economics which satisfy the required differentiability 
assumptions, and (a) (f). Each economy ^ in this space of economies can be 
repre.scntcd by a vector ((Cj),- , (.v/)j .(<?,•(),■.,■, (5,),./■'()'*)), where the 
matrices (»', are written as vectors (row I, row 2,..,, row/). The distance 
between any two economies is defined to be I if the number of consumers, 
commodities, or industries is different, or if for any industry./, the set of 
smoothly variable commodities is different. Otherwise, the distance is 
defined to be the usual distance in show that the non- 

degeneracy conditions hold in an open dense subset of this metric space, and 
arc therefore generic properties. Since eigenvalues and determinants are 
continuous functions of the entries of the corresponding matrices, and 
(jD-fj."?) arc open conditions, they hold in a neighborhood of an economy at 
which they hold. It only remains to show that (jl)-(j3) hold in a dense subset 
of the space. 

(jl) Using the form of [„ “/'] Cj (the first row is a linear combination of 
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the other rows, and row / is zero if / is not a smoothly variable component), 
(jJ) tan be transformed into an equivalent form (eliminating all components 
which are identically zero in p.^r^) ... determinant 

iU ; (, 0, where 


C . . 


^•1 



with Oj the negabvc definitive suhmatrix of Gj corresponding to P/Ji‘) 
(if Cj [OJ then Cj is skipped) and where D is independent of 0. Since'o ‘ 
has full rank, all entries of (1 ' can be varied, so if (jl) fails at <?, it is satisfied 
at a sequence of economies - <f. 


(j2) By (jl), the existence of {/ 1 //,} > is generic. Let A be the smallest 
strictly positive eigenvalue of {/ | //,| '(//, //.(l)j. If //,,(,»;) v -e 
then {/ //ij.v {//, =/«{//i //.(1)] v and v m\l ■ 

' {f^i ■ ■ ffu(l)}.v. When m -(lj\)(m ■ I if A docs not exist), then 
- wt{/ //,! ' {//, — //odjj.v implies .v -=0, so //.,(«;) docs not have 
eigenvalue —I. 


(j3) (a) It is generic that 



0 ■ 


B,- 

" ^ 


' fi’ 

0 

0 

• V • 

M .'/» 

Bi- 

• B„ 

ft. In 

0 



has rank n. To see this, let fl/.v) B, vflJ ‘/li -i I'oi’ all /' (/ is (/ I) , 
(/ — 1)), and let N(.\) be the matrix corresponding to N when B is replaced 
by fi(.Y). Then 


,V(v) N .V 



where ej ■ (yji . yj'a ■■■ yj))- The r, , r.j .' /T'' are generically inde¬ 
pendent since /! / - I and the v/ are basic, so the matrix multiplied by .v 

has rank n gerically. Expanding the determinant ol .V(.y), we lind 

det M-y) “ fl„ j-.V(/„ 1 s • ’ r" . 

Let .V be, the largest integer such that r/, - 0 (such an .v exists since a,, 
det{[z;cJ,j) / 0). Then l/.v"' »’ det N(.\) =• .v«, , : ^ 

«, 7^ 0 as .Y -> 0.' For all x sufliciently small, del NCr) / 0 so if A' does not 
have rank w for economy N(x) does for a sequence o' economies d’j. •- 
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(b) It is generic that 



has rank n. To see this, let B(x) - ■ B \- xB{I — xH^H -^'' //^{/ - A/,}, where 



(the inverse exists for all small v), and let A/(.v) be the matrix corresponding 
to M when B is replaced by B(x) (note that B occurs in //^, which becomes 
A/, (a)). Computation yields fl(A){/ ■ //i(a)}' B{! 1- //p '[(I - a) / 1 
.\(/ J A/,]] (1 - ,v) B{A !■ A/,) ' i xB. Thus M[x) ^ - x) M 'r xN 
where N (the matrix from (a)) generically has rank n, and, proceeding as in 
(a), we see iW(a) has rank n for all small nonzero x. If (.j3) fails for economy S', 
it is satisfied for a sequence of economies S,. >■ S. 

We now briefly outline how, under suitable conditions, these genericity 
arguments can be carried out in terms of individual demand functions. 
Clearly only (j3) must be modified. Let the number of consumers, m, be 
greater than or equal to n f /, let p’ - (p 2 ,P 3 , -,Pi) (Pi =- I). and let 
A,(p, If,) be the /'th consumers demand, as a function of prices and wealth. 
Results similar to (j3) (a) and (b) can be obtained by altering the derivatives 
of the demand functions, evaluated at the equilibrium, prices and wealths. 
For any A-vector r, = = (/•,, , r,2,..., /■„), let C (r,, , r,, ,..., r,,)'. 

First show that 



and Wi =- ct>, 4- Zj-i (for convenience call the matrix which is inverted, 

M). 
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Second, show that with suitable assumptions about the possible values oF 
initial endowments, it is generic that , ij has rank /; i /—I, 

where 6 - and 


ir = 


-- h^Y 


(<!.'" — h'“Y 




0 


As in {j3). tor each .v there will be a diflerent economy. Here we define 
new demand functions for each .v. In order to maintain the required 
properties of the derivatives of demand functions, wc set 


and vary 


r Hi' . ] 

r Hi' , 

1/ ill' \ / ill' , 

[■ dp ' ■ 


'-''ll 



(all derivates are evaluated at equilibrium prices and wealth, which Jo not 
change as v changes). 

To obtain the same final result as (j3)(a), it is sullicient to find ({('h*li’w,)(x)), 
i - 1,2. m. such that 




ch' 


i'll 


Hi” 


where (A/(.y)) ‘ = /W ^ 1 xl. Since generically has rank / - I we can 
find ((tAVf'if,)(;r)) —which satisfy the equation. 

To obtain the same final result as {j3)(b), it is sufficient to find ((rA'/f w,)(.v)), 
/ I, 2,.such that 


I)x(r I)]’ 


Where S(x) is a 0(x) matrix determined by the choice of fl(.v) in f/3) (b). Since 
[6#^] generically has rank n -{■ I - 1, we can find {(ih'ii'w,)(x)) ► (i'h'loWf) 
which satisfy the equation. 
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1. Introduction 


It had been customary, when concerned with the existence of equilibrium, 
to restrict efforts to economics without money. Halm [6] in liis paper “On 
some Problems of Proving the l-ixistcncc of an rquilibrium in a Monetary 
Economy'’ made a first attempt to introduce monetary elements into an 
Arrow-Debreu model and since then many papers have been written on that 
theme (Hahn [7], Starred [14], Kurz [10,11], llayashi [8], Heller [9], to 
mention only some of them). 

While Hahn and Starrett point out that there exists an inecntivc to intro¬ 
duce money into an economy in order to prevent inellicicnt exchange by use 
of future markets which may use up more rc.sourccs as transaction costs than 
spot markets, Kurz is mainly interested in a situation including .several 
markets differing with respect again to cHiciency as well as institutional 
arrangements such as barter and monetary exchange. Though Kurz mentions 
the role of money as medium of exchange, his framework is such that only 
the difference in value of purchases over sales has to be paid lor in money. If, 
by coincidence, this difference is zero, no money has to be used at all as 
means of payment notwithstanding the fact that the volume of trade may be 
positive. In this sense, all the above contributions emphasize the store of 
value aspect of money, neglecting its role as a medium oj exchange. 

Glower [1] holds a different view: "The natural point of departure for a 
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theory of monetary phenomena is a precise distinction between money and 
nonmoney commodities. In this connexion, it is important to observe that 
such a distinction is possible only if vve assign a .special role to certain com¬ 
modities as means of payment. For any commodity may serve as a unit of 
account and standard of deferred payment; and every asset is, by its very 
nature, a potential store of value. If money is to be distinguished by the 
functions it performs, therefore, it is to the medium of exchange function 
that we must address our attention.” 

How can this be accomplished? In a money economy, a bundle of commo¬ 
dities might be exchanged for a certain amount of money and vice versa. 
But typically, as Clower points out. there is no way to exchange nonmoney 
commodities directly for each other: “Money buys goods and goods buy 
money; but goods do not buy goods.” Exactly in that sense a money economy 
contrasts most sharply with a world of barter. Thus for a consumer the 
market m presents itself as divided into two sectors s and t. At sector .r he 
sells a nonmoney commodity bundle S out of his initial endowments in 
exchange for the amount m(s) of money and at sector t he buys a nonmoney 
commodity bundle D using w(r) units of money as means of payment. If 
p(s) and qU) denote buying prices at sector s and selling prices at sector t, 
respectively, then the consumer faces a monetary constraint at each sector 
which has the following form: 

p(s)S ■ m(s) and (i(t)D m(t). (I) 

If money income earned at sector s could be used immediately at sector t to 
buy commodities then the budget equation might be written simply as 

Mom{s) ^ m{t) + M (2) 

where Mo and M denote initial money holdings and balances to be carried 
over to the next period, respectively. Furthermore, (I) and (2) could be 
reduced to the single equation 

Mo - M ^ qU)D - p{s)S. 

Therefore a state of equilibrium where Mq M and our consumer needs 
no money at all to carry out his transactions cannot be ruled out, thus 
contrasting with what we observe in a real monetary world. 

Clower objects strongly against such an outcome. As a remedy, he pro¬ 
posed to assume that money income m(s) earned at sector s can be spent on 
purchases at sector / only in the next period. This time lag caused by the way 
transactions are handled at market m makes these “intraperiod” receipts of 
money m(s) correspond to what is sometimes referred to as demand for 
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transaction balances. Formally, Glower’s requirement amounts to adding 
another monetary constraint expressed as 

jWfi (3) 


All purchases in the present period have to be covered by money balances 
carried over front earlier periods. To use the same terminology as in Glower 
[1], our /m(.v) corresponds to Glower’s income demand for money, our 
M m(s) to his reservation demand for money, our (2) to his expenditure 
constraint, our equation p{s) S m(.v) to his income constraint, and our (3) to 
his requirement that reservation demand for money has to be nonnegative. If 
there is just one market m composed out of two sectors s and t in the above 
way and if money income earned at sector s cannot be spent during the 
present period, then Glower speaks of a pure money economy. Grandmont 
and Younes [5] proved the existence of temporary equilibrium in such a pure 
money economy without coping, however, with Glower’s exact specilication 
and not allowing for transaction costs. 

Our description of a Glower market as consisting of two sectors with 
corresponding monetary constraints (I) may look rather clumsy in the case 
of a pure money economy but it allows for a convenient way of defining the 
set of choice alternatives in a general non-pure money economy. 

Modern economic society can hardly be described as a pure money econ¬ 
omy for at least two reasons. 

(A) Typically, there are several items which serve as medium of exchange 
(domestic and foreign currency, checks, credit cards, etc.) and also there 
exist several markets. Not every medium of exchange is accepted as means of 
payment at every market and no money commodity exchanging directly tor 
any other commodity might exist. Furthermore, a barter subset should be part 
of the system to be described as an additional market m,, where commodities 
and media of exchange belonging to a prespecilied list are traded directly for 
each other. This barter subset could allow for an additional though possibly 
inefficient way of exchanging commodities through barter (cl. Kurz [II]). It 
also might describe an overall market for money commodities (banking 


system). i. . u 

(B) As argued above, the notion of an overall budget equation has to be 

rejected in a money economy. Nevertheless, some transfer of value from one 
market to another might be allowed for, especially intraperiod rece'Pt* of 
money earned at some market could be used as security on credi to be 
obtained at the banking sector . We call marketing any activity of trans- 
ferring value by means of commodities between markets. Constraints on 
marketing activities are to enter essentially m the model of a money economy 

as a crucial element of specification. 

It is the purpose of this paper to collect, taking (A) 
the elements for a model of a money economy and to find sufficient conditions 


642/19/2-4 
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ensuring the existence of u temporary equilibrium. Surprisingly enough, Ihe 
familiar methods of proving existence have to be modified considerably in 
order to handle a money economy thus suggesting that money and barter 
models differ analytically in a substantial way. 

finally, it might be worth noting that expectations on future prices in- 
nucnce the real value of money stocks, especially lacking confidence in one 
type of money may put downward pressure on its value and, as a con¬ 
sequence, costlier transactions using different media of exchange may be 
forced to take place thus wasting resources. This type of inefficiency might be 
observed rather frequently in money economics. 

The present paper is a simplified and we hope, a more readable version of 
our earlier paper (cf. Muller and Schweizer [12]). 


2. F.LKMI NTS FOR. A MODFI. OF A MoNEY ECONOMY 

Following Clowcr, wc distinguish the set C of nonmoney commodities 
from the set L of money commodities (media of exchange). 

For any money commodity there exists a corresponding intraperiod 
medium of exchange. The operator * associates to every set of money 
commodities D L /f the set of corresponding inlraperiod media of exchange 
n*. N C'J h'O H* denotes the set of all commodities and at the same 
time the number of elements in it. No ambiguity should arise. 

There is a finite set M of markets m - (.v, t) each of which contains two 
sectors .« and t. At the first sector s of m any nonmoney commodity belonging 
to a prespecified list A'(.s ) C C can be exchanged for money commodities 
belonging to another prespecitied list L{s) C E*. At the second sector t money 
commodities of A'(t) L E are exchanged for nonmoney commodities belonging 
to l-U )' We assume that no production takes place and that only non- 


nunnionuy 

1 vtntBtoiJ i t Li’S K(s) c C 


money 

coininot! i L ies K(i) c K 


Outflow 



Flo. ]. Nonmoney and money commodities traded and accepted as means of payment 
at market m = (j, t)e M. 
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hence KuV /.,,v) and 

If only one medium ofexchangc is aecepled as means of payment at market 

m then A(/) consists ol a single element. Figure 1 illustrates trade possibilities 
at market m (.v, /). 

The barter subset described as market /«,, (.v„) contains a single sector 

.v„, A:(5„) and L(.s„) L N denoting the list of inflow and outilow commodities, 
respectively, traded at /«„. Here no production lakes place either hence 
r K(x„). Figure 2 illustrates trade possibilities at the barter or banking 
sector Sf ,. 


iiuHtey (jticscnl .imi 

inrraperiod) and 

nonntt»ncy < innnKicJj t 
KC.s) <r k, U K U h * 





tit ,in>l 

, i lU ii'ii) .iiiil 

iinttiiii'iii'V ■ nriiiii’ 11 I i • 

U s) «_ f: u 1 ; I • 


Fr.. 2. Trade possibilities at market iih 


For notalional convenience we introduce two more sectors, an cnc/oMiiicnt 
sector s,. and a consumption sector s ^, the meaning of which will become elcar 
in a moment. The following symbols arc used throughout: 

.V i.s„l u y (!.vju(tl) 


Let I be the finite set of ctnisumcrs. The action of consumer /' / can be 
described by his consumption-marketiiif' plo'i .v, (•■■ .v,(.v, t)'■■). a notion 

borrowed from Schweizer, Varaiya and Hartwick [13]. Mere A,(.t,/)i 
R: ', .r, te.V,,, denotes the commodity bundle transferred from sector .v to 
sector / and 

.v,(-. s) : - : .x,(t. s) and .v,(.v, •) : Y '3* 

"-.v„ 

Stand for total inflow and outflow at sector .v, respectively, due to /-ih's 
marketing activity. .v,(.v,.. .v,,) denotes consumption out of endowment and 
.v,(-, total consumption including stocks of present and intraperiod money 
commodities carried forward to the next period. 

Furthermore, tu, t R^-'' is the vector of the /-th consumer s initial endow¬ 
ment by which total outflow out of his endowment sector has to be bounded, 
i.e. 


x.U ,. •) ' at, • 


( 4 ) 
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I ki. 3 , Consumption-marketing plan of consumer t. 


As mentioned above, particular attention must be given to the fact that the 
transfer of value between sectors is subject to certain prespecified constraints 
which may be expressed as 


.v,(.v, /) ts 7'(.y, t). s, t r; it’o. (5) 

In general, the shape of 7(.v, t) reflects two things. First, for the consumer, 
it makes sense to transfer a commodity J from s to f only if J is traded at both 
sectors, i.e. .v,(.y, /) c r(.v, f) and .v,j(y. O 0 only if j c 7,(5) n K{t). Second, 
T(.v,/) specifies which commodities can actually be transferred. Especially 
T't.v, t) (01 might occur corresponding to a situation where the length of 
the period or any other limiting factor excludes such a transfer though 
/.(.v) n K{r) could be nonempty. 

Finally, consumers face a set of monetary constraints reflecting that with 
the exception of the barter subset exchange takes place using money commo¬ 
dities as media of exchange. Let p(s) and ^( 5 ) e R denote buying (inflow) 
and selling (outflow) prices prevailing at market sector . 1 . These monetary 
constraints may be expressed as 


rf/(y) I fl(-y) Xii-, 5) — q(s) X.is, ■) 0 , 5 e S (6) 

where cii(s) denotes the dividend income of consumer / at sector 5 , a notion to 
be explained below. We point out that there is a budget constraint at each 
market sector and that, typically, the system (6) of constraints cannot be 
replaced by an overall budget constraint in a money economy. 
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For consumer i c I , p, q) is the set of all •consumption-marketing 
plans .Yj which satisfy (4)-(6), given prices (p, g) - ( ■ p(s) ■q(s) -) 
and a dividend configuration </, = (••• ■■■). He ranks alternatives in 

it{di,p,q) by an expected utility index U^Xi{-, s,), p, q) indicating the 
expected intertemporal utility to be derived from the sum j,) of consump¬ 
tion of nonmoney commodities and of balances of money commodities 
carried over to the next period, given that present prices are {p, q). These 
prices will influence his expectations on future prices thus entering the 
expected utility index as an argument. Note that we distinguish stocks of 
present and intraperiod media of exchange. However, since we shall not 
assume strict quasi-concavity of t/, the case where such a distinction is 
irrelevant will be covered as well. 

For a discussion of these concepts well-known in the theory of temporary 
equilibrium, we refer to Grandmont [4] and the references given there. 

Consumer /, acting as a price taker in a competitive world, can be des¬ 
cribed by the correspondence ii{<li,p, q) of all consumption-marketing plans 
which maximize his expected utility index over ii(di , p, q). 

Market me M ^ {»?(,} transforms inflow bundle v,„ e R into outflow 
bundle iv,,, 6 No production takes place but transaction costs may occur 
hence, for j e C, w,,,; i’,„j and i\„j — w„,s corresponds to the quantity of 

commodity j used up as transaction costs whereas, for J e E, me M, 

■ Markets are operated by traders choosing (r„ , w„) from the set /v of 
all feasible transactions. Traders too behave as price takers trying to maxi¬ 
mize profit. For the barter subset m -- m^ ■■■ (s^) no difficulty arises defining 
profit as 

P, q) = max[^(56) - p{Si) J over . (7) 

For a market m {s, t) e M of the nonbarter type, we have to take into 
account that exchange takes place by means of media of exchange. For 
notational convenience, we introduce the following decomposition, given 

, n',„) G Effi . 


Vrn = + I'mitX H'm = «',„(•«) + (8) 

where w,„(t) e R., and > 0 only if; e K(s}, > 

0 only if j e L(.y) and similarly for t. v,„fs) and correspond to non¬ 
money inflow and outflow at market m whereas u„,(0 and denote 

money inflow and outflow. Since exchange is of monetary type, money 
inflow should not exceed nonmoney outflow in value, i.e. 

<7(0vU0>aK/)«'™(0. (9) 


The value of money incomes to be paid out to consumers amounts to 
/’(■s) I'./iW whereas the value of gross money balances at the outflow side is 
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y(A) Therel'ore llic (racier al market m clearly lias an incentive to 

maximize the dilTercnce (y(.v) ir,„(.v) - /j(.s) r„(.v). This leads to the following 
definition 


TTjp. (!) max[z/(.v) irj.v) /H.v) c,,,!.!')], m (.v, t) i M (10) 

subjeet to (9) and (r„, , a',„)rF„, . We assume that prolils arc paid out to 
consumers according to their relative shares in markets: 

( v,(m) 7T,„{p, q) if m (.v,,) 

£/,(■'; p. q) I or if m (.v. r) r A/ (11) 

( 0 otherwise 

where relative shares ojw) arc given such that ■',('») 1 for all markets 

/)(. 

We define, for any market «/1 M kj the set q) of all inflow- 

outflow combinations (r,F,„ which maximize profit as defined 
above, given prices (p, q). 

A state of temporary equilibrium for the above money economy consists of 
a price vector (p, q) 0 , a consumption-marketing plan v, and a dividend 
configuration c/, (•■■ c/,(.v) •••) for each con.sumer / r:/, and an inllow- 

outllow combination (n„,. ir,„) for each market w e Af u {/«,,} such that 


■'■/ < !,(</, , p. r/), / f? / 

(12) 

(t’,«. i- l), til c- AT u {m„] 

(13) 

X.v,(-..v) .K.vK.vfci’ 

4 

(14) 

^ .v,(v, •) ii(.y), .V c £ 

4 

(15) 

(/;{.v;p, q), i{,seS 

(16) 


where t’(5b) - , and r(.v) - <(/) = r,„(r) for m — (.r, f) e AT and 

similarly for ir. Note that the case, where all markets of the nonbarter type 
arc shut down just because none of the accepted media of exchange is of 
positive value, has not been ruled out yet. Such a situation, however, would 
hardly correspond to an equilibrium of monetary type. Therefore, we will 
prove the existence of an equilibrium such that at any market w e AT of the 
nonbarter type at least one medium of exchange yields positive value. 

As should be clear from the introduction. Glower's pure money economy 
corresponds to the following specifications: no transaction costs, only one 
market m (.v, t) consisting of two sectors, A'(i) ^ C, Us) == E*, K(t) ■■= £, 
£(/) - 1, no barter subset, and no possible transfer between 

market sectors. 
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There is, however, another way lo lit a pure money economy into our 
Iramework, namely by specifying that there exists a market ni, (s,.. l,) con¬ 
sisting of two sectors for each non-money commodity c c C (trading post), 
that ^(.vv) |cl, /(.V,.) I-', A(r,.) E and l.Ur) {<') for c c C and, 

again, that no transfer between market sectors is possible. Note, that even in 
this version a "trading post” necessarily consists of two sectors. Sectors are at 
the level where monetary constraints can be defined most easily, whereas a 
trading post consisting of two sectors corresponds to the level at which 
feasibility of (lows of commodities is achieved. I'hc inllow of non-money 
commodity c at sector .v,. resiills in outllow of that commodity at sector 
whereas inllow of the money commodity at /, corresponds to money outflow 

We conclude this section with a remark on the inelliciency of temporary 
cc)uilibritim in a ntoncy economy of the above type. Examples can be con- 
strucled easily where a consumption-marketing plan .v i ///'(.v,/) tirgether 
wilh an inllow-outllow combination (/•,„ , for each market m exists 

such that Y(.v,,, •) - 2,V», . .v(-, v) iX.v), .v(.v. •) h'(.v) for all .vi .S' and 

2.’.v,(•, v,.). This means that more consumption could be assigned 
to each consumer using the same system of irans.iction technologies, in 
other words, resources are wasted in such a state of temporary equilibrium. 
Die rules of monetary exchange prevent more cllicicnl trade iirrangcments 
from being achieved. 

This case arises if there are two numey commodities, say. paper money 
and gold. If the market, where gold is the means of payment, uses up more 
resources as transaction costs than the market where noiimoney commodities 
cxcltange for paper money, but if people h;ive pessimistic expectjitions on 
the value of paper money then its present ptirchasing power may decrca.se to 
the ))oint where no longer all transactions can take place at the more ellicicnt 
market. As a consequence, refuge has to be taken in the other market where 
cold serves as means of payment and, in this way, resources are wasted at 
the less ellicicnt part of the market system. 


3. Till TxisiiNfi. OF Ti mfokaky hot It limn. m 

In this section, we discuss a set of assumptions which will turn out to be 
sullicicnt for proving existence of a temporary equilibrium in a money 
economy. Wc begin with the marketing technology Hr{s, 1). The following 
notation is u.sed repeatedly: 

IR[h]: -=(.YfeR.'’..v,--OVyrr^«; 


wh.re n is any subset of N. 
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Assumption A J. 

(a) T{s, i ) C n /^(f)] convex, closed cone for all s,teSt, 

(b) T(s,s,.) IR[L(i)] if A-e U {.V,} 

T(s,, s) R[L(a,) n /^(a-J] and 

L(a',.) - - C vj £■ if j e 5 vj {.?„} 

T(s, A'l = (0) if A- c So . 

(c) if X e T(s, t) and 0 x’ x then x' c T(s, t). 

(a) and (c) are standard and need no comment. As for (b) it is required, 
firstly, that each commodity occurring as outflow at any sector can be taken 
into the consumption sector of consumers, secondly, that any inflow com¬ 
modity, with the exception of intraperiod media of exchange, occurring at a 
sector can be transferred to that sector out of endowments and, thirdly, that 
no commodity bought at a market sector can be sold to the same sector in the 
same period. 

We admit, however, that T(s, s^) / (0) for some m = (s,t)e M to include 
money economies where borrowing on security at the barter subset (banking 
system) is allowed for. Security consists of intraperiod receipts of money 
oflered for money commodities of the present period. 

Next we come to an assumption regarding the expected utility index of 
consumers. First we have to specify the domain of definition of that index. 
A set £ of prices is given as follows; 

(p, q) = {••• p{s) •••, •• •q(s) • • •) e 2" if and only if p{s) e IR[A!(5)], 

q(s) e R[/..(a')] and 

X (Pj(a) -f = 1 for all A e 5 (17) 

ieN 

and qi(s) > 0 whenever J e L{s). 

Assumption A2. 

(a) Ui'. IR+'' X 2-^-IF8 continuous and Ui(-,p,q) quasiconcave and 
strictly monotone on R,.'' for any (p, q)sE. 

(b) For any sequence (p", q''}el! converging to a point in S\£ there 
exists a subsequence {p^^q"'), for which lim/ Ui{-, p”', q'’ ) defines a con¬ 
tinuous function on which is strictly monotone. 

Hereby S denotes the closure of 2. 

As for (a) we observe that normalization of prices as given by (17) is 
reasonable since the consumer’s optimization problem exhibits the cor¬ 
responding homogeneity in monetary constraints. For prices (p, q) e E\S 
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the expected utility index Uf need not be defined but some boundary condi 
tions as expressed by (b) should hold. Condition (b), sometimes derived from 
so-called “tightness" assumptions, is standard in temporary equilibrium 
theory (cf. Grandmont [.^] and [4]). 

Assumption A3. 

(a) X/ ^ii ■ all C\J E. 

(b) There exists a consumption-marketing plan tv nT{s, t) such that 
Xy(-, .Vft) - 0 for all,/ r 

.43 corresponds to the familiar assumption of strict po.sitive total endow¬ 
ments. Since intraperiod media of exchange, by definition, are never part of 
initial endowments, (a) has to be supplemented by (b). 

Assumption .44. (ni ni/,) 

(a) E„i C Rl/ffs*)] X IR[£.(a>,)] closed, convex set, 0 c E,„, and allows 
for free disposal. 

(b) (I'm . M'm) ' f'm only iC I'm ^ ' “m • 

(c) There exists {a,,,, iv,,,) <=- E„ such that w/nt) : • 0 for all J e L(aj). 

(a), again is standard, (b) excludes production at the barter subset, and 
(c) means that a positive amount of any commodity J c Z.(.yj,) can fiow through 
the barter subset. 

Assumption 5. (w (j, / ) c M). 

(a) - FJ i FJ where 

/•’,„* C IR[/f(.v)] X R[/-(t)] is a closed, convex set, allowing for free 
disposal, 0 £ FJ and v,„ - m’„ for all (r„ , h',„) l FJ 

and 

consists of all (r,„ , H’m)c R[A((t)] x IR[f-(v)] such that v^j 
for all js E, 

(b) There exists (t’,„ , w„) e /■„,* such that tv„„ - 0 for all j i: L(t). 

F„} is the set of inflow-outflow combinations consisting of nonmoney 
commodities only whereas F„? denotes the set of combinations of present 
money inflow and corresponding intraperiod money outflow, (b) requires 
that a positive amount of each nonmoney commodity j e L{t) can flow 
through market m using as inflow nonmoncy commodities only, though 
such a trade cannot be admitted by the rules of monetary exchange, (a) 
requires that the trading technology is of a simple form. Only nonmoney 
comr'iodities are used up as transaction costs, money commodities cause no 
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Uansaclion costs and inflow of present and outflow of intraperiod money 
commodities coincide. Finally, no production takes place. 

Ttn.oRLVi. (iiien that {/11)-(A5) hold, a temporary equilibrium exists such 
that pit) 0 for any market m (.t, t)( M. This means that at any market of 
the nonharter type at least one medium of exchanp,e of positive value is accepted. 

A proof of this theorem is jiivcn in the following appendix. 


Appendix 


In order to prove existence we have to deal with the boundedness of the 
economy. The marketing activities of the consumers may lead to cycles. 
Therefore in contrast to the usual temporary equilibrium model, the excess 
demand correspondence on a market m may not be bounded from below. 

To overcome this dilflculty, we modify our original model by imposing an 
artiflcial constraint on all actions, then wc increase the value of these con¬ 
straints in a proper way, approximating an equilibrium of the original 
economy by a sequence of equilibria of the constrained type. 

Wc take any continuous function h defined on E such that 


For any integer y. 
(s,,) wc define 


//(/», r/) I if(/7 . f/)<?2’and 


(18) 


lim /)(/)', o') 00 if lim(/>^, q' ) e ElE 

(■ i» 

= I, 2,..., and for markets m - (s, t) r; M and m -■ m,, -- 


<?) ilT (t ™ , «'».) <- I'm 

!;(<•»,, I'-m)!; • . pJt{p. q) 

and, if m (.y, t) c M, qit) «■„,(/) - /?(<) r,„yt) > 0. 

Furthermore, (r,„ , w,J e ■r},f{p, q) iflf (v„,. w,„) e ij„,"(p, q) and 


(19) 


PmiP, ti) 


where 


(f/(.v,,) rp,„ - piSi,)v„, 

(^(■ s ) »«,(-0 — / Ka )^™( v ) 


if m - ntf, 

if m ■ - (j, t)e M 


Pm“(F, (i) := max 


F/( h,) " m — /'(•S'l.) I'm 
Ws) — p(s) v„.(s) 


if m m,, 

if ni — (s. t)e M 


subject to (r,„ , ii „.) £ T]„,'‘(p. q). 
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Li.MMA !. For any /« . U N the correspondence q) is u.h.c., 

conre.y and nonempty for alUp, </)e27. Fitrihernwre, p,„'‘{p, q) is a continuous 
function on 2 '. 

I’roof. Obviously. is u.h.c. on 2'. Next, we claim that i},,," is l.h.c. 
For ni - nif,, this is clear whereas for in (v, r)i: M we find, using /15, 
(I'm , iv,,,) e ■fjJip. q) such that q(l) u-,„(/) ;;(/) rjt) ■ 0 and j (r,„, • 

/di(p. q). Lower hemi-coiitinuity can now be proved by a standard argument. 
It follows tliat is continuous. I'he proof of Lemma 1 can now be com¬ 
pleted easily. Q.lv.O. 

For consumer /1 ! the /t-lli modification of his correspondences arc 
defined as follows: 

*- 9 ,"( /'. <■/) (■ • • 1} ■■■)• Jl l\.\, t ) 

.v(.'V, •) «),• 

li,{s: X', p, q) () for all v I ,S' 

. 1 - . r,> ■ //(/>, q) 

where .v, p, q): //'(v; p. q) I- p(s) .v(-. v) q(s) .\tv, •) and 

. (v,(m)p,„"(/>.</( if.V .V,, orifm (v. 0 > A/ 

' lo otherwise ^ 

■V q) ill' ‘V), q) max t/,(■'(•. /x q) 

subject to v' ij,"{p, q). 

Finallv, we dclinc consumption correspondences Cp and C,“ in the following 
way; 

Cc ('■,“{ p, q) iff C .v(-, .V,) for some .vc y)i“(p, q) 

C f_ eV't/), f/) iff C .v(-,.sv) for some .V( ■<],"{ p,q). 


( 20 ) 

( 21 ) 


\Vc claim: 

l.tMvtA 2. For any i(. I the correspondence ri,"{p, q) is u.h.c., convex and 
nonempty for all (p,q) c S. 

Proof. During this proof, we omit writing indices p. and i. The only 
difficulty arises in proving upper hemicontinuity. First, it is easily .seen that 
■qip. q) and C[p, q) are u.h.c. Suppose that C(p, q) is l.h.c. Then it follows 
from a siandard argument that C(p,q) has to be u.h.c. Once C(p,q) is 
shown to be u.h.c., it follows immediately that q(p,q) is u.h.c. Thus it 
rem ins to be shown that C{p, < 7 ) is l.h.c. on E. 
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Suppose we are given a sequence q'’) e Z of prices such that lim(p^ q') 
" (Z’. 9 ) £ ^ and x{-, sj for some x e ij{p, q). We define as the set 
of all sectors .y c S for which there exists St e ^(p, q) such that ^{s', x, p, q) > 0 
and S- S\S‘. It follows from convexity that there exists xe-ij(p, q) such 
that /3(s', x,p, q) : - 0 for all .v eS'. 

Since {p,q)GZ and since .v and Steij{p,q) it follows that .v(,y, jj.) = 
^(r, .y^) - 0 for xeS~. Furthermore, .v(.y, t)-- ,*(s-, r) - 0 for and 

r E S'. F-inally, if a' is such that 


)0 if A- e S= or / e S 
A .y, t) otherwise 


(23) 


then x' e ij(p, q) and x\-, y^) = .v{-, .vv) and similarly for *. Therefore, we 
may assume w.I.o.g. that 


.v(.v, /) x(s, t) 0 for A e S“ or / 6 S' . 

Put A*': -- min{A 0 | Ai + (1 — \) x e rj(p'’, q'^)]. Then p(s, x, p", q") ^ ■ 
)3(a, .y, P‘, q^) > 0 if .y G S“ and 


lim^(A,.v,p%</‘) ;=• 0) 
lim j8(A, Xyp-, q'’) > OS 


if A 6 S'. 


It follows that lim„ A*^ 0 hence lim, [A’’* + (I - X") x] x and A'* f- 
(1 — A') X e ij(p\ q") thus proving that C is l.h.c. at {p. q). Q.E.D. 

Note that wc had to replace x by x' according to (23) in the above proof. 
This reflects the fact that rj itself need not be l.h.c. 


Lemma 3. Suppose,for fixed p and i e I , we are given a sequence (p", q") e Z 
converging towards (p, q) and xf e ■r),‘‘(p'', q"). If either 

(i) lim„y;'‘{.y;p‘’, 9'')= 00 

or 

(ii) qfS) 0 for some J e L(s) and Iim,/i'‘(s; p‘\ q^) > 0 

or 

(iii) qj{s) -- 0 for some j & L(s) and there exists 

x" G rji‘‘(p, q) such that lim ^(s, Sf,p\ q") > 0 

V 

for some market sector s e S then lim, !| C' || = 00 where C" = x'C", Ac). 
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Proof. It follows from (18) that (p,q)eiS\E in either case. Choose 
C 0. r e R[/.(s)] and .v t llT(s, t) such that 


■\(x, r) 


jCiffs,/) 
jo otherwise 


and, in cases (ii) and (iii), r/(s)C 0. This is possible because /tl(b) holds. 
Now assume the lemma is false. Then wc may assume w.l.o.g. that lim 


c = 

C. Using -42(b) 

we find 

a subsequence 

V ■ Ej • . 

1 '.. ■: ••• and e . ■ 0 

such that 






lim (/,((! 

e) C‘ 

i C.p . q' ) ■ 

lim Vi(C'\ 

, p' \ </'') 

hence 







(7,((1 

£) C' 

• C,p‘',q‘‘) 

VXC'-.p'- 

. q'-') (24) 

for !•' 

large enough. But, it cases (i) and (ii), (1 

£) .V' 

r .V t: , q" ) for 


I’' large enough, whereas in case (iii) (I - ■ f).Y'' | e/2 .v"' ( v f q’’) 

for r' large enough.(24) contradicts optimality of C'' and the lemma is 
established. Q.K.D. 

Next we deline an excx'ss demand correspondence e" for the /e-lh modi- 
(icati«>n as follows: 

{■■■ li(s) ■■■)i-€“(p.q) iff there exist .y, <■. q,“(p, q). 

i ' !. and (/ „,. tr,„) c r),f(p, q), m <. M (J (Wbi. such that 

\(.v) r,„(.v) - Y. •"’‘1 Z ') 

i I 

for all sS. It follows from Lemmas I and 2 that £" is a nonempty, convex 
and u.h.c. correspondence on 2J. The following form of Walras’ law holds: 

/H^.t) 'x(.v) ! q{.s)P{.s) 0, .vr .V. (25) 

for (. 1 , P) - £“( p, q) and (p,«/) ^27. 

Next, we introduce the following sequence 2.’’ of price sets: 

(p,q)c- 2’" iff ( p, q) e 27 and qfs) : * (26) 


for all / e /,(.') and s e S. 27*’ is compact and convex. Furthermore. 27 - 27". 


Lem.ma 4. Suppose, for pfi.xed, we are given a sequence (p", q”) e such 
that Umip' .q') -- (p,q)eS\£ and (a^/3") e ^‘'). Then /i>i!ie"!!= oo 
and Xje*.' hounded from below where 

e - X 
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f’roof. liy delinition. i'' and /?*' might be written as 

'•'(.v) a) and ^'{.v) ^ •) — ay/C?) (27) 

i i 

where x,’'c ■>],"( p‘\ t/' ) and wj) t, q' ). Let C ,Vr) and 

T" S, C"- 

I-urlhermore, we may assume w.I.o.g. that all coordinates of the above 
sequences arc converging, possibly towards j_cc. We show first that 

lim, C' 00 . (28) 

I' 

Several cases have to be distinguished; 

(a) If there is a market m - (.v, t) t M such that 

r/,(.v)0 for some /t Z,(s) or i/,(/) 0 for some / r/,(/) (29) 

then the following live cases exhaust all possibilities: 

(al) p{t) 0 and <■/(.?) : 0 ; 

(a 2 ) /?(/) “= 0 , r/(.v) -- 0 and /»(.v)' 0 ; 

(a3) p{t ): ■ 0 but — 0 for some je. Ht): 

(a4) p(t) 0. qj(l).. ■ 0 for all / 6 L(t). pis) 0 and c)i(s) ■-= 0 for some 

.r /■(•V); ■ 

(a.^) p(t): -0. <i,(t) > 0 for all /.it),p(s) - 0 and ^,(.v) 0 for 

some / r /.(,v). 

In each of cases (a l)-(a5), a consumer i e I can be found such that 

lim C/ ■■ = 00 . (30) 

This follows in case (al) from A5(a) and Lemma 3(i). in cases (a2)-(a4) from 
A 1(b), A3 and Lemma 3(iii), and in case (a5) from A5(b) and Lemma 3(ii). 

(b) If there is no market me M satisfying (29) then, by assumption, it 
follows that 


</;(■'■(,) - ■ 0 for some ./ e L{s^. 

Ifg(Aii) ' 0 then (30) follows from A4(c)and Lemma 3(ii) whereas if/> j(A(,) ' • 0 
for some j e AX-tp,), then we claim that there exist a consumer / e / and a con¬ 
sumption-marketing plan A„ such that 


,v„ P q") for V large enough and 

lim , -v, . p\ q') > 0. 


(31) 

(32) 
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To prove this, we distinguish two cases; 

(bl) piix,.) 0 for some / c C u/;■; 

(b2) Pj(x„) ' ■ 0 for some / 1 _ /;*. 

In case (bl), using Al(b) and A3(a). .v„ can be constructed easily such that 

(31) and (32) hold. As for (b2) suppose p/s,,) ■ I*../' ' By A3(b), there 
c\isl III (r, /) ( A/ and .\{r, .s,,) ( T{i\ s,,) such that .vXr, s,,) ■ 0. 

Now either plr) 0. Then, by A5(b). lim., pj‘( r/') 0 and there 

exists / (- / such that 

P‘, (p) t) for 1 ' large enough. 

Or p(r) 0. Then, by A3(a), there exist i i / and .\‘(.v,,, r) l 7'(.v,, , r) such that 
x(s. ,r) ■ Oh and p(r) x(x,, r) 0. In cither ca.se, a consumer /(-"/ and a 
consumption-marketing plan .v« can be found such that (31) holds and such 
that 

0 - .Y||(r, .V,,) .\(r, .V,,) and .y„(.s>, , ■) 0. 

(32) is established and, by l.emma .3(iii), so is (30). Since (a) and (b) cover all 
possibilities, (28) is proved. 

Using (27), A4(b) and A5(a), it can be shown that 

X X X ('"< •' ) ' 

.• .V t' xf ,S 

X X f'V' : X X X 

/- V /;»« ff N »• V /• / 

X X XX ■ 


Hence X/. v c/' has to be bounded from below and the lemma is established. 

Q.K.D. 

I.i-.MMA .S. Suppose, for each s r- .S', we are given a xei/iienre z''(.v) c whose 
co/npoiieiils all converge (possibly towards //'lim ; zT.')! ^ and 

if IlicvY-^cs =f(x) is hounded from below, then there exists sczS and a siih- 
sequence v’ such that 


lim z‘'(.s) - O/ tor some j <■-. N 


and 


X 


hounded fr-.uii below. 
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Proof. Firstly, it is easily seen that S is nonempty where S'. - {■tf-S'l 
lim„ r;(.s) cc for some j f N]. Secondly, if the lemma was wrong then 

ITm ^ -j'fi) - - oc for all .y c- S 

ICN 

and 

Urn -/(•«) ■ ' ‘Zi for all .v S''S 

jc N 

hence 

jt N Jte,y 

thus contradicting our assumptions and the lemma is established. Q.E.D. 

Through the next lemma, a fixed-point argument enters the proof of our 
theorem (see Debreu [2] and Grandmont [4]). 

Lemma 6. For any parameter p., there exists a price vector (p‘‘,q“)cl! 
together with a vector (a", /S") e q^) of excess demand such that (a", j8“) 
■ 0 . 

Proof. We omit writing /x as an index during this proof. For any v, E" as 
defined in (26) is convex and compact. Using a familiar fixed-point argument, 
sequences {p'\ q") e:E‘ and jS") e e(p‘, q") can be constructed such that 

(pis). tjf(.v))(«'(.«), ^-(.y)) < (p"(.v), ( 7 -’(.v))(rt''(.s), ^-(.y)) 

for all s e S and (/»,</) e Hence, by Walra.s’ law (25), 

(p(s), q(s))(i\'’(s), ^"(sy) • . 0 for all (p, q) e E\ s g 5. (33) 

Taking subsequences, if necessary, wc may assume w.l.o.g. that lim(/?'’, q") - 
(p,^. Now suppose (p, q) e E\E. Define :"{s) afi) + fifs). Then, by 
Lemma 4, 

lint li Y ="(•*■) j| ^ TO and Y Z “j bounded from below. 

" " »eS jelV »eS 

Therefore, by Lemma 5, there exists seS such that 

lim z/(s) = 00 for some je N and 
ITm Y ‘/(*) > — 

jew 

This contradicts (33) hence (p, 0e£ and, as a consequence, the sequence 
(a", P") has to be bounded. Again, w.l.o.g., we may assume that lim(ot‘’, p") =- 
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(.1, and, since « is u.h.c., that («, t e(^, q). Furthermore, by (33), {p, q) 
(lJ, j9) ^ 0 for all (/?, q) £ i' hence («, jS) 0. Delining {p“, 9 “): {p, q) and 
( ji"): (a, jS) a pair of vectors is shown to exist as claimed. Q.E.D. 

Modifying Lemmas 3 and 4 slightly, it can be shown in a similar way as 
above that the sequence (/", < 7 ") as constructed in Lemma 6 is bounded away 
from - 2 ’ and, again w.l.o.g., we may assume that 

lim(^“. l (/>. f/)i 2’. (34) 

It 

Furthermore, by definition. 

0 •{■■(.') f',X ^ .v,‘'(.v. ■) «',„''(.«) (35) 

i ) 

for some q,“{p", </"), i' / and iv,„“) r i;,„"(^". 1 /“). m ' M U {/>;,,}. 

I.IMMA 7. I'or in (s', r)( M. the .wquenccx .v/‘(.v, ;•) and are 

hounded for all i e I and r 1 .V„ . 

Using A 1(b), A4(h) and A5(a), this lemma can be proved easily. We omit 
details. At this point, the assumption is used that there exists only one market 
of the barter type. For a discussion of dillicultics arising without such an 
assumption, the reader is referred to Muller and Schwei 7 cr [12], 

I.I MMA 8 . The sequences .v,“, i l /. are hounded. 

TrooJ'. Using (20), (34) and Lemma 7, we find that .v,"(i, r) is bounded for 
all // and r u .V,, provided that m (.v, /) c. M. Hence .v,' ( ■. .v,,) is bounded 
and, by A4(b) and (35), so is .v,"(.v 6 , •) for all 11 . /. Finally, it follows that 
.v,'‘( '. ,v) is bounded for all / c / and m (s, t)<- M, thus proving the lemma. 

Q.E.D. 

We finish the proof of our theorem as follows. Condition (35) on market 
clearing implies that has to be bounded for all in f M U {m^} and, as a 
consequence of A4(b) and A5(a). so has to be rS,,," and, w.l.o.g., we may 
assume that 

lim .v,'‘ -V,. / fc / and lim ze„") (e,,,, ir,„), in Mu 

I* 

Using Lemmas 1, 2 and 8 , it can be verified readily that 

v, e q,'-(p, q), i e / and (r,„, m-,„) e q„r(p, q),m£.Mu {m^\ 

for p. large enough since in this case, constraints (19) and (21) cannot be 
bindii g. 


642/19/2-5 
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It follows that q) -- 77,„(/>, q) and (r„,, w„) e q) for all 

me M u {»/,;; and p large enough hence .Vj e , p, q) and rf, ^ /», r/) 

for p large enough and /' e I. 

It remains to be shown that 

p{l) - 0 for all m (s. t)e M. (36) 

Assume the contrary, i.c. p(t) - 0 for some m ---■ (s,t)e M. Since (p,q)el' 
it follows that q(x) ■ 0 hence, by A5(a), TT,„{p, q) orn, a contradiction. (36) 
is proved. 

This brings the proof of our theorem on the existence of temporary 
equilibrium in a money economy to an end. 
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This paper examines the ixrssibilily of extending the basie theorems of the 
risk-free, iwo-scelor, two-factor, constant returns to scale model of production 
to cover situations with price uncenainty. It is shown that the Kylv/ynski and 
.Stolper-Samticison theorems may fail to hold for certain cases while the factor 
price cqtiali/ation theorem cannot cairy over to the stochastic world, provided 
linns in the uncertainty sector exhibit decreasing absolute risk aversion. The 
implications of uniform (relative) changes in both factor endowments and in both 
(expected) commodity prices arc also explored. 


I. iNlRtJDUrilON 

In the past a simple general equilibrium model of production has served 
as an important workhorse for the evolution of many areas of economies, 
notably international economic.s, public finance and economic growth. The 
most famous model of this sort is the deterministic, iwo-seelor, two-factor, 
constant returns to scale model of produclion.' In ihi.s paper we attempt to 
blend the recent developments in the theory of uncertainty with some 
important problems which have been traditionally examined within the 
framework of the two-by-two, full certainty model. 

We are concerned with the competitive economy in which one of the two 
sectors is confronted with uncertainty as the result of price jluctuations 
in its product; therefore, the economy comprises the uncertainly sector and 
the certainty sector, l-xtending the usual, small-country assumption to the 
price uncertainty milieu, we assume that (irms in the uncertainty sector have 
no control over the distribution function of the price of their product, whose 
shape depends upon W'cather, taste pattern and many other natural and 
social factors influencing the demand-supply condition in the world market.'^ 
It is further assumed that those uncertianty firms exhibit decreasing absolute 
risk aversion and seek to maximize expected utility from profits. 

' For the .standard treatment of the nonstochastic, two-by-lwo model, see [5, 8, 11, 18]. 

’ Empirical analysis has shown that many countries sufler from high price fluctuations 
in their exporting commodities. See Coppock [6], This motivates us to study the competitive 
cconoriy facing price uncertainty as a good approximation to reality. 
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)n deriving comparative statics results from this simple model with price 
uncertainty, we highlight the dual relationship between factor endowments 
and commodity outputs on the one hand and factor prices and commodity 
price parameters on the other. It proves convenient for this purpose to make 
full use of the variable, input-output coefficients of both .sectors instead of 
the production functions per xe. Clearly, seeing to what extent the presence 
of price risk affects this dual feature of the model and thus forces the well- 
known, nonstochastic results to be modified should be the main task assigned 
to the present paper.-' 

We shall examine the possibility of extending the ba.sic theorems of the 
traditional, risk-free model to cover situations with price uncertainty. As 
will be shown below, even at the long-run equilibrium, the uncertainty 
sector's expected profits arc positive in the case of risk aversion. Accordingly, 
the part of the expected price of the uncertainty output exceeding the wage 
rate and rental should constitute the per unit payment for the “risk factor.” 
Lxistcncc of such a risk bearing fee and its responsiveness to changes in 
factor endowments and in commodity price parameters require special care 
in exploring the comparative statics properties of our stochastic model. The 
following results among other things are worth mentioning, (i) The factor 
price equaIi/.ation theorem is not valid—at least in its strict version in the 
stochastic context, (ii) The Rybezynski and Stolper-Samuelson theorems 
may fail to hold for certain cases to be specified below. This partially 
invalidates the Heckscher-Ohlin theorem as well, (iii) A uniform (relative) 
change in both factor endowments affects commodity outputs unevenly, 
while a uniform (relative) change in both (expected) commodity prices affects 
factor prices unevenly. The so-called magnification effect of Jones cannot 
carry over to the stochastic world. 

In Section 2 we shall make a set of assumptions to establish our two-sector, 
two-factor model with price uncertainly. In Section 3 we shall place the key 
equations describing the model on a common footing by rewriting them in 
terms of relative changes in variables and parameters. Section 4 will discus' 
the relationship between factor prices and commodity price parameters. The 
sub.sequent sections will be devoted to the comparative statics properties ol 
the uncertainty model. Namely, we shall explore the implications of change: 
in factor endowments in Section 5, of changes in (expected) commodit} 
prices in Section 6, and of changes in price uncertainty in Section 7. 

“ It was Batra [2, 3, 4] who first investigated the basic characteristics of the two-by-twi 
equilibrium model under uncertainty. Apart from the fact that his interest was mainl; 
centered around production uncertainty rather than price uncertainty, his formulation of th 
model is, unfortunately, fairly tedius and tends to obscure the duality feature of the mode' 
My present work may be regarded as a complement to Batra’s pioneering work. Recenll> 
a simitar model was developed by Mayer [21], which came to my attention after the coni 
pletion of this paper. 
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2. Assumptions and the Model 

Throughout this paper, we maintain the following assumptions under 
which our uncertainty model is to be established. Some of those assumptions 
are usually made for the certainty model, while several others are new'ly 
installed to take account of price uncertainty. 

Specifically, the following assumptions and notations are maintained: 

(i) Two primary factors, labor (/.) and capital (A), are used in 
producing two distinct commodities, and Technology in each of the 
two sectors exhibits constant returns to scale. 

(ii) The money wage rate and the money rent for capital .service are 
respectively denoted by ir and r, whereas the market prices of the two 
commodities are denoted by /),■ and /», , 

(iii) f irms in sector U face price uncertainty, but firms in sector C 
is free IVom uncertainty, free competition prevails in all markets. The 
probability distribution of the price of commr)dity I' ;is well as the price of 
commodity (' is e.xogeneously given to the country; in other words, we keep 
the “small country" assumption in the probabilistic sense. 

(IV) I'actors are fully employed and inclastically supplied. Although 
factors are perfectly mobile between the two sectors, factor intensity rankings 
never reverse when factor prices change. 

(V) l irnis in the uncertainty sector, which have to make Ihcir input- 
output decision prior to the knowledge of the price of their output, seek to 
ma\imi/.e expected utility from protits. It is assumed that they are not only 
risk averters but also exhibit decreasing absolute risk aversion. On the other 
hand, firms in the certainty .sector seek to maximi/.c utility from profits. 

(vi) All quantities shouki be valued in terms of money. Money is 
implicitly present in the ccimomy and serves merely as the unit of mea¬ 
surement. 

(vii) The demand side and other socio-polilico-ecoiurmic sides that 
must be introduced for a fuller description of the economy are all but 
neglected here. 

With those assumptions in mind, let us build a two-sector, two-factor, 
general equilibrium model with price uncertainty. The linearly homogeneous 
production function and the profit level in the uncertainty sector are given by 


and 


U - ML, , M) 


TTf Pl-V — - rAt , 
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respectively. The random variable Pi- is rewritten as 

Pr Pv H ye, 

where /Tfe] 0 and y is a shift parameter which we may take as being equal 
to one initially. An increase in y leads to an increased spread of the probability 
distribution ^e) around the constant mean pu , and this will be regarded as 
our definition of an increase in the riskiness of />(,. 

Let be the utility attainable from tt^ . Assuming risk aversion on the part 
of (/-producers, we have, 

CviTTi]) 0 and I'viTTv) 0- 

Those producers are interested in maximizing £[r( (7rt,-)] with re.spect to their 
two decision variables. and A",-. This gives the following relationships: 

‘ ye)./V.t/->.l] -0. (1) 

F[r'u(7ri,){(p.i; ■ ye) fKu - rl] = = 0, (2) 

where A,. and A-y cfirjeKi- From Eqs. (1) and (2), we 

immediately have 

If -- (p. 1 , — yp) f,,i, , (3) 

r = (pr ~~ yp) fKL', (4) 

where 

p ~E[i'v(7rv)e]IE[v'v{Trtj)]. (5) 

The value of p represents the per unit (psychological) cost of risk bearing 
associated with price uncertainty, which we may call the risk bearing fee. 
As will be shown in Lemma 1 below, p is always positive whenever V- 
producers are risk averse. Therefore, a nice interpretation may be given to 
Eqs. (3) and (4): At (/-producers’ uncertainty equilibrium, the price of each 
factor is equal to the “net" or “elfectivc’’ expected price of its marginal 
product. Since factor prices are positive, must be greater than yp. 

Lemma 1. If < 0 then p > 0. 

* It is assumed here that pu is positive for any value of e and that ^(t) takes on positive 
values for at least two values of r. Therefore, Efpu] and var(/>ir) are both positive. This 
mean-preserving spread type of shift in the distribution function was first introduced into 
the theory of the firm by Sandmo [17]. Also see Sakai [14]. 

‘ The second-order condition for a regular maximum requires that the Hessian matrix 
of Elvoli’a^] with respect to Lg and Kg be negative definite. This condition is weaker than 
the condition that the Hessian matrix of fg(Lg , Kg) is negative definite, provided (/-firms 
are risk averse. See Sakai [14, p. 33]. 
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Proof. From the definition of ttc , we find - £[7r[ ] - yeU. There¬ 
fore. if v“v(Tru) < 0, 

- i'i;(F[7ri/]) according to whether e J ■ 0. 

It follows immediately that 

E£,(wt/)£ .; I i,(A:[iro])£ for any e. (6) 

with the equality only when c 0. Recall the assumption that ^(e) are 
positive for at least two values of e. Hence, taking expectations on both sides 
of Eq. (6), we obtain 

< rJ;(F[7r„l) 0. 

so that p must be positive. Q.E.D. 

On the other hand, C-produccrs are interested in maximizing utility from 
profits; 

tc(n’c) - ■ uLc - rK(-). 

where Cf is an increasing function and/,- the linearly homogeneous produc¬ 
tion function. The optimum conditions are furnished by 

>V Pcfl.c > 
r - PcAc’ 

where,/if. cffl^Lr andA-r • In the light of Eqs. (3), (4), (7) and 

(8), we have 

,//.(/ Ji.c 

Ikv f Jk< 

Therefore, as with the certainty case, the factor price ratio must be equal to 
the marginal substitution between factors for each sector. 

The technology of the economy is also described by the columns ol the 
following matrix: 

lOxn ‘txc’ 

where </,, stands for the quantity of factor i required to produce a unit of 
commodity f, i.e., Slu LufU, a^v A'l/t/. etc. Let us try to reformulate 
our two-by-two model in terms ot the technology matrix {a„) instead of the 
production functions A and A • First of all, the requirement that both 
factors be fully employed is obviously given by 

( 10 ) 
( 11 ) 


L -= a,,rU ■■ a,_( C, 
K ~ rijfi’t/ "T O/ccC. 
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Secondly, noting that the production function^- of the uncertainty sector is 
linearly homogeneous, application of the Euler theorem yields 


whence 


f-'' ft-vl-v ~r . 


Mr — YP (Mr ' YP)fi.t ‘fi.c '■ (Mr ^ y/>)./Arr«*.'r ■ 

In view of Eqs. (3) and (4), this results in 

Hr ■ nY//,r ‘ laKC yp. (12) 

In similar fashion, we can obtain for the certainty sector: 


Mr "•«/., ^ fitK, ■ 


(13) 


As is clear from comparison between Eqs. (10)and (11) and Eqs. (12) and (13), 
the formulation based on the input-output matrix (a,;) is very instructive in 
showing the similarity of the relationship between factor endowments and 
commodity outputs on the one hand to that between commodity price 
parameters and factor prices on the other. .Such a duality feature will be 
proved more deeply in carrying out comparative statics analysis in the 
subsequent sections. 

In the general case of variable coefficients, each depends on the rate 
of factor prices:" 

iii.i- o^r a^ri'^ir), a,_r ' ci/,r ’ ‘ (i/cr(w/r). 

(14) 

It is now a simple matter to show that expected profits are positive if U- 
producers are risk averse. Indeed, in view of Eq. (12). 


- Kmi.' ; y«) («'«/.{> i roAflit/ 

- {(Mr i y«) - (Mr “ ypl'l^'. 

so that 

TTf ^ (p i €)y(/. (15) 

We thereby have /-'[wt] =■ ypf', implying that expected profits are 
positive if I'lrirrr) is negative (see Lemma 1). This is in marked contrast to the 
certainty sector in which profits are of coures zero.^ 

* Linear homogeneity of the production function fu implies /vColu , axir) — 1 ■ Besides, 
since the tiist derivatives ftu and /ku are homogeneous of degree zero, it follows from 
Eq. (9) that fivitiLv , a^v)fKu{aLV, Uku) - w.'r. Therefore, privided fv is well behaved, 
these two relations yield auj - auu{w.r) and = a)rtr(n’;'rl. Similarly, we can obtain 
olc ■' aLc{w,r) and Okc ^ ajrc(w/r). 

’■ For this point, see Sandmo (17], 
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The production structure in the economy is thus determined by ten 
independent equations including (5) and (10) (15). (Note that the system (14) 
contains four equations.) Our uncertainty model .serves to determine ten 
variables; i/, C, iv, r, a, ,-, ciki . Oay • P “"d ■ Hence, we have a 

determinate system with A, K, /([., p^. and y being treated as parameters. 


3. The Kquations oe Ciianue 

We are now in a position to explore the comparative statics properties of 
the model introduced in the previous seelion. In so doing, it will prove useful 
to place the key equations describing our uncertainty model on a common 
footing by rewriting them in terms of relative changes in variables and 
parameters. 

Let a hat indicate the relative or percentage rale of change in a 
variable or parameter; for example,/- Ja^r/‘iKi'< 

etc. Then differentiating the equilibrium full-employment equations (101 and 
(11) and rearranging slightly, we obtain 

I '■ ^u<<ul (16) 

^ i ')*■< ''kt )i (17) 

where A,,,,- )^,c (tu CIL, “id A*-,. u^; CIK. 

Clearly, the A’s refer to factor endowment’s relative allocations in each 
sector. A fraction of labor force is allocated to the uncertainty sector (A,,;.), 
and this plus the fraction of the labor force allocated to the certainly sector 
(A,f-) must add to unity; 

A,,c. ^ A,.,. - 1. (IS) 

Similar argument can proceed for the capital endowment to have 

Aa,- ! V I- 

The equilibrium price-cost equations (12) and (13) are also rewritten as 
the following equations of relative rates of change; 

Bli'W i “f ^rP - Pr — ^h7 (O/.i.^f/.E i (20) 

Ojx-u' : •=-A - 0ix^h.t ' Oat "At )' (21) 

where 9; i- ai i wjpi -, Oae dKi-r^pr - VPlPr > A.c ^nd 

^A-r ^KcfiPc ■ The 0’s represent factor's relative shares in each sector. 
0 /[ md 0ji.f are labor’s share and capital's share in the uncertainty sector. 
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respectively; while 0^ is “risk factor”’s share in the same sector. These 
three shares must add to unity; 

ej.v-\0KL^&» 1 . ( 22 ) 

In similar fashion we can find 


: «Ax - - I, (23) 

which shows the zero profit condition for the certainty sector, with no risk 
factor being present. As far as physical factors are both employed and firms 
are risk averse, each 6 should be positive and less than unity. 

Let A be the determinant of the technology matrix, i.e., A -= \a'. 
Obviously, A is positive if the uncertainty sector is relatively labor intensive 
(i.e., ^ "/.(/ajrc) negative if it is relatively capital intensive 

(i.e., tftc/fljrc,' < "zr /^Ac)- Further, let us define the allocation matrix A and 
the share matrix d as follows: 




It follows from F.qs. (18), (19), (22) and (23) that 


A 

■ i A! 

^ ■ A,,, - 

A*7- — Xm- ~ A, t- 

(24) 

& 

-.\e\ 

■ 0,,.-- 

(1 - 0;,) 0i_(: ~ (1 0k) ^kc ~ ^A'u • 

(25) 


It is not difficult to show that A and 0 are both positive if the uncertainty 
sector is relatively labor intensive and negative if it is relatively capital 
intensive.® 

Our next step is to simplify Eqs. (16), (17), (20) and (21) by eliminating 
every and, therefore, the A and 0 weighted sums of the «,j’s. First, minimize 
unit cost (u’a;,c r«A-c); since m’ and r are given to (/-firms, this implies 

II' (iuix r dam: - 0, hence the following relationship holds: 


Similarly, 


-i ^AT'«Ac 0. 

^uAlc L ^kc^kc 0 . 


(26) 

(27) 


Secondly, we may establish relationships between factor price changes and 
factor proportions as follows: 

— «/.r ‘^t(»' — »'). ( 28 ) 

^K( — ^t.c «fc(«' — (29) 

‘ This relation among the signs of A, A and 9 is now well established in the international 
trade literature. For example, see Jones 18] or Takayama [19, Chapter 2]. 
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Where a,, and a,, denote the elasticities of substitution between factors ,n 
each sector. In conjunction with Eqs. (26) and (27) and Eqs. (22) and (2 ) 
these two equations give solutions for the as of both sectors- 


d,a _,y:) 

6lu 


(30) 

(31) 


1 0^ 

die =-■ —ff*r<rr(in — r) 

d^e -- ~ r). 

We then substitute these solutions for then’s into Hqs, ()6), (17), (20)and t^l) 

to obtain • - / ; 


(32) 

(33) 


where 


\v0 \ie(' -- Sy(l() — f) 

L. 

(34) 

-f- ' -|- Sg{w f) 

=- A'. 

(35) 

+ Okv' 

■ (*r O/tip y), 

(36) 

1- 0K<^ 

- k . 

(.37) 

S . t ^KU 

1 ^l.cOKr<’r, 


■ A/tt' j —''^p Ou 

r ^K( 0i,, (Tf . 



It is noted that Si and Si- are both positive. 

Now, from Eq. (5), we find 

f;T' c(w„)|/) i t[''i/(7ri.)«) 0. (38) 

whose total differentiation yields 

(f[fi;('’r[f)(p ' ■ /:{r'u(7T(,)] r/p 0. (39) 

Since dn,- - - (p t- eXy r((7 U (fy) j- yU dp front (15), Eq. (39) is rewritten 
as 

(\C Pp —\y, (40) 

where 

t - —£[l-?7(rr£,)(/> : e)”]7t', (41) 

p \E[vu(Tru)(pi)]yV r tl[v'i,{'ni)]\p. (42) 

Obviously, when C/-firms arc risk averse, n. must be positive. Besides, the 
assumption that they exhibit decreasing absolute risk aversion is strong 
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enough to determine the sign of /3. For if we define ihe absolute risk aversion 
function by 

-l'u(TrvVt'ii(Tru)-r’ 

we can obtain the following result; 

I-iMMA 2. /fJR'jn, ) 0 t/ien jS : • 0. 

Proof. From Eq. (5), we find 

E'fi i/(-n-,j)(p i- «)] 0. (43) 

Let e* be such that (Y,('n',*)(p-r «*) =0 where tt/J - (n,- ■ ye*-)U— 

n Li >‘f^r ■ Since tt, tt*. - y(e - f*)U, it fallows that 

rrij . [ 77,7 according to whether e i e^ - —p. 

If R„{tti ) is decreasing, we must have 

_ RAttu) ' RA^ti) according to whether rrc tt y . 

Accordingly, 

tfATTiMp -r e) • - R„(-rru)i v{Tri!))p ~ t) for any e. 

Taking expected values, we obtain 

£’[' f/( 7 r(/)(p •; e)] . • ~KJtti,) Elr'uiTTu){p ! e)] = ■ 0 

because of (43). This ensures that j8 is positive. Q.E.D. 

The system of equations of relative change for our uncertainly model is 
exhibited in Eqs. (34)-(37) and (40). In matrix form, it can be rewritten as 

^1.0 ^Lc d —0 L 

^KC ^ ~^K ^ ^ 

- .X 0 jS 0 0 P xy . (44) 

0 0 Bn Oi_i/ 0KU w’ Pu ~ ^rY 

_ 0 0 0 J L . L h . 

The subsystem consisting of the first two equations in the system (44) 
represents the commodity output-factor endowment relationship and the 
subsystem consisting of the last two equations the factor price-commodity 

• The absolute risk aversion function Rfirv) was first introduced by Arrow [1 ] and Pratt 

U21. 



t'QUII IRKll.'M UNDI.R UNCFRTAINTY 


297 


price parameter relationship. The third equation, which links p to y, tells us 
how the presence of price uncertainty contributes to make those two sub¬ 
systems connected and thus the dual feature shared by any two-by-two model 
more complicated than in the traditional, risk-free case. 

In the special case in which l/-firms arc just risk neutral, the terms 0^ , ix 
and jS all vanish; so that (44) is reduced to 


^LC —^i. 0/. 


0 


L 

^Kli ^Kr 'Sjt 




K 

0 0 d/f, Ogu 


it' 


Pu 

. 0 0 l)„ Ogr 


r 


Jr. 


The risk-neutral system (45) has essentially the same structure as the risk-free 
system with respect to variables, parameters and coellicicnts; the only 
difference is that the relative change in expected price of the uncertainty 
sector is now present as a variable."’ In this special system, the “financial" 
subsystem containing the last two equations may be entirely separated from 
the “physical" sub.systcm containing the first two equations in the following 
sense: The former subsystem itself is complete enough to determine the 
values of w and f given pu and pc . As seen above, however, such a simple 
separation of the system ceases to be feasible in the more plausible case of 
risk aversion. 


4. Thf. Ria.AitoNSiiip bkiwi-fn Facior Prici s and 
COMMODHY PRICl- PARAMI-.TI-RS 

One of the salient features of the nonstochastic two-sector, two-factor 
model is that under certain conditions, factor prices are dependent only upon 
commodity prices, which is called the factor-price equalization theorem. We 
shall show in this section that such a nice relationship between factor prices 
and commodity prices cannot carry over to the world with price uncertainty, 
except for the special case that firms in the uncertainty .sector are Just risk 
neutral. 

In order to make the system (44) more manageable, let us attempt to reduce 
the number of variables from five to three. From the last two equations in (44), 
we can solve for w and f to obtain 

W -= i( —+ Ogefiv — ^KC^Ry ~~ ^^KUpr)< 

f = — SlcPv -!- Oafifty ! OluPc)- 

“For the risk-free system of equations of relative change, see Jones [81, for example. 


(46) 

(47) 
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In view of Eqs. (22) and (23), we thereby obtain 

^ ' fi-v--6Ry -(\ dR)pc\- (48) 


As is clear from the above equations, the way in which factor prices are 
affected by changes in commodity price parameters is dependent upon in 
which direction and how much the risk bearing fee (p) responds to the 
changes. But p is linked to L and iC through and (sec the physical 
subsystem in (44)). This demonstrates the general dependence of factor price 
changes upon changes in the factor endowment. Therefore, the factor price 
equalization theorem no longer holds in our stochastic model, except for the 
special risk-neutral case in which Or , the risk factor’s .share, disappears.*^ 
Substituting for and f in (46) and (47) into the first three equations in the 
system (44) and rearranging slightly, we obtain 



^LC 



0 


L •: 

- 

0■■ 

^lOr . 

S/.(l I 

^KV 

^KC 

S 


c 


hi- 

0 Pt’ 

^kPr ~ 
-Q-r 

Sj:(l — Or) . 

- - 0 - -Pr 

- n 

0 

ft . 


L c J 




ny 



(49) 


Given changes in parameters, the values of 0, C and p arc simultaneously 
determined in the reduced ,system (49), and then the values of zv and f are 
separately determined by substituting for this p into Eqs. (46) and (47). 
Letting D be tiic determinant of the coefficient matrix in (49), namely. 


we obtain 


D 


^LU ^LC 

^KU ^KC 
— m 0 


¥ 


D — PA <X-^ 'I' Sjf^tc)- 


(50) 


It is noted that D is positive if the uncertainty sector is relatively labor 
intensive and negative if it is relatively capital intensive. 


Even in the risk-free case, factor prices may fail to be equalized when there are more 
factors than commodities. In the light of this well-known result, the non-equalization of 
factor prices in the case of risk aversion could be quite understandable if the risk bearing 
fee (p) is interpreted as the payment for a third factor whose presence must be counted. 
See Samuelson 116], 
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5. Changes in Tae tor Endowments 

In this and following sections, we shall investigate the comparative statics 
properties of the uncertainty model described above more deeply by focusing 
on a change in one parameter only. First of all, we arc interested in seeing 
what happens to the equilibrium variables of the system when the labor or 
capital endowment changes. Specilically, we wish to know whether the 
following theorem of Rybezynski [13j remains unscrathed by the recognition 
of price uncertainty: An increase in the endowment of any factor leads to 
an expansion in the output of whichever sector is relatively intensive in its 
use of that factor, and to a contraction in the output of the other sector. 

We shall state and prove the following result: 

Theorem 1. (i) Suppose L 0 . Jhen 

d 0, r .j 0, p- o, ^ - o, f ■ o 

if the uncertainty sector is relatively labor intensive; 

V < 0, (' •.'■ 0, p 0, 10 <0, f t) 

if it is relatively capital intensive. 

(ii) Next suppo.'te X' > 0. Then 

0 < 0, C > 0, P < 0, IV : • 0, r < 0 

if the uncertainty sector is relatively labor intensive: 

C > 0, C f. 0, p > 0, to > 0, f • , 0 

if it is relatively capital intensive. 

Proof. Letting all the parameters but L be zero in Lq. (49), we have 



If we solve for the variables, it is not hard to sec that 


0 = 

^A(fc f 

D 

(52) 


(SAjrt/Q — f 

(53) 

- 

C — 

D& 


A 

'S^KC t 

(54 

p 

D 
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On the Other hand, from Eqs. (46) and (47). we obtain 


^KC^R 

& 


/A 

P- 


(55) 

(56) 


Keeping in mind that & and D arc positive (or negative) if the uncertainty 
sector is relative labor (or capital) intensive, Statement (i) immediately 
follows from Eqs. (52)-(56). Note that the sign of C is indeterminate when 
f- 0 and & .> 0. 

Now focusing on A', the proof of Statement (ii) proceeds in a similar way 
and is omitted. For a later discussion, we only write the following formula: 

(57) 
Q.E.D. 

Theorem 1 has several interesting implications in comparison with the 
nonstochastic results. First, it is noted that the Rybezynski theorem may fail 
to hold for the certainty sector although it docs hold for the uncertainty 
sector, provided that firms in the latter sector exhibit decreasing absolute 
risk aversion. More precisely, when the uncertainty sector is relatively labor 
intensive (or capital intensive), an increase in the labor endowment (or the 
capital endowment) doe.s not necessaroly result in a decrea.se in the output 
of the certainty sector. Since there is an intimate link between the Heckscher- 
Ohlin theorem and the Rybezynski theorem, this also implies the partial 
invalidity of the former theorem.^ Secondly, the risk bearing fee varies in 
either direction in response to an increase in the factor endowment, depending 
upon the factor intensity between the two sectors. This explains why the 
Rybezynski theorem may become partially invalid in the case of price 
uncertainty. In fact, from the first two equations in (51), we obtain 



“ After the major part of my present work was finished. Das’ paper 17] drew my attention. 
Following Batra's model closely. Das came to the same conclusion as above when the 
production technology is subject to uncertainty. Put differently, this means that the assump¬ 
tion of decreasing absolute risk aversion is not strong enough to guarantee the full validity 
of the Rybezynski theorem. Similar qualifications should be kept in mind for later dis¬ 
cussions on the validity of other theorems. 
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Therefore, in case the uncertainty sector is relatively labor intensive (i.e., 
& is positive), the increase in the risk bearing fee has an effect that is similar 
to a decrease in the labor supply and an increase in capital, showing the 
possibility that both sectors expand simultaneously as the result of the initial 
increase in the labor supply.'* An analogous argument can proceed for the 
implications of an increase in the capital supply (see Lq. (57)). Thirdly, an 
increase in the endowment of any factor must cause the price of that factor 
to decline and the price of the other factor to rise, whatever the factor 
intensity between the two factors. This result is well contrasted with the 
nonstochstic case in which factor prices are not alfcctcd at all by changes 
in factor endowments. 


TmoRfM 2. Suppose L AT • 0. /hen (i) C ( 0; (ii) p 0; 

(iii) ti *■; Oandr • Q if the uncertainty sector is lelalive/y labor inlensiie', 
Tc - 0 and f 0 if it is relatirely capital inlensire. 

Proof. Making use of Eqs. (49), (46) and (47). it is straightforward to 
show that for L - li £, 


U 


fiA fiAO r < Sat) 

O t ^ 

„ -xA 1 . xOxoOhA • 

T' 75 «' - - -D0 ' 


X^Abi^ |- h*;) 

ne 

/)(-) 


Using thc.se formulas, the desired results follow immediately. Q.F..D. 

We sav that a uniform (relative) change in the two (actor endowments hits 
a “neutral” effect if it docs not alter the composition ol outputs and the ratio 
of factor prices. Theorem 2 shows that as contrasted with the noiistochaslic, 
constant-returns-to-scalc economy, this neutral effect i>l factor endowments 
is no longer valid in our stochastic framework. Suppose that both endow¬ 
ments expand at the same rale. Then the uncertainly output grows at a lower 
rate than the certainty output. Besides, the price of whichever (actor is used 
relatively intensively in the uncertainty sector decreases and the price ol 
the other factor increases. The reason why the unilbrm growth of both 
endowments produces such uneven efiects on commodity outputs tind 
prices is that it forces the risk bearing fee to increase, which in turn a ects 
the uncertainty sector relatively unfavorably.'* 


“ It can be shown that L - (SJn 8) P » u ?/!; JnrLanve 

the response of /i to L makes a positive L smaller tlian in the risk- itc _ ' 

"Asa corollary of Theorem 2, we see that there exists a sufficient y s'";'"’ 
such that L (7 < <? and the uncertainty sector is relatively labor _ 

Therefore, the magnifcation effect of factor supplies on commodity outputs cannot tatry 
over to the case of risk aversion. For the magnification effect, see Jones l J. 


*'+*,^9/2-6 
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6. Changfs in (Expicted) Commodity Prices 

In this section we shall consider the implications of a change in the expected 
price of the uncertainty commodity and of a change in the price of the 
certainty commodity. The theorem of Stolper and Samuelson [18, 15], the one 
that is dual to the Rybezynski theorem, says that an increase in the price of 
any commodity results in an increase in the price of whichever factor is used 
relatively intensively in the production of that commodity, and in a decline 
in the price of the other factor. We shall be especially interested in the extent 
to which the Stolper-Samuelson theorem carries over to the price uncertainty 
world. 


Theorem 3. (i) Suppose p-i- 0. Then 

C > 0, C < 0, p > 0, w : • 0, f < 0 

if the uncertainly sector is relatively labor intensive; 

0 0, c <: 0, p 0, TO < 0. f > 0 

if it is relatively capital intensive. 

(ii) Next suppose f>(; > 0. Then 

fj < 0, r; > 0, p <. 0, to f 0, /o 

if the uncertainty sector is relatively labor intensive; 

U < 0, C > 0, p <0, re > 0, f "S 0 

if it is relatively capital intensive. 

Proof. Taking advantage of Eq. (50), the proof of this theorem is almost 
parallel to that of Theorem 1 and is omitted here. We only record the fol¬ 
lowing formulas: For a change in p .^, 


^ 'x(3tAji rc -F S kXlc) ^ 
P d9 

a ^ M ^ . 
Pv ~ “sp - ■ Pu . 


(58) 

(59) 


and for a change in Pc , 

A 

p 


y(1 — t- SjfAtc) 

D9 


Pc, 


- £. 
r — Pc 

f>c-w = 




- 9n) 9 kcA . 

na P(^ 


(60) 

( 61 ) 

(62) 

Q.E.D. 
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We can give some interesting interpretations to Theorem 3. First of all, 
we see that although the Stolper-Samuelson theorem is valid for the case with 
changes in the expected price of the uncertainty commodity, it may fail to be 
valid for the case with changes in the price of the certainty commodity; in 
fact, an increase in the price of the certainty commodity does not always lead 
to a decrease in the price of the factor that is less intensively used in its 
production. The key to such a nonsymmetric result lies in the fact that the 
risk bearing fee is present in the stochastic world and that if rises when the 
expected price of the uncertainty output rises but falls when the price of 
the certainty output rises. To see this point more sharply, let all the para¬ 
meters but fir be zero in the la.st equations in (44) and rearrange them 
slightly to obtain 

S, i w !- f - fir O^p. 

OtrK ■ ^ 0 . 

In the light of Eq. (59), the term (fir - - 0„fi) is positive if /t(- is so. whatever 
the intersectoral factor intensity condition. Consequently, the effeul of the 
positive response of p to fir is to make a positive fi,, merely smaller, but not 
negative; so that the Stolper-Samuelson result continues to hold in this case. 
On the other hand, letting all the parameters but />,■ be zero in the last 
two equations in (44) yields 

6rvw 4 - -■= - Sgfi. 

^l.C^ + Pc • 

Therefore, the decrease in p accompanied with an increa.se in p, has the same 
effect on factor prices as would an increase in pi ■ This tell us that there is a 
possibility that contrary to the Stolper-Samuelson theorem, both >r and r 
go in the same direction when pc varies.It should also be noticed that an 
increase in the (expected) price of any sector- the uncertainly or certainty 
sector--causes that sector to expand and the other sector to contract. This 
is exactly the same result as in the risk-free case. 

Theorem 4. Suppose fi„ - pc 0- TAen (i) C' > 0. ff"' P ' 
(iii) w > 0, r 0, w f if the uncertainty sector is relatively labor 

^ intensive; u> 0, r > 0, f > «' if it is relatively capital intensive. 

Proof. The proof of this theorem is quite analogous to that oi Theorem 2 
and is omitted. Q.F..D. 

Even so, ir and r increase at different rates, depending upon (he inlersccioral factor 
intensity. As can be readily seen by Eqs. (61) and (62). «- rises at a faster rate than r (i.c., 
the wage-rental ratio rises) if the certainty sector is relatively labor intensive, an converse y, 
if it is relatively capital intensive. 
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Wc say that a uniform (relative) change in the two (expected) commodity 
prices has a “neutral” effect if it does not influence the output ratio and the 
factor price ratio. As a dual of Theorem 2, Theorem 4 demonstrates that this 
neutral effect of (expected) commodity prices does not hold in the presence 
of price uncertainty, which is in marked contrast with the risk-free case. 
Suppose that both (expected) commodity prices rise at the same rate. Then 
first of all, the uncertainty output must increase and the certainty output 
must decrease. Secondly, the price of whichever factor is intensive in the use 
of the uncertainty output must rise at a faster rale than the price of the other 
factor, with the possibility that the latter price might fall. Note that the 
risk bearing fee is pre.sent in the risk aversion ca.se and is positively responsive 
to the uniform commodity price change. This is the reason why the uniform 
change affects both physical and financial variables unevenly as .staled 
above. 


7, CiiANrirs in Pricf U-nchriainiv 

We turn to the implications of a change in price uncertainty for the 
equilibrium values of the model. Although this was already discussed by 
Batra [4, Chapter 6], our approach taken here gives an alternative, and 
hopefully better, method of proof by shedding a new light on the duality 
fcalute of the economy. 

Tiii'orkm 5. Suppose y ■ 0. Then 

(i) C C -0, p ; y -0, rf <0, f;^o 

if the uncertainty sector is relatively labor intensive: 

(ii) ( ' < 0, C • 0, p \ Y ' ■ 0, u' • 0. f < 0 

if it is relatively capita! intensive. 

Proof. Limiting our attention to y, the proof is direct. We only write the 
following formulas; 


A 

s{(Id(8iXicc h 8j(Ai_c) ■' ■rl0> . 

(631 

P ■ " 

be 

p - y ^ 

(S : j8)/I . 

(64) 

U' - ■ 

y). 

(65) 

f - 

'-Yl 

(66) 


*“ Theorem 4 clearly implies that the magnification effect of commodity prices on factor 
prices cannot be extended to the world with price uncertainty. 
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Theorem 5 is interesting in several respects. An increase in price un¬ 
certainty contracts the uncertainty sector and expands the certainty sector. 
.Although the risk bearing fee may go either way, the sign of the “combined 
risk effect" represented by the sum (p 4 y) must be positive (compare 
Tqs. (6.^) and (64)). This plays a crucial role in determining the .signs of tv 
and r as is seen by Hqs. (6.5) and (66). In fact, the price uncertainty increase 
results in a decline in the price of whichever factor is use drclatively intensively 
and in a rise in the price of the other factor. Comparison of Theorems 3 and 5 
shows that as may be naturally expected, the implications of a change in the 
expected price of the uncertainty output and those of a change in the price 
variation are antithetical in the case of risk aversion. 
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The purpose of nonsubstitution theory is to find conditions on the produc¬ 
tion sector of an economy such that equilibrium prices and the choice of 
techniques do not depend on the structure of final demand. Typically the 
following assumptions are needed to obtain a nonsubstitution theorem; 

(1) There is only one non-produced good 

(II) Constant returns to scale hold for all productive activities 

(111) There is no “genuine” joint production. 

For a thorough discussion we refer to Bliss [1, chapter 11]. 

The only non-produced good might be identified as labor provided that 
labor is of a homogeneous type and freely movable between sectors. Land 
differs from labor as a factor of production because land can hardly be 
considered mobile even if all land is of the same quality. Therefore, land at 
different locations has to be treated like different factors and, as a conse¬ 
quence, the structure of final demand, given by its distribution over space, 
influences local f.o.b. prices and land rents. A nonsubstitution theorem in the 
narrow sense does not hold and the question arises whether any other set of 
invariants related to the price-land rent system exists which does not depend 
on final demand. 

Such invariants have been found by Goldstein and Moses [2] in the case of 
two commodities and by Schweizer and Varaiya [4, 5] in the general case. 
The present paper extends results due to Schweizer and Varaiya [4] in the 
direction that we allow here in addition to the set L of commodities produced 
within the monocentric city for a set Fof factors of production to be imported 
at the central business district (CBD). These factors can be thought of as 
diflerent types of raw material or as intermediate goods produced outside the 


* Paper presented at the European Congress Regional Science Association 1978 in 
Fribourg, Switzerland. Research sponsored by the Swiss National Science Foundation. 
The author is grateful to Prof. P. Varaiya for helpful comments, to the participants of the 
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city. It is shown that, given a Leontief technology with fixed coefficients, 
production lakes place in rings around the CBD and that the production 
pattern given by the ordering of these rings does not depend on final demand 
at the CBD, The notion of production pattern, forming a system of in¬ 
variants in the above sense, allows to calculate equilibrium prices, given 
final demand, and to study how the structure of spatial equilibrium changes 
with the interest rate. 

Note that the assumption of fixed input coefficients is crucial for this 
ordering to be independent on the structure of final demand at the CBD. 
This follows from results due to Schweizer and Varaiya [5]. Moreover, the 
assumption that no production process with output belonging to the set /•’of 
imported factors makes any land rent offers cannot be relaxed either. Never¬ 
theless the results of the present paper seem to be noteworthy for simplicity 
as well as generality. The way of proving them turns out rather intricate, 
especially as compared to corresponding proofs for the case F - ■- empty in 
Schweizer and Varaiya [4]. 

The model can be described as follows: 

At distance u, u r ^ from the CBD the quantity 6(u) of land is available 
for production. L denotes the set of produced commodities, F the set of 
non-produced factors of production to be imported at the CBD. Transporta¬ 
tion occurs radially and to ship one unit of commodity /, ie L^J F, over one 
unit of distance costs t,, t, > 0 for/ g/.u/s units of “money”, t - (••• tj •••) 
is the (row) vector of these cost coefficients. Production possibilities arc given 
by a Leontief technology with fixed coefficients and without joint products. 
To produce one unit of commodity /,_/ e L, a,> units of commodity /, i g /, u F, 
and aj units of land are needed. A — (o/,) denotes the input matrix with as 
many rows and as many columns as there are goods in LuF and in L 
respectively and / - (5,,) stands for the matrix of the same format such that 
Sjj — I if / == y, S;j == 0 otherwise, a ■ - (••• a, •••) is the (row) vector of land 
use coefficients. Final demand occurs only at the CBD and only factors of 
production are imported from outside, all other commodities needed to 
cover final as well as intermediate demand being produced within the mono- 
centric city. The arrangement of production over space can be described by 
vectors of production levels .\(u) and by vectors s(u) and ct(m) denoting 
commodity flow towards the center and towards the periphery, respectively, 
of the city at distance u from the CBD. 

DefiNitioK 1. A triplet (.v(m), s(u), x(u) e s(u) and cr(u) e /Jj' 

M® < M < iJ, of profiles is called an activity profile if, for ifi ^ u. 


(/ — A) x(u) = —i(u) -h a(u) 
ax(u) = 0(u) 


(0 

( 2 ) 
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and 

=-^ 0, ff(S) siu) 0. (3) 

a(«“) is called the final output at the CBD of the activity profile. 

L and F denote the sets as well as their corresponding cardinality. The 
following notation is used throughout: R^‘- is the nonnegative orthant of 
T-dimensional real vector space and similarly for Given ze R^''’’, 
Zl denotes the vector in R'- of the first L coordinates of z. “Dot” means 
derivative with respect to distance u. 

By definition, activity profiles represent stationary states of production in 
space, i.c. steady states of zero growth in the sense of capital theory. There is 
a unit period of production at the beginning of which inputs are needed to 
obtain output at the end of that period. Since activity levels and flows do not 
depend on time parameters in stationary states, reference to time can be 
omitted. 

We restrict our attention to activity profiles which can be sustained by a 
system of f.o.b. prices and of land rents as spatial equilibrium. 

Deitnthon 2. Given a vector of factor prices Pf at the CBD and an 
interest factor R, a continuous profile (p(«), r(u)) of f.o.b. prices p{u) e R%^^ 
and land rents r(«) e R.^. sustains the activity profile s(u), a(u}), iP < 
u < u, as a spatial equilibrium (at interest factor R) if for any distance «, 
u® < i< < t(, 

P(m)(/ - RA) -< r{u) a 
p{u)(I — RA) .y(i/) - r(u) a.x(u) 

—ti if Sj(u) > 0 

piiu) — ti if fT,(M) 0 

e[—/,, f,] otherwise 
and 

r(U) = 0, p^iP) . P, 

If (l)-(6) hold then (x(u), s(u), o(u), p{u\ r{u)), iP -'// ' u is called an 
equilibrium profile. 

(4) means that profits are maximized at all distances, (5) prevents arbitrage 
in the transport sector but if transportation takes place then costs are covered 
by the difference in f o.b. prices and (6) requires that land at the edge of the 
city yields zero rent and that fo.b. prices of factors coincide with given 
factor pricqs at the CBD. 

Before proceeding a remark on optimality might be due. Suppose the 
activity profile (.y(«), s{u), ffw)), iP ^u ^u, can be sustained as a spatial 
equilibrium at interest factor R - 1 and suppose we are given another 


(4) 

(?) 

( 6 ) 
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activity profile (x(wj, i(«), d(u)), u S, with the same final output, i.e. 
rf(M") = .s>(u“), then 


Pp^At^) i f t[.v(u) ■ n(u)]tiu ■' PfOfiiP) + f /[.5 (m) i ctCm)] c/« (7) 

•'„« •'„0 


which means that the sum of costs of factors and of transportation is mini¬ 
mized at an equilibrium profile provided that the interest rate equals zero, 
i.e. R 1. A proof of (7) can be adapted easily from Schweizer and Varaiya 
[4, p. 235]. In this sense p{u) and r(u) play the role of shadow prices for an 
optimization problem. If R / 1 no such interpretation seems to be possible. 


TuEORtM 1. Given an interest factor R, 0 -. 7 , RR, there exists a 
sequence (/*, S*, 27*) of sets, /* C L, 5* and £'• Q L U F, k 1,..., K, with the 
following property; 

Suppose we are given an activity profile (.v(//), s(u), o(u)), «“ u -<7 u, 
such that, for m* * < u -t «*', 

.r;(u) > 0 only if J o f* 

.Vj(«) > 0 only if J e iS*' 
afu) > 0 only if / e 2'*, 

k 1,..., K, where tP < iP < ••• < = U. Then such an activity profile 

can be sustrained by a system of f.o.b. prices and land rents as a spatial 
equilibrium. 

Hereby R is defined as follows; The set of interest factors R : ■ 0 for which 
[(/ — RA)y]i, 0 admits a nonnegative solution y can be shown to be an 
interval of the form [0, p). Define R -- p. Note that, for 0 R < R, the 
L X L matrix (/ — RA)l formed by all rows of / — RA whose indices belong 
to L is nonnegative invertible and so is any principal minor of it. For a proof 
we refer to Nikaido [3, pp. 100-105]. 

The sequence (/*, 5*, 2'*), k = 1,..., K of theorem 1 is called the canonical 
production pattern. It depends on the coefiicients as given by A, a and t as 
well as on the interest factor R but not on final demand Q nor on the shape of 
the city described by 0( ) nor on factor prices Pf at the CBD. The canonical 
production pattern describes the ordering of production rings around the 
CBD, ring k = 1 being closest to the CBD. 

Theorem 2. The canonical production pattern given in theorem 1 has the 
following properties', {k = 1 ,..., K) 


= L\JF 


(8) 
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5* U S') (9) 

I >k- 

E'- /-(Jc/'nr') (10) 

Moreover, --- L, S' -- F md 

/* n 5*^ ^ empty (9a) 

n S’^ empty, k - I,..., K — 1 (lOa) 


Furthermore it is shown that each production process j operates over a 
connected set of rings k kj , A',- + 1,.... K, covering intermediate demand 
for commodity ,/ locally over these rings. Intermediate demand for j in rings 
closer to the CBD as well as final demand is covered from production in ring 
kj whereas intermediate needs arising farther out are produced in ring Kj. 

Theorem 3. Suppose R :> 1 . Then, given any vector of final demand 
Q . 0 at the CBD, a sequence x’^ > 0, k -■ I,..., K, of activity vectors can he 
found such that 

-v/ = 0 if y e L\l' 
and 

0,-I-[/l(;r‘-I-- ! .v‘->)L ifyc/‘nS* 

[(/ - A) jc*]i ^ [^(.e*+i + •••-:- X*')], if jsfin T* 

0 ifjGTMS'vS') 

(Note that, by convention, [A{x’'^ ' \ .v^)], ^ 0/or A K). 

We point out that theorem 3 might be used to construct an activity profile 
with final output of the canonical production pattern in the following way: 
First, distances ifi < u' < < u^ are chosen such that 

r"* 

f 0(u) du ax' , k^ 1. K. 

This can be done provided that enough land is available to produce , i.e. if 
o(.y‘ I' ••• f- -Y*^) ' f 6(u)du, 

Second. tHe sequence of activity vectors .v*" of theorem 3 are allocated as 
follows: 


x(u) - d(u) A*. < u < «*, k — 1,..., K. 
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Third, a continuous flow of commodities inwards and outwards is given as 

0. rr,K) (K • •1 

and 

^ [(/ ,4)x(u)lif./cS^ 

0 ifj^s^ 

■ (,A A) x(ii)]j if j 

' 0 i{j^T:>‘- 

M*-i u < i/'. A: I,..., K. 

Theorkm 4. The profile as constructed above is an activity profile with 
final output Qi_ of the canonical production pattern. 

We conclude that, no matter what final demand amounts to nor what shape 
the monocentric city is of, there always exists an equilibrium profile of the 
canonical pattern. Such a result on nonsubstitution of production patterns 
might be called a spatial version of the nonsubstitution theorem. 

In addition it can he shown that any spatial equilibrium has to be of the 
canonical production pattern. For the case R --- 1 the proof is adapted 
easily from Schweizer and Varaiya [4, Theorem 3] whereas for i? =4 1 an 
auxiliary construction allows to reduce that case to the former. Details of 
that construction will not be given here. 

The proofs for theorems 1-4 are worked out in several steps. For a given 
interest factor R,Q < R < R, the canonical production pattern can be 
constructed inductively as follows: 

‘ — tj if / fc Fand — max t^hj 

i^L 

where h-, =-= (h,j,..., and 

_ aj\\ - ROij) if / - ./ 

—Oj^Roi] if 

If / ^ e R}-^ ’’ and y'- c- R are constructed then 

7* — {JeL \ t’‘'b) = y*} 

S*=O-eLuF|r/ = 0} 
i:‘={/eLuF|r/ = -t,} 

Note that f ‘ and y* are going to be the gradients of f.o.b. prices and land rent 
at ring k, respectively. 
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Jf 5^' L define K k and the construction is finished. Otherwise we proceed 
distinguishing two cases; 

Case (a) !’■ ,1!’' nonempty. 

A nonnegalive (row) vector of dimension L f is defined by 

='■ 1 ifjE 

d/' 

Note that the principal minor of the matrix (hj composed out of 

all columns and rows whose indices belong to can be obtained by 
multiplying the /'-th column of the corresponding principal minor of 
(/ — RA)i^ with It follows from familiar results on nonnegativc matrices 
(see Nikaido (3, pp. 100-105]) that B has to be nonnegative invertible. 
Hence A’'' is well-defined and nonnegative. 

Moreover, we define 

A.,.‘ sup{A '(t‘ — Ad*‘) hi ' y- — A for all / e L'E'-] 

A_'- ^- - sup {A 1 1'- — A.d‘ c —t] 

X'- inf(A,,'', A *■}. 

Set f'' "* — f'-— A*d*^ and ■ y* A*. 

Case (b) /'■ ,!'• empty. 

Set f'-* = ('■ and y^'^^ - Max^^.s*'6, 

PROPOsinoN, The .sequence (/‘, y'-,/*', 5'% ii’') is well-defined by the 
above procedure and finite, i.e. there exists a number K such that S* ^ I'\ 
k < K, and 5* C /*. Moreover 


Z' • F and /* n 27'empty 

(11) 

y'-' '-.y^k -'■2 

(12) 

t > > C '= -r. k>2 

(13) 

' . iffy cF ' " \k \ : 2 

(14) 

(27‘ n D' F 

according as ye F, k -1 

(15) 


(S* u 27*) nonempty, k '' 1 and 

(16) 

yX y. 0 

(17) 


Corollary, (a) ^ L 

(b) E>‘-DF,k 

(c) PKJS'^\jZ''-=LKJF,k 

(d) C C u k = 2,..., K. 



'14 


t $ti unwrmn 


\V\k'v'\ vou’llan: (.i» holds hy dctiniiiun. It 

2' r .iitJ. Miivt' P /■ hv dcfinuion. (h) is csiahiisin., 

^lippO.'tC /■ /. f /' J) /' ‘j\- / I. . 

S’-' L' 2’. I >»)!■’ tfasi/y. As /or Ull. Im.,,: 

I'olloNrs I'.om ('13). Suppose,/. ‘ -V'- 7hen, hy dc/inilion, / ' 

/ ' 1' ' unit (d) IS prosed) 

inm (/)i‘ proposition isill he prosed hy mJuit/.i.r 


by (14).,/ 

Ill the folhnuii!; 


dll 


\ 


Hill 


lor Ic) 

' i-l 'J 

S : 

'IWIKt 


/. corollary (b}-(d) hi ./c/s 


L . riniilh) IS cstiihlishca for A 

nTnt nWbc used repeatedly in the proof of the proposition 


Null- 


*; / 


/W (ID holds by defmihon. iVe proceed hy induct,on on L lor 
/ / (/s) and (16) can he verified easily. If S' i- /' then A I and. \ince 

0 ■ K ■ R, y' - 0 and the proposition is established in this case. Other^iic, 
suppose (I2)-(I6) hold for k ■ k. If S^Q then K if and. hy corollary (c), 

- L uF. 

It foJ/ows from (15) that 


Fhj == y'- it J (2 F 

r/ =-tj irj<klKk 

Suppose / 0. Then, by nonnegative invert!bility, /'• < 0 hence S'‘ empty, 

k - k. It follows from corollary (d) that S'' ‘ Qp -' contradicting the as¬ 
sumption on when to stop the construction of the canonical production 
pattern. Therefore > 0 thus proving the proposition in the case where 
S' CF-,k ■- ■ k. 

If 5* ^ /*, k : we consider the case first where nonempty, k = k. 

We claim that 

L’Z'* -.. {F\S') u (S*\/"), k = k (18) 

To show this, take any ye Then, by corollary (b),JeL\S' hence, by 
corollary (c),j e u (S'4/*) thus proving that the lefthand side of (18) is 

contained in the righthand side. As for the converse we note that, by defini¬ 
tion, P C L and, by (13) and corollary (a), L - 50 (18) is establi.shed. 

\f jeP\E’^ then by construction, (t* — Ad’^) bj = y* — A for all A whereas 
ify 6 S*\/* (which is nonempty) then by (15), Pbi <y'‘,k = k. Since d‘h; < 0 
it follows from (18) that 0 < A./’ < <x>,k k. 

Since is nonempty and since, for JeP\E'-, /,> > —, it follows that 
0 < A < 00 , ^ = t. Therefore (12)-(14) hold for 4: - JE -f 1. 

As for (15) choose / e (Z'*'+* n Z-)\/*'+*, A: == ^. Then, since 
j e or j e E'\ k ^ f. In the first case it follows from (14) that j e P\E’‘ 

hence, by construction, /’■'*&, (t* — AM*) £>, = y* — A* = y*+* 

andye/*'^*, a contradiction. Therefore, yei^* and, as a consequence of (12) 
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f 

and (13), V* > v'' f, as uas to be shown. If/rZ. but 

^ n D'J'' ", k - k, then either jei-’' 'Pi/' i or jeLE'- \ In the 

first case /* '*> y‘ ' and in the second case, since 2’* (:'2' JeL'E'- 

hence, by construction, t* ’fcj - y‘- and (15) is established for k k — 1. 

As for (16) observe that if M A.*,/: k, then, by (18), there exists 

yc5* I' such that ye/* It follows from (14) that /c S' ' hence j •- 1'- ‘n 
S'- ', w hereas if A' A ', A t. then there exists j a /'■ E‘- such that y e 2' h 
Since, by construction, I '- E'''. I' ' it follows that yE/'in2‘ i thus 
proving (16) for A A - 1. 

The case where /'■ E' empty. A A. can be handled similarly. We omit 
details. 

Finally it remains to be shown that the sequence as constructed above is 
finite. Since 


/‘hj y" if/tF 

, t, if / c 

'' --r,if./e2* 

and since /'■ u S'- vj 2* Lkj F and since P r\ (S'- u 2*) nonempty it can 
be verified easily that, given P, S'-' and 2*. P and y* are determined uniquely. 
Since the choice of P, S'* and 2* is restricted to a finite class and since (12) 
holds it follows that the sequence has to be finite. O-E-D- 

Proof of theorem 2 (8) follows from (c). (9) can be proved by induction 

on k backwards: Since 5*'C/*’, (9) holds for A K. If (9) holds for A = 
A + 1 then it holds for A = A. To prove this, choose j e S‘', A ■ A. Then, by 
(14), j e 5'*+'^ or j e P\E'‘' hence S’-' C (P n 5')- Since S'' 7' 5*** and since 
•S'-'+i - (/''^■S''). A = A. it follows that 5*'D (J, (/'n 5') thus 

proving (9) for A A. 

As for (10) we observe that, for A = I, (10) follows from (11). If (10) holds 
for A = A then it holds for A = A J- 1. To show this take JeE''-^ then either 
JsE’- or jeP\E’' and, by definition, jeP^^ thus proving that 2‘^^ C F 
Ui^)fc 41 (f'A =-• A. Since 2* "2 2‘, it follows that 2’^-^'D 
(/' n 2') thus provi ng that (10) holds for A = A f 1. 

Next, suppose that 7 6 Then, by (9), ye 5* hence tf = and by 
(14), j ^ P thus proving (9a). 

As for (10a) suppose jeE'^n L. Then, by (10), JeE'-"^ and, by (13), 
t'‘bj Furthermore, either j e P n E" hence, by (15), Pbj == y* or 

ye(2* n L)\P hence, again by (15), Pb) > y‘. In any case, t'-'-^bj ?= ^ 

yX- > yft +1 thus proving that j ^ /*'+' and (10a) is established. Q.E.D. 

Proof of theorem 3. Since )? "> 1, the matrix (/— A)i_ has to be non¬ 
negative invertible and so are all principal minors of (7 — A)^ . 
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Two sequences j ' and .r', A- - of activity vectors are defined 

inductively as follows: 


;■/ -0ifye(i7'-n 


[(y 


a i M(.v' 
0 


and 


A-/- 


[(/ /1)a*L 


0, : [.l(v' 
0 


•• ! A-'- ')]; if./eS‘ 

if / 6 /* ,5* 

if./L: L p 
ify fc /'■ n A’'' 

i A-'-')], if y f/'■ n S''- 

if i e r-\(S‘- u 


Jt follows from (15) that 

n L) P} U S'" U [/‘';S' ] = L 

Furthermore 


(19) 


( 20 ) 


( 21 ) 


[L\P] u [P n 2’"] n [P n S'-J u [P\(S'' u 2' )] = L (22) 

The decompositions of P in (21) and (22) arc pairwise disjoint. In the case of 
(22) this is obvious whereas for (21) it follows from (15). Therefore, systems 
of equations (19) and (20) both are of full rank and the sequences .v" and .v" 
are well-defined and nonnegative. 

Next we claim that 


.v*-' -j"' (23) 

and 

,,Aii ./--.v", A - I,..., a:- 1. (24) 

To show this we note that, as a consequence of the above proposition, the 
left-hand side and the right-hand side of (23) and (24) respectively satisfy the 
same system of linear equations of full rank and therefore have to be equal. 
We omit the proof which is simple but tedious. (23) and (24) together imply 
that v" - -■ A'" 1 - A — 1,..., Al, and therefore a:", A 1,..., K, 

is the sequence to be found in order to prove theorem 3. Q.E.D. 

Proof of theorem 1. First we claim that, for given reR^, the following 
system of equations admits a unique solution (p", r") 6 A - ^ 0...., K: 


r'^ r and p/’ Pp (25) 

/-'• -1 = (u* — «"“*) y" -f- r" 

k . K (26) 

p'.-l _ m"“‘) /" F p" 

p'^hi r^ ify e 

p''bj r" if y e P n 2", k = = 1,..., A' — 1 


( 27 ) 
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(25)-(27) can be shown to have a solution if and only if the following system 
admits a solution p’^: 

Pf>^ Pf : u'>) Ip ( 28 ) 

I' if / c 7*^ 

P'^hj ^ (29) 

r ! ^ (u' - u' ')(y‘ — t'b,) ify p /* n £'• k - I,..., K - ] 

11 

Since S’^ C /*, it follows from (10) that 


K- I 

7*^ u y (7* u JL’n L 

k 1 


(30) 


We claim that the decomposition of L in (30) is pairwise disjoint. To see this 
choose jc-1' n for some k Ic < K. It follows from (12) and (13) that 
t'b, '■ t^bj ■/ ■■■■ y* for k ■ k hence./^ /'■ for k ^ as was to be shown. 

Since the decomposition of L in (.30) is pairwise disjoint it follows that 
(28)-(29) is of full rank thus admitting a unique solution and, as a conse¬ 
quence. so does (25)-(27). 

Given a solution (/>*. r*) k -- 0. K of (25)-(27). we claim that 


Note first that 


p^b, ^ r" if y e /‘. 


' C /*■ n 


(31) 

(32) 


To prove (32), assume the contrary. Then there exists / — j* eP\l'‘ ’ such 
thaty*^Z'^' hence ,/* e 7‘\27* C 7*' a contradiction, thus proving (32). It 
follows from (32) and the fact that the decomposition of L in (30) is pairwise 
disjoint that, for./ e 7*, eithery e 7*' O /*''' O ■ ■ ■ n 7*^ or there is 7, k i-1 < K, 
such that /e/* n 7^+^ n n 7' but ./^7'". In the first case p^bj -= 
whereas in the .second case it follows from (33) and (27) that p'b^ r'. Using 
(15), (31) can now be established easily. 

We claim next that, for r — 0, the solution of (25)-(27) is nonnegative. 
Assume the contrary. Then there exists f > 0 such that, for r = - f, the solution 
(/?*', r*'), k ^ ^ 0,..., K, of (25)-(27) is nonnegative and /?/ = 0 for some./ ^ 
,/* e L and k = A* e{l,..., Tf}. It follows that y* hence, by (8), 

,/* e 7* u (5*\5'* ^*) and, by (9), j* c- 7*, A = k*. Hence p'-b; ^ 0 thus contra¬ 
dicting the fgct that, by virtue of (31) p’^bj r‘ > 0, for A' = A * andy = /*. 

Finally, we construct a continuous profile (/?(u), /•(«)), < u < «, of 

f.o.b. prices and land rents, which sustains the activity profile of theorem 1 as 
a spatial equilibrium, in the following way: 


642/19/2-7 



/ AV S(UVill/IH 


JIS 


l or/' 0. takeu solution (/>\ r*). i 0,..., A', of(25)-(27). r)dinc/>iu*/ 

/j* and /•(//* ) r'' 0 and 

p(u) /*. Hu) — }'*•" ■' ^ 


Jl may be verified readily that />(//‘) and r(jd) ^ H for all k and iliai 
(/X//), Hu)), u” ' // f' 17 = z/*, forms a system of prices as required.! heorcjii I 
is established. 01'17. 

Since C27'. /." X. since the decomposition in (30} is pairwise disjoint. 
and since (32J holds it can be seen immediately that each production process 
is operated only over a connected .set of adjoining rings. More precisely, for 
any je L there exist two numbers kj and Kj such that js /■’■ iff kj < k -< K,. 
This result provides some additional information on the shape of the cano¬ 
nical production pattern. 

Proof of theorem 4. By construction. 


and 



.v(m) du = .Y*= 




-f 


[(/-A).y*L 
0 otherwise 


k — 1,..., A. We claim that 


„ ^ Qi + M(-v‘ + ••• -h if,/eA*= 

^ 0 otherwise 


(33) 

(34) 


(35) 


(35) is proved by induction on k backwards. As for k ^ K it follows from (9) 
that S’'’ C F. Suppose j e 5*. Then, by (34), j/m*-*) - [(/ — A) x^]j hence, 
by theorem 3, 

= Q) lA{x^ + - -f x*'-i)], . 

If j i S’^ then, by (34) *) = 0 and (35) holds for k = K. 

Suppose (35) holds for A: = f - f- I. Ify g S* then, by (9), j e S*'‘ ^ or JeJ'^n 

5*, k =-■ Jc. In the first case = Qi + f .f ■>f*')L. k ~ k, hence, 

by (34), sfu''-^) = Qj-\ [A(x^ +-h x-‘)L -f- [(/ — A) x*]}. Since, by (9a), 

and, by theorem 3, jr/ = 0, it follows that [(/— A)x’‘]j ~ —[Ax’'],- 
hence jX«*“‘) = Qj + [/t(x‘ -f ■ • + . 

In the second case it follows from (9a) that J ^ S‘' ‘ hence sfu'^) — 0 and 
by (34), [U ~ ^*]> ■ Therefore, by theorem 3, 


sfu'--^) = Qi + [A(x^ + - + . 
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If; ^ then, by (9), j(J S' ' hence, by (34), .v/«' ') .vXw) 0. (35) is 

established. 

It follows that .v(h) : 0 for all it and that .s,(u‘<) Q. if ye 5, - Z., i.e. 

- Ql ■ 

In a similar way it can be shown that 




M(.x‘' 

ft 


.Y*)li if / f. L' 
otherwise 


(36) 


We omit details. It follows from (36) that <;(«) ;0 for all it and rjfwA) . o. 

Q.H.D. 

The following numerical example may sene as illustration for the notion 
of a canonical production pattern. Coefficients are chosen as follow s: 


(I A) 



a - 0, I) and i -(1. 1, I) 


There exists one factor of production to be imported at the CBD. Hence, by 
definition, 

/» =(l. 1,-1) 

and, since t^bi — 9/2 > t^bi = 1, 

y' - 9/2,/>={!}, S' -{1,2}, T'- {3}. 

It can be verified easily that 

/2 = (-I.I,-l). 

Note that = 5/2 > = 2 hence 

/ - 5/2, P = (!}, 5== - {2}, 2’= = {1, 3}. 

Since P\S^ empty it follows that 


r® = (—1, I, —I) and y’ = 2. 

Furthermore, 

P = (2), S» = {2}. 2" = {1, 3}. 

We point qut that, in the above example production in the second ring takes 
place for shipment outwards, i.e. towards the periphery of the city. If the set 
F of factors to be imported at the CBD is empty no shipment outwards 
occurs (see Schweizer and Varaiya [4]). For that reason, the pos.sibility of 
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Fig. I. Land rent and f.o.b. prices as functions of di.stance from CBO 

shipping outwards of commodities produced within the city may come as a 
surprise. In figure I land rent and f.o.b. prices are shown as functions of 
distance u from the CBD for the above numerical example. 
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The main purpose of this paper is to present two examples of infinite- 
horizon economies where the assumption of perfect foresight for self- 
fulfilling expectations) is not sufficient to rule out the existence of a continuum 
of equilibrium paths, each of which converges to (he siiitu' steady state. 
Earlier examples of this type were shown by Shell, Sidrauski and Stiglitz [22], 
Shell [21], Burmeister et al. [5], Black [3], Mirrlees [15], Taylor [25] and 
myself [7] in models with ad-hoc behavioral functions and/or with fiat money. 
In contrast, in the present paper we deal with nonmonetary economies of the 
Samuelson-Diamond type [10] [17] where all the behavioral functions can be 
derived from utility or profit maximization. Another interesting characteristic 
of the examples is that there is, in each case, a unique (homogeneous) produc¬ 
tion asset (land in Section I and reproducible capital in Section 2). thus 
showing that this type of nonuniqueness (or indeterminacy) is not neces¬ 
sarily linked to the presence of heterogeneous capital goods. 

In my view, these examples are important for at least two areas of economic 
theory; the first one is income distribution theory because the examples 
imply (he existence of ca.ses where the Walra.s-Fischer general equilibrium 
approach is not .sufficient for uniquely determining the path of income distri¬ 
bution. thus providing more, and different ammunition to the England side 
of the Cambridge-Cambridge controversy.' 

The second area to which our results apply is that of macroeconomic 
models where agents are assumed to have "rational" expectations. Current 
renditions of the rationality hypothesis assume that individuals know the 
relevant economic model and figure out their expectations on the basis of the 

* r wish to thank Jess Benhabib, Peter Diamond, David Gale, Rolf Mantel, Edward 
Prescott, Lars Svensson, Robert Solow and two anonymous referees for very lielpful 
suggestions. This work was suported by a Grant from the National Science Foundation. 

' It should be noted, however that since in our examples all equilibriunt paths converge 
to the same steady state, they do not necessarily contradict the view that the Walras- 
Fishcr approach is sufficient for uniquely determining income distribution in the "long 
run.” 

321 

0022-0531 /78/0192-0321 $02.00/0 

Copyright C' 1978 by Academic Press, Iru:. 

All rights of reproduction in any form reserved. 



322 GUILLfRMO A. CALVO 

equilibrium path that converges to a stationary distribution (see Sargent and 
Wallace [19, 20], Lucas [13, 14], Phelps and Taylor [16], Fischer [12]). In the 
absence of random shocks the hypothesis is equivalent to saying that indivi¬ 
duals pick the self-fulfilling expectations path that converges to a steady 
state. However, in our examples there is an infinite number of such paths, 
thus showing that complete knowledge of the model plus the convergence 
assumption may not be sufficient information to figure out the future course 
of events. In other words, our results show the existence of cases where 
individuals are unable to figure out their expectations on the basis of the 
model and, therefore, where it is. in principle, unwarranted to assume that the 
economy will travel along a self-fulfilling (or rational) expectations path.- 
1 he paper is organized in the following manner. Sections 1 and 2 present 
the main examples. Section 3 shows that indeterminacy does not disappear 
if prices are rationally set one period in advance; finally. Section 4 closes the 
paper with a discussion on the relevance of the results. 


1. The Labor-and-Land Economy 

I. I. Let us assume that each individual lives for two periods and that his 
utility, u, satisfies 

M —t/(c, .v) (1) 

where c and .v are first- and second-period consumption, respectively. His 
budget constraint is 


If c 



( 2 ) 


where if is his wage in terms of (homogeneous) consumption in the first 
period, and / is the consumption own-rate of interest from the first to the 
second period of the individual’s life. We assume he chooses c and .v in order 
to maximize (I) subject to (2) taking if and / as given. In order to simplify 
the exposition we also assume function f/is such that demands are uniquely 
determined for every iv 0 and / :> —1 and that they are continuously 
differentiable everywhere. 

Denoting the demand function for c as C(1 I i\ if), we define 

.S(l /. u) If — C(1 -f /, tf) savings in the first period of life 

in terms of consumption in that period (3) 

Let if, and i, be the values of w and i which are arguments in the demand 


For a further discussion of this issue see Section 3 and 4.4. 
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functions of the members of generation t, i.e. the set of individuals who live in 
periods t and / I 1, Therefore, assuming a constant population and choosing 
units so that its total equals I we have that S(1 i- /,, u’() is also the aggregate 
savings function in period t (in terms of consumption in period t). 

1.2. In the labor-and-land economy we assume that (homogeneous 
nondepreciating and nonreproducible) land is the only store of value, and 
we choose units such that its total is 1. Consumption is produced by means 
of labor and land with constant returns to scale and positive marginal 
productivities. Since the quantities of land and labor arc constant over time 
and we assume stationary production conditions, at full employment the 
marginal productivities of the two factors of production are constant over 
time. Thus in a competitive equilibrium: 

11 ', -■ iv (a positive constant) (4a) 

_ for all t 

Ri R (a positive constant) (4b) 

where R, is land rent in terms of consumption at /. 

We assume land is traded in the following manner. At the beginning of 
period t the old are the owners of the land; they collect the rent and sell the 
land to the young. Therefore, if we denote q, as the price of land in period t 
(in terms of consumption at t) the above commerciali/ation procedure implies 
that 

1 - i, .. (for all t) (5) 

dt 

for positive qt and qi^i. 

We define a perfect foresight (or self-fulfilling expectations) path as a 
sequence {q „, q^q, 0 for all r, such that 

• R f/,,forallr (6) 

'' <li ' 

Recalling the discussion in Section l.l and Eqs. 4 and 5, (6) says that aggre¬ 
gate savings is equal to the total value of land for all t when /, and ir, take up 
their competitive values. It is easy to verify that in the present context this 
condition is necessary and sufficient to ensure that all markets are cleared at 
all times if individuals are assumed to know all present and future prices. 

Examples of nonuniqueness can now be generated in the following simple 
manner: choose S( ). \T and R such that (6) has a locally stable steady-state 
solution for a positive q. Under those conditions it follows that there is a 
continuum of positive such that for each of them there is a sequence 
{q \, r/.j,...), q, > 0 for all r, for which (6) is satisfied, and such that, in addi¬ 
tion, evdry equilibrium ^-sequence converges to the same steady-state q. 
Although the real wage will always equal if, it is easily seen from (5) and (6) 
that for any two perfect foresight paths with different the economy 
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generates di/Tercnt values of /„ ; in other words, the rate of interest is undeter¬ 
mined. 

We will use a hat (*) on the variables and functions to denote their steady- 
state levels. Thus linearization of (6) around q allows us to express it as 

y*, 1 (-I*--- 1 - - i) (7) 

where q, (q, — q) and 5, is the derivative of A' with respect to (1 : /). 
Therefore, a necessary condition for the local stability of (6) at ^ is 

-I 4- ■ ' ! ' ■ ' 

iV, 

On the other hand, stability at <y - ^ is ensured if the above holds with 
•Strict inequalities. Since q 0 and R 0 then, by (5), / ■ 0 which implies, 
by (8), V?,0. In the present context the set of examples with a continuum 
of perfect-foresight paths is, therefore, characterized by the fact that aggregate 
savings is a decreasing function of the rate of interest.^ 

While assuming the propensity to save moves in the opposite direction to 
the rate of interest is perfectly consistent with utility analysis, economists 
familiar with the literature on uniqueness in static models (see, e.g.. Arrow 
and Hahn [l,C’h. 9]) will probably be inclined to think that the above 
phenomenon may have something to do with the implied lack of gross 
substitutability between young- and old-age consumption. That this is not so 
is demonstrated by the example of the following Section. 


II. Thi: Two-SiiCTOR Economy 

In this Section we will study a two-sector economy producing consumption 
and investment goods by means of capital and labor, and with fixed technical 
coefficients. The production side is. therefore, similar to that in the models of 
Shinkai [24] and Corden [9]. On the other hand, consumers are modelled like 
in Section 1.1. 

Let us denote 

a^ capital-output ratio in sector./ 

- labor-output ratio in sector / 
k, =-- stock of capital at the start of period t 

^ The reader who, like myself, is not quite comfortable with local analysis is invited to 
examine the case where indifference curves are L-shaped: (6) boils down to a linear difference 
equation with at most one (stable) stationary solution. 
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A/ output of sector / during period t 

sector 1,2 = consumption and investment goods sectors, respectively, 
a', b\ Xi* and ki are constrained to be nonnegative. 


As in the previous Section, we assume labor supply (inelastically provided 
by the young in each period) is constant and equal to one. Assuming full 
employment of capital and labor we then get 


which implies 


A, - o’A,> -tAV 
1 h^Xr 

\ a' — h'k, 
Xr - 


( 9 ) 

( 10 ) 


A a'h- - b^a- 


( 11 ) 


To simplify the exposition we will further assume that consumption goods 
are more capital intensive than investment goods, or. equivalently, 

A -0 ( 12 ) 


Capital accumulates according to 

A-,,, - A,(l 8) i A,= (13) 

where 8 is the one-period rate of depreciation. Hence, recalling (10), 

AVi [l 5 ]a,. (14) 

Except in a borderline case this equation has a unique stationary value, A, 
and satisfies: 


Furthermore, the necessary and sufficient condition for the stability of k is‘ 
^l<l-8-*'-<l (lb) 


In what follows we assume (16) to hold and w'e will examine the economy 
when capital is equal to Ik. This we are allowed to do because the other 


‘To simplify the exposition we will always assume the expression in (16) is different 
from zero. This will be crucial for (27) below to be defined. 
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variables of the model do not enter in the determination of k (recall (14)). 
The .stability condition is imposed because, otherwise, only by fluke will the 
economy be found at or near k. 

We turn now to the price equations. Let us define 

Pi price of capital in period t {after appropriation of its rental of period 
1 ) price of investment goods in period / 

If, wage rate in period t 
r, capital rental in period r; 

all prices are in terms of the consumption good. 

The zero-profit condition in both sectors is equivalent to 


p, - = r,a- i- » ih- 
1 r,fl' -f- u',6' 

Solving (17) for r< and ii, in terms of p, we get 

A* — ptb^ 

»<- j 


(17) 


(18) 


Again, denoting /, the one-period consumption own-rate of interest from t to 
t ! I, we now have 


Thus, by (18), 


I ! it 


Pni{ \ —8) ! r,, , 
Pt 




(19) 


( 20 ) 


The savings - - assets equation -/.e., the analog of (6) for the present 
case—now reads 

S(1 i /,,.i-,) - (21) 


We define a perfect foresight (or self-fulfilling expections) path as a sequence 
{Pn . P\ > -j' Pi 0 for all /, such that (18)-(21) hold.'' In view of (18) and (20), 
(21) defines a first-order difference equation in p. As the reader who has 
patiently followed the argument up to this point must already know, our 

° For the present purposes it is enough to restrict our attention to paths where k, — k. 
Notice that, as in the previous Section, along a perfect foresight path all markets are 
cleared if individuals know present and future prices. 
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next step will now be to find necessary and sulTicient conditions under 
which a stationary solution of (21) is stable. 

In order to simplify the exposition we will further assume that the map of 
indifference curves associated with function U in Section 1.1 is homothetic. 
Thus 

5(1 -i /, w) ^ s(i) If (22) 

for some function .?(•), and (21) becomes 

■v(/() 11’, - M (21') 

There are several details that must be cleared up before we formally 
present our example. However, we are already prepared to understand the 
reasons that may account for multiple equilibria. Suppose the system is at a 
stationary equilibrium (again here, all functional values and variables 
associated with a stationary solution of (21) will be denoted by a hat ('^)). 
Thus, by (21'). 

i(/) M> = pk. 

Consider now a rise of m over p. Momentarily leaving /„ f we see from (18) 
that M„ will also rise® and, as a result, both sides of (21') at f =0 will increase. 
But using (18) in (21') we also see that 


.v(/,) 


a'p, - 

J 



therefore showing that if 0 the L.H.S. of (21') will rise even more than 
the R.fl.S.^. At the same time, however, if/», (and hence r,) is kept constant, 
/„ will fall when p,, is increased; thus if .v' ■ 0 the fall in /„ will tend to restore 
equilibrium. In fact, by picking the “right” slope for.v the rise in/;,, would not 
call for changing p, from the original p level, and the economy would return 
to the stationary path in period one. Furthermore, if .s' is close to the “right” 
one the accommodating change in p, would have to be small relative to that 
in p„ which suggests that the system would have a tendency to eventually 
return to ^ We now turn to a more exact demonstration of this fact. By (20) 


^ \i • 8)2 , /i' 


(23) 


“ This constitutes an important difference with the land model because in the latter, «' 
is unaffected by changes in the price of land. 

’ Anyone who recalls Stolper and Samuelson [ZS] can sec this result right away because 
a'p is the wage in terms of investment goods and must, therefore, rise together with the 
price of the relatively labor intensive good, I'.e., with p. 
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Therefore, by (18) and f23). 


i - i '• 8 


a- : 


I - a V ! 8) 
(i -I Sji J t h' 


(24) 


Clearly, then, a necessary and sufficient condition for w to be positive (the 
only stationary values of tr that we will consider in this paper) is 

l-rt2(M8) -0 (25) 


Linearizing (21) around a stationary solution and taking into account (18) 
and (20) yields 

M rft (26) 

where (Pt — ^), and 


! [1-4^1, 1 

.V L to zj J 


/>' 

A 


(27) 


Therefore, a necessary condition for stability of the steady state is 

-I<r 'l (28) 


while a sulficient condition is (28) with strict inequalities. Therefore, recalling 
(16), iff . 0 (the only case we will consider here) then (28) requires that 




(29) 


be sufficiently negative. This will be easy to ensure because, as we will next 
.show, the expression in square brackets is negative if - 0. so (28) would 
hold if we set s' positiue (not negative as in the example of Section 1) and 
sufficiently close (but not too close) to zero. 

By (23) and (24) 

^ ■ 41*8 > 0 ( 30 ) 

Hence, in view of (23), (24) and (.30), if a® > 0 we have 

p a* 1 

zi A I a* 
pa' 


(31) 
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from which it follows that the square-bracketed expression in (29) is negative 
as asserted. 

We will now show the existence of cases where (12), (16), (25) and (28) 
(with strict inequalities) are satisfied at a stationary solution of (21') with 
/ ' 0 and 

v(#)1 (32) 

Jt is easy to see that all such cases will be characterized by the type of lack of 
uniqueness we arc examining in this paper. 

Consider first the case where a~ 0 (investment goods are produced by 
means of labor alone) and <S I. For (12) to hold in this instance we just 
have to set and positive; (25) is, obviously, satisfied, and since, by (15), 
(21'), (23) and (24), 


.v(0 - 



_*■ __ 

a'-(i I (S) SJ h' 


(33) 


then (32) also automatically holds when a- - 0 and S 1. Furthermore, for 
(16) -the stability condition for k —we just have to constrain b', h- and 
such that 


6 * 


< I 


(34) 


which we arc clearly free to do. Thus, we have shown that except for (28) 
all the other conditions for a plausible example can be simultaneously 
satisfied when -0 and S I. Unfortunately, however, (28) will never 
hold in this case because by (16), (27) and (31 ), i r | I whenever / ' 0. But 
a slight modification will do. 

Take an arbitrary i - 0. By continuity and the above considerations if 
S 1 and a- is positive and sufficiently close to zero, a', b', b' and .v( ) can be 
chosen such that (12), (16), (25) and (32) are simultaneously satisfied. Further¬ 
more, by (31), the square-bracketed expression in (27) is negative, thus the 
numerator of (27) can be made as close to zero (in absolute value) as desired 
by manipulating s'.® 


111. Predetermined Prices'* 

The models studied in this paper share the feature that along perfect 
foresight paths expectations are self-fulfilling from time zero onwards. How- 

" Notice that so far the only constraint on s( ) has been that s{t) — pk w; so we are 
free to pick the slope of .r at t (which we have denoted by s)- 

“ I am thankful to Robert Solow whose comments on a previous draft inspired the re¬ 
marks of this Section. 



330 


(.UJILI.tRMO A. CALVO 


ever, no requirement was imposed in order that their associated prices be 
in accord with what people expected them to be before time zero. Taken the 
model of Section 1, for example,*" and assume for ease of exposition that the 
young in period (— 1) held point expectations over the price of land at time 
zero. Denothing the latter t/u' it is then clear that as long as q^^ > q„' the 
expectations of the old at time zero will not be fulfilled. Since our examples of 
multiple equilibria depend on our assuming that </„ is free to vary, it follows 
that except when r/,/’ r/,, all other perfect-foresight paths are characterized 

by the fact that the expectations of at least some group of people who are 
alive during some subset of [0, oc )—specifically, the old at time zero—are 
not going to be fulfilled. 

The validity of a model is closely connected with the type of phenomena 
one wishes to explain; that is particularly true in the present case. Thus if we 
were interested in examing the implications of perfect foresight when every¬ 
body's expectations are fulfilled then it may be reasonable to require qd ^ , 

and even to extend the definition to cover all the generations down to minus 
infinity. However, if the objective is to set up a model where expectations are 
consistent with equilibrium from time z.ero to the indefinite future {i.e., where 
expectations are rational over that time interval), q„' has no role to play in 
the definition of perfect foresight (in our model) because it docs not enter 
into demand or supply functions in any of the markets operating from time 
zero to plus infinity. This is the reason why our results are particularly 
relevant for the literature of rational expectations (see, e.g., the theoretical 
papers of Sargent and Wallace [19,20], Black [3], Brock [4], Calvo [7], 
Lucas [13, 14], and the econometric studies of Sargent [18] and Barro [2]). 

A natural question that arises in this connection is, if what we have in 
mind is a world of rational individuals, who, in the case of multiple equilibria, 
would be aware of the volatility of the future price of land, would it not be 
plausible to assume that they will try to secure its resale value by setting up a 
forward market for land? And if so, wouldn't that eliminate our type of 
nonuniqueness which, after all, seems to be linked to the fact that the price 
that the old get for their land at time zero is not predetermined. 

To answer the question we have to change the model a little bit because as 
it stands the young at time t would not have anabody to whom to sell their 
land in the forward market. For simplicity, let us assume that parents of 
individuals to be born at time f 1 can perform land transactions at time t 
on behalf of their children. These transactions are binding and the actual 
exchange of land for output is carried out in f -f I; parents are assumed to 
have rational expectations and to make those transactions in order to maxi¬ 
mize the utility of their children. Besides this element of altruism, each 

In this part only the land model will be discus.sed, but it will be clear that the same 
points cbuld also be made in terms of the model of Section 2. 
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person’s utility is assumed, as before, to depend on his two-periods consump¬ 
tions. Let t^t+i be the price of (t -i 1)-Iand in its forward market in period t 
in terms of output in f i 1. Thus a young person in period t can buy land 
at the price and sell it tomorrow at the price if he makes use of the 
forward market for land at i. 

For the sake of definiteness, let us further assume that at time zero all the 
land has been sold in the forward market in period (- 1 ) and that each young 
person at time zero is committed to buy the same quantity of land. Thus the 
price of land that each young person is obliged to pay at time zero is prc- 
specified and equals . 

First note that in equilibrium we must have 

i(hii 0, I,... (35) 

because if ,q,^i < q, ,x(iqM - Qm) for some 1. parents at t will tend to buy 
(sell) an infinite amount of land in the forward market at t on behalf of their 
children since the latter can gainfully undo any part of that operation by 
selling (buying) in the spot market for land in t j- 1 , a situation that cannot 
be consistent with equilibrium. This conclusion is not true for ,?/„ and 9 ,, at 
time zero because the forward market at (— 1 ) is already closed; r/,, is therefore 
free to take any value. 

For the sake of definiteness and without loss of generality let us just 
examine perfect foresight paths where all the land is sold in the forward 
market at every point in time and ( 22 ) holds (or, more accurately, that pre¬ 
ferences are homothetic). Equation ( 6 ) now becomes 

.v(//)[iv — (-if/, -I q,] ■-‘-■qi,t ~ 0. 1. 2.... (36) 

because the net worth of an individual of generation t in period I is his wage 
minus the value of land that he is committed to buy. , if/,, plus the (spot) 
value of the land he has acquired, qi (recall that by our previous assumptions 
individuals of each generation arc identical in all rc.spects and that both the 
units of land and number of individuals per generation arc equal to one by 
normalization). Furthermore 

, 0 , 1 . 2 .... (37) 

f/< 

By (35)-(37), the equilibrium condition can be stated 

, _ i)[vv - -If/,, ! f/„] f/„ (38a) 

( f/n ' 

l\iv q,.t^ 1.2 (38b) 

V q, ’ 

Equation (38b) is identical to ( 6 ) except that the latter also holds for / — 0. 
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Cases of nonuniqueness can now easily be constructed. Suppose (8) holds 
with strict inequalities (which as argued in Section 1 is sufficient to ensure 
local stability of q for (6) and hence for (38b)) and let us also assume that 
ii/„ q. Clearly qt y is a solution of (38). However, since (8) implies 
.s'(/) / 0 we can appeal to the Implicit Function Theorem to prove that there 
exists some neighborhood of q, N, and a function ifi 

</! - '/o N (39) 

where i/i(^) q, such that (38a) is satisfied when qi is given by (39). This 
fact together with the local stability of (38b) implied by (8) can readily be 
used to show that there exists a neighborhood around q such that if q^ 
belongs to that neighborhood there exists a path of r/’s satisfying (38) for all 
t that converges to q. Therefore, ihc presence offorward markets for land does 
not rule out the existence of a continuum ofperfect foresight paths. 

It is interesting to note that in this example of nonuniquencss the old at 
time zero will get the price that they expected for their land, q - but if 

do q they would not have made the right decision on behalf of their 
children. It is only in that sense that their expectations (in period -1) would 
be unfulfilled. 


IV. Final Remarks 

4.1. The main point of this paper is that in infinite-horizon competitive 
models with perfect foresight it is possible to find cases where one cannot 
even locally determine equilibrium prices and interest rates. This was shown 
to be so in the context of a one-and two-sector versions of the Samuelson- 
Diamond model where all behavioral equations can be derived from explicit 
utility and profit maximization.’'^ Furthermore, in each of our examples there 
is only one homogeneous “capital” thus showing that the above indeter¬ 
minacy is independent of the existence of “reswitching of techniques” and 
associated phenomena that has occupied the attention of capital theory almost 
since its inception. 

The infinite-horizon assumption plays a crucial role in our results. To see 
this, notice that if we assume, instead, a finite number {T, say) of generations 
the price of assets in period T + 1 will be zero because at that time nobody 
would be interested in accumulating wealth. The difference equations for 
the systems—(6) and (22)—will, however, stay the same for all t i^T. Since, 
as pointed out above, q or p at T \ 1 equals zero, it is, therefore, clear that 
equilibrium solutions will, in general, be isolated from one another. How- 

’* This is, in fact, the main “contribution,” as against “point,” of the paper because the 
latter has already been discovered in [IS] and [22] with an ad-hoc savings function. 
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ever, it would be erroneous to conclude that no problem would arise if wc 
are ready to assume a finite horizon. As indicated above, uniqueness is, in 
prineiple. recovered but a new, puzzling, difficulty might pop up with finite 
horizon when conditions for the type of indeterminacy of this paper prevail. 
To show this in a simple manner, suppose (6) gives rise to a linear difference 
equation and (8) holds with strict inequalities (see footnote 3 for an example). 
Hence, the unique steady state would be globally stable, giving rise to non¬ 
uniqueness when T - ■ <X). Under these circumstances it is easy to see that for 
finite r, equilibrium will be very sensitive to changes in the terminal 
conditions as T grows large. Of course, if people are absolutely sure about 
what happens in period T I- 1, no problem arises; but a slight divergence of 
opinion on the terminal conditions would result in widely diftereni computa¬ 
tions of equilibrium if 7’is sufficiently large; that is to say, today's equili¬ 
brium prices become strongly dependent on what people think, will happen 
in the distant future. I find this “anti-turnpike” property as disturbing, if not 
more, than the nonuniqueness found in the previous sections.*^ 

4.2. It is important to notice that the indeterminacy disclosed by the 
examples is not necessarily connected with Koopmans-Phelps “dynamic” 
inefficiency. As a matter of fact, since in our examples population is constant 
and the steady-state rate of interest is positive one can show that each con¬ 
verging perfect-foresight path is dynamically efficient. 

Another relevant point is that in our perfect-foresight paths the price of the 
productive asset equals the present discounted value of its future returns, 
showing, in particular, that uniqueness would not be recovered by creating an 
infinitely-lived asset-holding firm. We will prove this fact for the model of 
Section 1. 

By (5) we have 

</(-.I ■ 


therefore. 


= 


n' ’ 


_.. .i_ O y 

(1 " run,: 


I 

o(l 


Now, in our examples 


lim I, — / > 0 

f ' 

lim q, = 9 , Q < q < cc 

t -• z 


” I am thankful to Rolf Mantel for bringing up this point to ray attention. 


642/19/2-8 
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Hence taking the limit in the expression for when / goes to infinity, we get 


f/ 



1 _ 

(' - O' 


which is what we wanted to prove. 


4.3. More research is certainly needed before we pass final judgement on 
the relevance of the indeterminacy problem. One of the most interesting 
issues would be to study the likelihood of this phenomenon when individuals 
live for several periods as in Cass and Yaari [8], particularly when their life 
span becomes very large. 1 have no firm conjecture to offer at this point, but 
since savings will always be to some extent affected by current wages and 
capital rentals, the following remarks on ad-hoc savings functions may help 
in guiding future research. 

Consider the continuous-time version of the production side of Section 2’s 
economy and assume, again, that k is at its sationary level k. Suppose the 
Jhw of (gross) savings at time t can be expressed as 

•»■«('() «•« *,(/,) r,k (40) 

where now /, is the instantaneous interest rate at time t and are arbitrary 
differentiable functions. Clearly, 


Pt r , — Up , 

Pi 


(41) 


where S is now the (instantaneous) depreciation rate on capital. In equili¬ 
brium, gross savings - gross investment = pSk\ thus, using (40) and (41) 

(A +SirJPL) -!(A_ (42) 

'• Pi I Pf f 

which, recalling (18), is a differential equation in t. By the now familiar 
method of analysis, indeterminacy cases can be spotted by studying the 
stability of (42) at a steady state. 

It is easy to show (the details will be left to the interested reader) that 
assuming " 0 we have indeterminacy if: (a) is set sufficiently close 
to zero when J > 0 (i.e., when investment goods are more labor intensive 
than consumption goods), or (b) s'„ is set sufficiently close to zero when 
A <Q (i.e., when the previous factor-intensity assumption is reversed). As an 
interesting consequence, notice that in the Ricardo-Marx case where .9,^ = 0, 
indeterminacy would occur if capitalists’ “animal spirits” are somewhat, but 
not too much, rekindled by the expectation of a higher rate of interest, and 
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the investment seetor is the most capital-intensive. (However, if is totally 
insensitive to /, uniqueness is recovered as long as A 0.) 

By (42) it is clear that if , are insensitive to /, uniqueness will prevail 
except in some borderline, and hence odd, circumstances. Consequently, the 
above cases are independent from, and are thus complementary to. the ones 
presented in [15] and [22], where indeterminacy prevails despite assuming a 
constant savings propensity. In order to facilitate comparison it will be 
useful to examine their assumption in the same context as above. 

Let us interpret 8 as the (positive) constant rate of population growth. 
Let us assume 


PiOtt ^ 8l<i) : p,k, s(y, . pik,) (43) 

where 0 .v < 1 and y is factor income in terms of consumption. Thus, 
“for any individual, his income, and his saving, includes capital gains” 
(Mirrlees [15, p. 4]). As before, we will study the model when k, li and, 
therefore, the output of the consumption sector is a constant c, and that of 
the investment sector equals 8k; hence 

y, ■ -c (44) 

In view of (43) and (44) we have 

p,(l-.v) s-'.-([-s)p,8 (45) 

k 

The stationary point of (45) is clearly stable and hence indeterminacy results. 

4.4. Nonuniqueness is by far not an inevitable consequence of perfect 
foresight as the papers of Shell and Slight/ [23]. Sargent and Wallace [19], 
Brock [4] and myself [7] demonstrate. Therefore, I think it would be incorrect 
to claim that we have found a fundamental flaw in the Walras-1-ischer- 
Rational-Expectations approach. In my view the above examples simply 
alert us of the fact that given a model (even standard simple models) one 
cannot assume local uniqueness w'ithout taking the trouble of proving it and, 
therefore, they shed some doubts on the general applicability of methods 
that rely on finding closed-form solutions like in [11, 13]. 

1 n a sense, our examples could be taken as “good new's tor the believers 
in Rational Expectations because they indicate that it is in no way an empty 
hypothesis: it definitely rules out a certain set of models and parameters. 
This, of course, should not be confused with the statement that such a 
hypothesis is always appropriate becau.se, after all, our examples have been 
given in the context of extremely conventional economies. 
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I. Introduction 

The main result presented here is a set of necessary and sufficient conditions 
for the existence of price changes which will lead to a Pareto improvement for 
consumers relative to an initial set of demands. It is assumed that all pre¬ 
ferences can be represented by continuous non-satiated strictly quasi¬ 
concave utility functions. This re.sult, together with the characterization of the 
set of Pareto-improving directions of price changes, may prove useful in a 
variety of contexts. Here it is applied to second-best (optimal taxation) 
problems. 

In the next section the basic model is presented. Section 3 reviews the 
contribution of Diamond and Mirriees [3] to this problem. Section 4 presents 
the main theorem. Section 5 considers special cases of this result as well as an 
alternative way of modelling the problem. In Section 6, applications are 
discussed. 


2. Thk Modfi 

The modelling of the consumer sector follows Hahn [6] which in turn is 
based on Debreu [2]. There are H households each having continuous non- 
satiated strictly quasiconcave utility functions, m* M(,(xa), where x,, is an 
n-dimensional consumption vector. .v» e X,,. For simplicity, let ^ R^" 
which, by the Debreu assumptions [2, p. 84], requires each household to have 
a strictly positive endowment, x* e /?+”. As this assumption on endowments 

* Financial support was provided by a Canada Council Fellowship and technical a.s- 
sistance has been provided by NSF Grant #SOC 74-03974-A01 at the Center for Analytic 
Re.search in Economics and the Social Sciences, University of Pennsylvania. An earlier 
version entitled "Production Efficiency in the Absence of Lump Sum Taxation” was 
presented at the MSSB conference in Holderness, N. H. in May 1977. Various drafts have 
benefited from the suggestions of R. Harstad, W. P. Heller, i. Jordan, M. Marrese, S. 
Ross, K. Shell, and the referees. 
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is only used to establish the continuity of the demand functions, weaker 
assumptions could_ be adopted. Using Hahn’s notation: r,. - x, - .r,, 
.X - - , X ^i,Xii, and .C - (.Vj.v^). In this model there are no lump¬ 

sum incomes nor are there individual entitlements to profits. 

The set of all consumer allocations which can be achieved by the use of a 
price mechanism is d where 

d 1 -v I .V* = x^(q) for all h and some ^ > 0). 


The expression x,,{q) is the solution to the household's utility maximization 
problem: 

max UhCvi.) subject to q:,, ■ 0 

•'a 


where is a price vector. 

The indirect utility functions are Vi,(q) -- ,(</)). which are defined for 

non-negative, non-zero prices. Properties of these functions differ somewhat 
from the properties of indirect utility functions with positive lump-sum 
income. It is straightforward to establish that Vi,(q) is continuous, quasi- 
convex. and homogeneous of degree zero in q. Thus, 


= {q ! V„{q) < c*(g)} 

is a closed, convex cone. There may be “thick” indirect indifference curves, 
but they will not occur in the absence of kinks on the direct indifference 
curves. A global minimum of is attained by any price vector which 
supports the consumption of the endowment. 


DEPtNiTioN 1. Given .<(</) and 5 > 0, dq is a set of Pareto-improving 
price changes if || x{q + dq) — .%)l! < 8 and v„(q dq) '' p„(q) all h with 
v^(q + dq)> v,Xq) some h. 

The question considered here is: Suppose that demand changes are restric¬ 
ted to be within a S-neighborhood of.%), what further assumptions must be 
placed on the demand functions in order to ensure that for all ^ e d and all 
8 > 0 there exist Pareto-improving price changes? 

Definition 2. Given x(q),t is a Pareto-improving direction of price 
changes if V8 > 0, 3A > 0 such that I! iKq + A/) - .%)ll < 8 and v^iq Ar) 

f*!?) all h with v,,(q 4 - Ar) > v^(q) some h. 

For an initial set of demands. Theorem I demonstrates that if Pareto- 
improving price changes exist for all 8 0, then these price changes may all 

be chosen.to be in the same direction. 

Theorem I . Given x(q\ there exist Pareto-improving price changes for all 
8 !> 0 /'/’ and only if there exists a Pareto-inqfrocing direction of price changes. 
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Proof, (a) If t is a Parcto-irnproving direction of price changes, then 
A(j(h) - A(fi) t arc Pareto-improving price changes. 

(b) Suppose Pareto-improving price changes exist for all S 0. Since 
is a closed, convex cone and since demands are continuous functions 
of prices [l,pp. 101-102], by choosing S sufficiently close to zero, Vi,{q r 
AJ( 7 (S)) > c,,(q) for all Ac [0, 1]. It is sufficient to show that Je/fS) is a 
Pareto-improving direction of price changes. Clearly, Aq(S) is Pareto- 
improving for all S ; S. Consider S < S. Since demands are continuous 
functions of prices, there exists Ae(0, 1] such that 0 < ji A-(r/ ■ AJ 9 (S)) 
x{q)\, < The first inequality ensures that v,,{q -|- AAq{§)) ■ v,Xq) for 
some //. 

If the indirect utility functions are locally non-satiated in the neigh¬ 
borhood of q, then the A employed in the last step of Theorem 1 may be 
chosen arbitrarily close to zero; small changes in demands are attainable 
with small price changes. 


3. Thf Diamond-Mirri.ehs Criterion 

Rather than proceeding directly to the conditions which are necessary and 
sufficient for the existence of Pareto-improving price changes, it will be 
instructive to motivate the final results by considering a global version of the 
sufficiency criterion established by Diamond and Mirriees [3]. 

Assomption a. (i) For all xcd except .x for qeE, either (a) 

2, 0 and 2*, ^ 0 for all h and some ; with > 0 or (b) 2, < 0 and z^f C 0 

for all h and some /. (ii) F'or .v =- xiq) with qe E, z,,/ = 0 for all ft and some /. 

In the statement of Assumption A, / indexes commodities while E is the 
set of price vectors which yield exchange equilibria. E is non-empty [2, 
pp. 83-84; 3, p. 22). 

The point of the assumption is straightforward. When q^ E, if there is 
some good which is in positive (negative) net demand by each household, 
then a Pareto-improving change can be found by lowering (raising) that 
good’s price holding all other relative prices constant. A.(ii) is, in fact, 
redundant as it is implied by A.(i) together with the continuity of the demand 
functions.^ 

Theorem 2. Assumption A is a sufficient condition for the existence of 

’ Hahn [6, p. 97] suggested the use of A. (i) for all q. This is inconsistent with the descrip¬ 
tion of the economy as there can be no aggregate household net demand or supply for any 
good when qe E. 
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Pareto-improi’ing price changes for all 3^q) and all S • 0 when all individuals 
have continuous non-satiated strictly quasiconcave utility functions. 

The proof of this Theorem will be established by a series of lemmas. 

Lemma 1. For all xed except £ - x(q) for qe E. A implies that there 
exists a Pareto-improving direction of price changes. 

Proof [6, p. 98]. 

Lemma 2. For 3; - - *’(</) with qc Eandn - 2, A implies that there exists 
a Pareto-improving direction of price changes. 

Proof. Since « 2 this is the degenerate case of complete autarchy; all 

Vhiq) are at their global minima. Consequently, any vector t whose com¬ 
ponents are not all equal is a Pareto-improving direction of price changes. 

Lemma 3. For x _ .£(q) with qa E, A implies that there exists a Pareto- 
improving direction of price changes. 

Proof. By assumption the economy is autarchic in at least one good, say 
good one. By Flicks’ aggregation theorem [8, pp. 312-313], the other goods 
can be treated as one commodity if their relative prices are held constant. The 
result then follows from Lemma 2. 

Proof of Theorem!. Theorem 2 is an immediate consequence of 
Theorem 1 and Lemmas 1 to 3. 


4. Necessary and Sofeicient Conditions 

The geometry of the problem is quite simple. Let T(q) be the hyperplane 
through the origin orthogonal to q\ T{q) is the net demands budget hyperplane 
for all consumers. Let Z*(<?) ■= Us Clearly, Z*(f/) C Ttyi). Suppose 
there exists another hyperplane through the origin, H{q), distinct from T(q) 
such that Z*(r/) is contained in one of the closed halfspaces formed by H{q). 
When H{q) exists it is possible to change the consumer prices and leave all 
the original net demands budget feasible by rotating '/’((?) around //( 7 ) n T(q). 
As a consequence, all consumers are no worse oil as a result of the 
changes. Individuals whose net demands do not lie on FKyf) will change their 
demands in response to the price changes; by revealed preference t ey are 
better off. The same result will occur for consumers whose net demands lie 
on H{q) IT their indirect utility functions have “thin” mdifierencc curves. 
However, it is possible for all net demands to lie on H{q) and for all direct 
utility functions to be kinked at these demands. Then there need not be any 
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demand change in response to the price changes. However, since the indirect 
utility functions are continuous, by changing prices sufiiciently someone 
will eventually change their demands, resulting in a Pareto improvement. 

The Diamond and Mirrlees condition can also be interpreted in this 
fashion. They require I1(q) to be spanned by at most n - 1 vectors in {ci,..., 
e„], the n unit-length coordinate direction vectors. H{q) is coincident with 
the coordinate system generated by some strict subset of the n commodities. 
If Z*{q)C H(q), then there is autarchy in at least one good: Assumption 
A.(ii) would be .satisfied. 


Assumpi ion B. For all x c; d, there exists a hyperplane, H{q), containing 
the origin and distinct from T(q) such that Z*(q) is contained in one of its 
closed halfspaces. 

Theorem 3. Assumption B is a necessary and sufficient condition for the 
existence of Pareto-improving price changes for all x{q) and all S > 0 when all 
individuals have continuous non-saliated strictly quasiconcave preferences. 

Proof, (a) For sufficiency, define a new economy isomorphic to the 
original economy. Choose the new coordinate system so that H{q) is spanned 
by some subset of the (’,’s. Now each “commodity” is a bundle of the original 
goods in some fixed proportions; preferences in the new space are defined in 
the natural way. By construction. Assumption A is satisfied in the new 
economy. Hence, Theorem 2 and the isomorphism establishes sufficiency. 

(b) To demonstrate necessity, assume that no H{q) as defined in B 
exists. Given S : 0, consider q' so thatO < || — x( 9 )|i < S. Let H'{q) 

T(q) n T(,q'). It must be the case that there is at least one in one of the 
open halfspaces (relative to T(q)) formed by H'(q) and at least one z^-iq) in 
the other open halfspace, otherwise any H^q) such that H(q) n T{q) = 
//'{<?) would satisfy B. Thus, only one of z^(q) and z^'(q) is budget feasible at 
q'. Without loss of generality, suppose r*( 9 ) is budget feasible at q'. Clearly, 
q' ■ z^{q) < 0 so increases. Since Z 1 ^■(q) is not feasible at q', w*- necessarily 
decreases for small 5. As S was arbitrary and the only restriction on q' was 
that 0 < II ic{q') - .v(« 7 )!l < 8, the demonstration is complete. 

The construction in the sufficiency part of the proof suggests a simple 
interpretation of Assumption B. For all q > 0, Assumption B requires the 
existence of some “Hicksian composite good” which is weakly in net demand 
(or supply) by all consumers. 

Guesnerie’s work [5] suggests an alternative way of expressing this assump¬ 
tion. Let A{q) be the smallest closed convex cone with vertex at the origin 
containing Z*(q). Assumption B is equivalent to Assumption C. 
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Assumption C. For all .ieJ, lntA(cf)Pi[nt(—A((/)) : , where Int 
A(c/) is the interior of /I(^) relative to T(q). 

To simplify the exposition, for the remainder of this section assume that 
all the direct utility functions are smooth; any finite price changes will 
change each household s demands. Guesnerie’s work can be used to charac¬ 
terize the Pareto-improving directions of price changes. Because of the 
homogeneity of the demand functions, the direction of all price changes can 
be taken to be vectors in T(,q). Let P(q) be the negative polar cone of A{q). 
Assumption C is equivalent to requiring P{q) to be non-vacuous for all 
q > 0 and P((7)‘,{0} is the set of Pareto-improving directions of price changes 
for x(q). PUj) is the set of all price changes in T(q) which ensure that the cost 
of all H initial consumer demands do not increase in value. Thus, any non¬ 
zero element of P{q) supports a revealed preference argument.^ As a con¬ 
sequence, all Pareto-improving directions of price changes are easily cal¬ 
culate!^ from a knowledge of the initial demand vectors. 


5. Spec ial Cases and Extensions 

While it is not too difficult to check whether Assumption B (or C) is .sati.s- 
fied using programming techniques, there are a number of special cases which 
arc particularly easy to identify. One example is the Diamond and Mirrlees 
case of some good being in net demand or supply by all households. 

Let Z(f/) be the H ;< n matrix of net demands when prices are q. Consider 
the system of linear equations (I). 

Ziq)-a 0. (1) 

Solutions to (1) exist as o = c/ is a solution. 

Tiii.ori:m 4. for xiq), if the rank of Z(q) n — 2, then a Parelo-im- 
proving ilireclion of price changes exists. 

Proof. The rank condition is equivalent to requiring the dimension of the 
kernel of (1) to be at least two. When this is the case, one can always rotate 
the net demands budget hyperplane in such a way that all :i,(q) and the origin 
arc still feasible. Theorem 4 is then a corollary to 1 heorem 3. 

The rotation of the budget hyperplanc used in the proof of Theorem 4 
corresponds to the case discussed in the last section when all demands are 
actually on H(q). A sufficient condition for the rank condition to hold is for 
there to be at least two more goods than households. There would then be 
fl r I relative prices to vary, but only H households utilities to raise.^ 

* Harris [7] uses arguments of this form. 

’ Diewert [4] has similar theorems. 
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Should the initial price vector result in an exchange equilibrium. Theorem 2 
demonstrates that autarchy in some good is a sufficient condition for the 
existence of Pareto-improving price changes. This corresponds to having a 
column of zeroes in Z{q) which combined with the dependence of the rows of 
Z{q) yields the rank condition. 

In the definition of Pareto-improving price changes, the new set of net 
demands were required to be in a prespecified neighborhood of the initial 
demands. Prices were not required to be in some arbitrarily small neighbor¬ 
hood of the initial prices. However, as noted, if the direct utility functions are 
smooth, when Pareto-improving price changes exist, these changes can be 
chosen to be arbitrarily small. Furthermore, in this situation any Pareto- 
improving price changes make all consumers better off. This strict improve¬ 
ment follows from the fact that if the price normalization used above is 
adopted, then all indirect utility functions will be strictly quasiconvex on this 
restricted domain. 

Instead of working with finite changes, it is possible to instead assume that 
the indirect utility functions are differentiable [5] and work with differential 
price changes. 

DiiFiNiTiON .3. Given .vf^). / is a Pareto-improving direction of differ¬ 
ential price changes if Vri*(< 7 ) • t ' 0 all h with Vv,Xq) • t > 0 some //. 

In Definition 3 the gradient vectors are used to evaluate the desirability of 
differential price changes. Since the gradient vectors are proportional to the 
negative of the net demand vectors by Roy’s Theorem, the set of (normalized) 
strictly Pareto-improving directions of differential price changes arc Int P(q). 
Tnt P{g) is the interior of the positive polar cone to the cone generated by the 
gradient vectors, - A{q). However, for finite changes the set of strictly Pareto- 
improving directions of price changes is P(^)\{0). Thus, a direction of price 
changes which is strictly Pareto-improving in the differentiable case is akso 
strictly Pareto-improving for small finite changes. However, a differentiable 
change in some direction may be viewed by some consumer as no improve¬ 
ment while a finite change in the same direction is an improvement. The 
differentiable definition can thus be viewed as an approximation to the finite 
version.* 


6. Applications 

One application of Theorem 3 is to the production efficiency theorems 
considered in the second-best literature [3]. In its simplest form, all production 

* The differentia] version of Theorem 3 can be established as a special case of the results 
obtained by Plott [11]. An extended discussion of the approximation to finite changes 
introduced by the use of gradient vectors may be found in Matthews [9]. 
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is under the control of a government but all consumer allocations must be in 
d, the demands generated by some prices q with no lump-sum incomes. The 
question is: It the social welfare function is individualistic, is production 
cfTiciency desirable at a welfare optimum?” 

Suppose the second-best optimum is inelticient, then the existence of 
Pareto-improving price changes would lead to new demands which are still 
feasible contradicting the assumption that production efficiency was not 
desirable. Consequently, when Assumption B is satisfied, production effi¬ 
ciency is a feature of the second-best optimum. 

Establishing the desirability of production efficiency is only part of the 
problem. Generally there will be a number of feasible allocations which are 
production efficient and it is still necessary to choose between them. Guesnerie 
[5] analyzed this problem from a tax reform viewpoint. Starting with an 
initial feasible allocation which is production efficient, is it possible to find a 
set of'Parcto-improving price changes which result in demands which arc 
still feasible? To answer this question, it is necessary to find the set of Pareto- 
improving price changes and the set of changes in consumer prices which lead 
to feasible changes in demands. Assumption B ensures that the first set is 
non-empty. Furthermore, this set is P((/)\{0}. It is noteworthy that it is not 
sufficient to know whether Pareto-improving price changes exist, it is also 
necessary to know what directions lead to the improvement. 

Many optimal taxation discussions assume that it is possible to use a 
common lump-sum poll subsidy or tax [10]. This trivially ensures the desi¬ 
rability of production efficiency. However, this extra instrument may be of no 
use in answering the second question posed above. Since the initial alloea* 
tion is production efficient, a poll subsidy could result in demands which are 
not feasible, yet it may be possible to find a Pareto improvement by 
changing relative prices. 


7. CONfl.l'SlON 

Necessary and sufficient conditions for the existence ot Pareto-improving 
price changes when consumers have continuous non-satiated strictly quasi¬ 
concave preferences have been characterized here. The existence of such 
changes has been central to the recent work of Diewert [4], Guesnerie [5], 
Harris [7], and others working on taxation problems. Undoubtedly such 
changes will remain a central concern of this literature. 
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This paper tries to develop a probabilistic model of location choice by many 
types of individuals who interact among themselves in the presence of neigh¬ 
borhood effects. Equilibrium is defined as an allocation of individuals among 
locations such that for every type of individuals the selection probability for 
each location is equal to the proportion of individuals actually choosing the 
location in question. The existence of equilibrium is proved under usual con¬ 
tinuity assumptions. The equilibrium is shown to be unique and stable in the 
presence of neighborhood effects, if the degree of externality is sufficiently small. 


In this paper we attempt to develop a probabilistic model of location 
choice by many types of individuals who interact among themselves in the 
presence of neighborhood cfiects. Our work may be viewed as a generalization 
of Schelling's model of segregation between two groups into a situation with 
many types of individuals choosing among many alternative locations.' By 
applying McFadden's theory of qualitative choice behavior,'' 'vc assume that 
the selection probabilities of each type of individuals for various locations 
arc functions of the representative utilities obtained from all possible loca¬ 
tions. Neighborhood elTects are taken into account by assuming that the 
representative utility obtained by each type of individuals is a function of 
the numbers of individuals of all types who arc actually choosing that 
location. Note that in this paper we deal with neighborhood clTects within 
each location, but not those acros.s locations. 

First, equilibrium is defined as an allocation of individuals annmg loca¬ 
tions such that for every type of individuals the selection probability for each 

* I am grateful to Perry Shapiro for stimulating discussions and encouragemcni. I have 
benefited from the comments of Jan Brueckner, Yoshitsugu Kanemoto, and other parti¬ 
cipants in my session at the Workshop in Analytical Urban Economics, Queen’s University, 
Kingston. (Canada, June 12-14, 1978. 1 also thank an anonymous referee for helpful sug¬ 
gestions. 

‘ Schelling [6] and [7]. Especially, sec his bounded-neighborhood model [7. p. 167-186]. 

’ See Marschak [2] and Mcl'adden [3]. 
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location is equal to the proportion of individuals actually choosing the 
location in question. The existence of equilibrium is guaranteed under usual 
continuity assumptions, and its uniqueness and stability are examined under 
some additional assumptions. The equilibrium is shown to be unique and 
stable in the presence of nighborhood effects, if the degree of neighborhood 
effects is sufficiently .small. 

I'inally, we take up a simple but important case with two types of indivi¬ 
duals (e.g., blacks and whites) and two locations (e.g., a city and its suburbs), 
and show that even if the two groups do not like each other, the “integration” 
equilibrium is stable if the degree of negative externality between them is 
sufficiently small relative to the variance of the distribution of utility among 
the individuals of each type. 


I. Tiir. Modii. and nxtsTt No; 

Eaeh individual is assumed to choose among n alternative locations, which 
can be considered as n different neighborhoods in a city, or n different cities 
in a region. There arc m types of individuals with a certain number of indivi¬ 
duals for each type, where any two different types can be easily distinguished 
by observation. 

For type k (k I.w>), the utility obtained from location /, say U'‘\ is 

assumed to be randomly distributed over the population of individuals of 
type k. and the selection probability of type k for location /, say P*', can be 
defined as the probability that an individual drawn randomly from the 
population of type k will find location / most attractive: 

pu _ ProbfC/'' > U>^i for all,/ =/■ i) {k =■- 1.m; / = - 1. ti). (1) 

Under certain assumptions,® P'-' can be expressed as a function of “represen¬ 
tative” utilities, u’’" (k =1,..., w). where is the representative 

utility of type k for location ./ and is equal to the non-stochastic component 
of U'-k Then we have 


n 

M*") -- 0 and ^ . u' ") - 1 

( 2 ) 

for all «*'" {k ■— 1 ,..., m). 


Let us now consider “neighborhood effects” resulting from the interaction 
of various types of individuals at each location. Denoting by the number 
of individuals of type k who actually choose location i, we assume that the 


McFadden [3, p. 108]. 
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representative utility of type k for location i, h*', depends on the numbers of 
individuals of all types at location i; 

. Ni”*) (k - 1,..., m\ i = 1,..., n). (3) 

ff, for example, individuals of type k like (or dislike) individuals of type j at 
location i, then du'^^jbNi^ > 0 (or < 0). Increasing returns (agglomeration 
economies) and decreasing returns (congestion) can be represented by the 
derivative of + • f- A^,”*) being positive and negative, respectively. 

In the present context, we define equilibrium as an allocation of individuals 
among n alternative locations such that the selection probability of type k for 
location r, P**, is equal to the proportion of indivduals of type k who actuall 
choose location /, that is, where £,*•' is the total number of individuals 

of type k, which is given as a positive constant. Here we treat the number of 
individuals as a continuous variable in order to avoid any complexities 
arising from a discrete number of individuals. Thus, equilibrium is defined as 
an allocation of individuals 0 such that 


-U‘>Q(k=.\ . m\ 

>■=1 


(4) 


--- "(/Vn',-., A"/*)) I./ =: 1.«). 

(5) 

Then we can prove the existence of an equilibrium: 


Theorem 1. If Ni"‘) is continuous in A^," for 0 < yv,** < L 

(A ■-■= 1.-. tw). and P*'(m",..., «*") is continuous in ««,..., and 
satisfies {I),for all k = I,..., m and all i I,..., n, then there exists an equili¬ 
brium. 

Proof. Consider a simplex defined by 


Nf > 0 and X Z " L>Q. (6) 

h i 

Then we have a continuous function P’^'U’, which maps from the simplex (6) 
to itself. Thus, Brouwer’s fixed point theorem ensures the existence of a fixed 

point yvr ^ 0 such that N*' = P’^Ku^Wl',..., NT*) . NT')) L>^ 

for all k and all /. (4) is also satisfied, since ~ Si -= 'tt 

view of (2). Q.E.D. 


64a/19/3-9 
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2. Uniqueness 

Let us further assume that for each type Ar, /**' will decrease (or not increase) 
when any one of other than increases: 

pki <: 0 (//). ( 7 ) 

This means that all locations are substitutes for (or independent of) each 
other, and location i becomes less (or no more) attractive compared to 
location j whose utility increases. It is easy to see that (7) implies that 

p^i cP^'jou’'' - 0 (A: = I...., w; / =- 1,..., n), (8) 

because ((/’' Vr'w''') -= 0 from (2).'* 

Define m y. n dimensional vectors N and / as 

N N^\ N,r% (9) 

/^- ( 10 ) 

where 

jki = _ puf^ ) L* (yt = 1 ...., m\ i - 1. n). (11) 

Then it is clear that the equilibrium N* is given by solving the system f{N) - = 
0. Also define 


w‘' ~ r;w*V^'A/ (A-, /; - 1.m; i ■■ - 1. n). (12) 

We shall prove that the equilibrium is unique if the “degree” of externality 
is sufficiently small: 

Theorem 2. f/"u*") satisfies (2) and (7) for all .«*” 

(A: = = 1,..., m; / = 1,..., n) and 

VI 

X iPy I < i < I for 0 < JV/ < (A- - 1 - w; i, J - 1 - n), ( 13 ) 

4--1 

then the solution to the equilibrium system f{N) — 0 is unique. 

Proof. Since P^* and are all differentiable, we have a differentiable 
mapping/: D -► where A2 is a closed rectangular region A3 = {A | 0 < 
A/ ^ Z,*}. The Jacobian matrix of the raapping/is 

J{N)^I + A, (14) 

* The properties (7) and (8) are actually satisfied by McFadden's selection probabilities 
pki _ (see [3]) and also by Marschak's /*' = «*'/(Z)Lx“*0 (s®e IW- 
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and 


where 


■■■ -^Ini 
: : 
^tul " ^tmii 


05) 


p^ou^ik - 


(I<,h ^ 1 . III). 


(16) 


It can be shown that I + A is a dominant diagonal matrix with positive 
diagonal elements for all N in Q, because for any column, that is for any 
h and j, 

' 1 - ^ I - p^.‘ I i/j>! /." > ^ ; p'- i; ul> i L'‘ 

i- I 

- I (17) 

»v/l ' < 1 / 

where the last inequality follows from (13) as 
1 :> 2P^/ I 1 A* -I- X (2P*' i I //) 

--= Pf 11/?/ i L* X I P’;‘ '1 ul‘ i Z.* + I ( i : /',*■ ;i I Z.*), (18) 

in view of ~ Xiivj I P]' I fro''" (2)- Thus, according to Gale and Nikaido.“ 
the mapping/is univalent in Q, and as a result, the solution to/(AT) ~ 0 is 
unique. Q.E.D. 


3. Stabiliit 

Suppose that the system is out of equilibrium such that the number of 
individuals of type k who like location / best is not equal to the number of 
individuals of type k who actually choose location i for at least one k and one 
/. In such disequilibrium situations, some kind of dynamic adjustment must 
take place over time. We take up two alternative adjustment processes, that 
is, discrete adjustment and continuous adjustment. 

First, let us assume a one-period time lag for individuals to adjust their 


Gale and Nikaido [I, p. 84]. 
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actual behavior to their desired one. Then we may describe the adjustment 
process by the following difference equation system; 

N.Ht 1) yv “(0),-, .^n^CO)! 

(fc = l,...,w;/= 1,(19) 

where 

X N>-U) -- T* (k - I.///; i I. n). (20) 

•-1 

By expressing NJ'(t) as Ay„'(f) -- L* — ^•*(0 from (20), we shall deal 

with m X (n - 1) variables: 


jv (yVi\..., Ni, ,, yv,yv* ,yv/”..., ,). 


( 21 ) 


We can now show that the equilibrium N* is locally stable, if the degree of 
externality is sufficiently small: 

Thhorem 3. If P''*(m*',..., satisfies (2) and (7) at the equilibrium N* 
and 


X ( 2 Pf I i 1 - /'*" I ul” I) L*= < l(/i - I. m-yj 


n - 1) (22) 


at the equilibrium N*, then the equilibrium is locally stable, according to the 
adjustment process (19), 

Proof. Linearizing (19) around the equilibrium, together with (20), leads 
to 

N(t + 1) - yv* = B(N(t) - N*), (23) 

where 


B 


-Sll ■ ■ ^Im 
: ; 
Bml "" B„„ 


(24) 


and 


Btx — 


(P«w«- /»«»»") L* - (P‘Li«*”“" - ■ 

: (Pi*»V — -PM") : 

(k, h — 1,..., m). 


(25) 
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If A is a characteristic root of B, we know that® 


^ I (I X I I AvjI"(I p.... 

^ li d) 

[l (2/^'^'! -f /’f I <' i i p*"! I) />j 

r til 

jax X (2Pf ! ! 4 /’i" I Mi" !) /-* 

l i t 


^ max 

A. 


(26 > 


for h — 1,..., m andj == I,...,« — I. Thus it follows from (22) that ! A ! < 1. 

Q.E.D. 

Alternatively, we may treat time as continuous and introduce gradual 
adjustment through time. A natural counterpart of the system (19) in the 
context of continuous time can be given by the following differential equation 
system: 


Mr) ^ ^ P*'(i/»(^x'(0.A^."'(0)v... M*"(7^„*(f).Af„'»fr))] U - Nm 

(^ ---1. m\k^\,...,n), (27) 

where A^,*^(f) =- dNi*{t)ldt. Note that if the initial condition iV,*(0) satislies (20) 
at time 0, (20) will be satisfied for all / 0, since 

X AV(/) = X (^"(0 ■■ ~ X ■- 0 for all I r- 0. (28) 

t -1 i -1 <'l 

It can be shown that the adjustment process (27) is quaskstable,’ if the 
degree of externality is sufficiently small. 

Theorem 4. If P’’*{u’’^,..., i/‘") satisfies (2) and (7) for all . id", and 

m 

X (/’*■-'■ I ! -E P^” I M*'' I) L*' 1 (It -- 1. tiii j I,..., ff - - 1) (29) 

k--l 

for all Ni’‘ ^ 0 such that X"-i adjustment process (27) is 

quasi-stable. 

• McKenzie [4, p. 49]. 

’ For the concept of quasi-stability, see Uzawa [8, p. 618]. 
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Proof. Define a distance function y(t) as 


HI) X ■ • ■ Nf'O)),..., iHW(t) ■■■ N,r‘0)))L‘^ - Nf(t)], 

(30) 

where I,’ ■ {(k, i)\ 1/~ NHt)' -0, or PHt) L' —= 0 and 

r/(PHn LI NHt))l(k > 0]. From the fact that YT-x E!‘ i (P^'Li' - Nf) - -- 
0, it follows that 


^ [PHuHNHt)---N,rU)))Li- 

(3J) 

where fr i{k, /)i PHt) H - NHO < 0, or PHt) - Nf(t) = 0 and 
diPi'it) U‘ - Ni''(t))ldt < 0}. It is clear that V(l) = 0 if and only if the system 
is in equilibrium, and otherwise K(/) ' '0. In order to show that V(t) will 
decrease over time, define lV(t) //i)(F(t-i-A) — V(t)). Then it 

follows that® 


-('1 I - i i I 

)i-i j. 1 0'.i)E/,+ I‘'I 

- y y i(p>H/—iv/) 


_ y y 

(»./)«/,-(j-.oc/,- f'Nf 


- 1 \ 1 


- s 


I 

u.mi,- 


Pi'iui”) LI' — 1 


fff. 


(32) 


which is negative except in equilibrium, because we have iST/ > 0 for at least 
one (h,j) e /(+ and < 0 for at least one (A, /) e out of equilibrium, and 
the expressions in the parentheses are always negative from (29) since for 
(A,./; k, i)G/,+ or/(- 


^ (Ff‘«*’^’ — PJ'Mft") LI < (Pfi I I -{■ pi” I t/i" [) /.I < 1. (33) 

Clearly fV(/) -- 0 in equilibrium, because /(+ and /,“ become null sets. Thus, 
according to Uzawa,® the process (27) is quasi-stable. Q.E.D. 


Special care should be taken to find 1K(/). Sec Negishi [5, p. 205], 
Uzawa [8, p. 620-621]. 
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It is well known that quasi-stability implies global stability if equilibrium 
is unique.^ Thus, Theorems 2 and 4 yield the following corollary: 

Corollary I. m‘>‘) satisfies (2) and (7)/or all «'■'*, and 

ni 

^ {IP]' \ U>jj ; i H*» i) < 1 for 0 Nf < 

k^\ 

(kji =- 1 I (34) 

then the equilibritun Is globally stable^ according to the process (27). 


4. The Two-type-iwo-location Case 

Consider a special case with two types of individuals (e.g., blacks and 
whites) choosing between two locations (e.g., the inner city and suburban 
neighborhoods). For each type of individuals, the representative utility is 
assumed to be positively related to the ratio of the number of individuals of 
their own type to that of the other type at each location:” 

h” - //”(AtiVAr,*), «'« = == u*'(At,^/Ar,'), -= 

(35) 

where «' ''( ) > 0 for all k, i =1,2. 

We shall focus on the stability analysis and take up the continuous adjust¬ 
ment process (27). fn view of the constraints A'',' f Nf — L' and iV/ -{- Na“ 
— I?, we find 

AV , F”[M”(AfjViVr)-- 'Vi' 

(36) 

A7 = - .Vi'))l f-- - Nf. 

The Jacobian matrix of the system will then be 

“ More generally, if the set of equilibria is countable, quasi-stability is eqiii\alont (o 
global stability. Sm Uzawa [8, p. 6191. 

” This is essentially the .same assumption as Schelliiig's in his bounded-neighborhood 
model [7, p. 167-186). 
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where 

i - -N^^))]u - \, 

^3 ^ IP]'u'^’(-N^‘I(N;^Y) i L\ 

- [Pi‘u^^’( -N^V{N^'Y) 4- Pl'u^ dL’^ - N^^)/(L' - yV/)^)] L\ 

^33 lP-'iP''(\m,^) -\ P'^u-^'(-M(L' ~ N,^))]iy - \. (38) 

In order to illustrate local stability conditions, Jet us assume that everything 
is identical and symmetric at the equilibrium so that we may write 

n**' — 1 /', IJ - L, P^‘ p for all k, / ^ 1, 2. (39) 


Then we find 


All ~ 4pu’ — 1, by, = —4pu\ A 21 --4pu\ b .22 = 4pu’ — 1, (40) 

and a necessary and sufficient condition for local stability is 

«'<l/(8p). (41) 

That is to say, the “integration” equilibrium is locally stable, if and only if 
the degree of externality u' is sufficiently small, more specifically, smaller 
than l/(8/»). 

Furthermore, it can be shown that if the utilities from the two locations are 
independently, identically and logistically distributed, then the expression p 
is inversely related to the standard deviation of the distribution of the utility. 
Assuming that and are independently and identically distributed, we 
may write their joint distribution function as the product of marginal pro¬ 
bability functions 

/(I/«)/(t/‘*)(^ - 1,2). (42) 

Then we can find 


P^‘ - Prob(f/*‘' > j /) -- - [” f{U*^) dU*>^ r/d/^' 

{k,i,j = \,2). (43) 

For the sake of illustration, consider the logistic distribution case: 


KU) = 


t[1 


g-{V-u)/r 

g-(£/-l€)/Tj3 > 


(44) 


T ?■ 


where 


y/Saln, and u = E(ljy 


(45) 
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Jn this case, since everything is symmetric at the equilibrium, it can be 
proved thaf'^ 


1 j"" e ] (1^3) g~<C/ U)/t 

[1 -h “^77]i “ T I. 


_ 1 _ TT 


Combining (41) and (46), we obtain 


u 


.3v/3 


(47) 


and conclude that the integration equilibrium is locally stable if and only if 
the degree of externality is sufficiently small relative to the degree of dis¬ 
persion of the distribution of the utility. Figure 1 illustrates the stable case, 
whereas Figure 2 shows the unstable case. 



I'lOVRK 1 



** This manipulation is due to Perry Shapiro. 
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I. Introduction 

This paper concerns the design of decision-making mechanisms having 
desirable properties for a certain class of economic environments. The 
special feature of these environments on which we concentrate is that, 
although some transfer of resources may be possible among the agents, the 
extent to which any agent can lose resources is bounded. Such a restriction 
is well known in general equilibrium theory, where the lower boundedness of 
consumption sets limits transfers to those that are physically feasible. 
Another interpretation is that the agents in the model arc representatives* 
of segments of the population, and that the limitations on transfers among 
them arises through the institutional structurc.- 

Without bounds on transfers. Groves and Loeb [6] have given a class of 
mechanisms that make efficient choicc.s, in a sense to be de.scribed below, 
in an equilibrium in which each player is following a dominant strategy. 
In this way, much of the strategic or manipulative aspect of the free rider 


* This work was supported by National Science Foundation Grant SOC 71-03803 to 
Harvard Uniscrsily, and by a grant from the NATO Systems Science Program. 

* This is discussed in detail by Johan.sen [7]. We believe that the primary practical reason 
for treating the case of bounded transfers is that these representatives may have means 
which are much smaller than the intensities of the aggregate willingness-to-pay that arc 
typical of their constituents. 

* Indeed, in the one example of which we arc aware where these methods were applied 
in a practical situation, it was precisely these considerations that were most important in 
the design of the decision-making procedures. The case is that of program selection by the 
stations in the Public Broadcasting System. Bach of the 135 station managers who “bid 
for programs has a limited programming budget but represents a large population. The 
ditferenccs itt aggregate willingnesses-to-pay among alternative possible combinations of 
programs would surely swamp these budgets. Ncverlhcle.ss a method of social decision¬ 
making is necessary which allows the station managers the flexibiliiy necessary to accurately 
reflect the tastes of their potential viewing audiences. 
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problem has been overcome.'* Green and Laffont [2] have shown that the 
class of mechanisms described by Groves and Loeb contains all those with 
these properties. 

In this paper we first extend the use of these mechanisms to systems with 
transfers bounded from below, maintaining all the other aspects of the 
model described above. Individuals’ strategic options are studied. The main 
result is that one of the mechanisms of Groves and Loeb, a special one, 
previously developed by Clarke [1] and Vickrey [8], retains all its desirable 
properties despite the bounds on transfers. Other members of the original 
successful class lose this property in the present context. Sufficient conditions 
for a member of the Groves Loeb class to remain efficient are presented. 

Finally, we offer some remarks on the willingness of individuals to 
participate in this procedure, on extensions to more complex choice situations 
and on their unbiasedness. 


2. The Model 

We concentrate on the case of a decision, e/, to be taken between two 
alternatives which can be denoted 0 (“reject proposed project”) and 1 
(“accept proposed project”). 

Let X, be the amount of the private good consumed by individual / who is 
assumed to have the utility function, defined for .v, < 0, given by: 

, d) - X/ if d — 0 

X, + I'i if d I. 

The initial endowment of the /th individual is denoted .v, ; it is assumed 
to be non-negative. 

Since there are no successful dominant strategy mechanisms always having 
balanced budgets (see Green and Laffont [3]) we must also consider the 
net transfer of the decision maker (government) in defining feasibility and 
efficiency. Thus, a feasible social state is defined by: 

..Vn,I(.X,-.V,)] 


such that Xi 0 for all /. 

The last entry represents the net transfer from the individuals to the 
decision maker. It is natural to suppose that the utility of the decision maker 


’ Of course some problems do remain. Hurwicz [1970] has shown that it is impossible 
to maintain feasibility in two person environments. This has been extended by Green and 
Laffont [3], Green, Kohlberg, and Laffont [4], and Walker [9]. 
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is strictly increasing in this quantity, as revenues are usable for other purposes 
or may be substituted for other taxes being collected.* 

Without fear of confusion we can write the utility of individual / in social 
state z as u,(^) ^ Ut{d, .v,). 

The utility of the decision maker is then: 

“a(*) =- — A;). 

i 

A social state z is said to be efficient relative to u^:), (or “efficient” for 
brevity) if for any other feasible social state z' such that «,(z') > m,(z), 

/ : 0, we have that uX-) - M,(r), / 0. I. n. Efficiency is just 

Pareto optimality for the set of agents expanded to include the decision 
maker. 

It is easy to see that there may be some efficient states for which J O and 
2 t'i . - 0, or J 1 and 5] r, < 0. For example, consider the two-person 
economy defined by: 

Ai = 0, I’, - 5 

Xi — 10, I’a = --I. 

The social state z == (0, 0,10, 0) which produces utilities 

Uo = 0, Ui 0, U.J = 10 

is Pareto optimal. This can be seen becau.se if u„ i> 0, then a, | C 10 is 
required. If > 10, then d 0 requires li 10 and d = I requires 
X.J 11. In the former instance a, < 0 and z is the only feasible social state; 
in the latter, there are no feasible social states since Ai < -1 would be 
implied. 

Let w, e /? be the strategy of agent /, / = 1,..., n. 

We define a mechanism as a mapping,/, from R" to social states. 

w = (M-i,..., M-„) ->/(h-) = z. 


We use the notation; 


W^f — 1 » 

(w_,-, f) = (wi,..., tVi+i,..., w„). 


* Of course, if individuals were to recognize this dependence, the favorable incentive 
properties of the mechanisms to be studied would he destroyed (see, however. Green, 
Kohlberg, and Laffont [4]). 
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A Strategy w, is called atlnussibte if, for every »i’., j, 

f(w , , ir,) [«/, v,.Y„ , ^ (.X; - ,Y,)] 
is such that a-, . ■ 0. 

An admissible strategy tr,-, is called admissible dominant (or just dominant 
for brevity) if, for every other admissible strategy, a ' 


M,[/(a -,-. vt',)] > , a-,')] 

for all u’._;. 

If >v, - i\ is a dominant strategy for every i, then the mechanism will be 
said to be strongly individually incentive compatible. Note, however, that v^ 
may not be admissible for some mechanisms and some individuals. There may 
nevertheless exist other dominant strategies. 

A mechanism will be called satisfactory if 

(i) for every i there exists an admissible dominant strategy, wf, and 

(ii) f(w*) = /(it’f,.... w,*) is an efficient state. 

In Green and Laffont [2] it was shown that, for economies without bounds 
on consumption of the private good, the class of all mechanisms that are 
strongly individually incentive compatible and satisfactory is given by: 

/(tv) -- [t/, .V,,..., .v„ , ^ (.r,- - .X.)] (2.1) 

where 

d = 0 ^ 

■V, - -V, i X "V 1- d } 

j /i 

.X, -- ■ .Xi + /)i(iv_,) if f/ 0 

where the A/ ) are an arbitrary set of real-valued functions defined on 


3. The Pivotal Mechanism 

In this section we consider the special case in which, for all z. 

A,(tv.,) =- min Z »o) • (3-') 

This defines the pivotal mechanism (see Green and Laffont [3], Clarke [1] 
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and Vickrey [8]). Under this mechanism we always have Xi < 3Cj The 
strategy w, is pivotal when w, • w, < 0 and | w, | > | S,,, h-,], because 
the presence of individual / changes the social decision. In such a case x, y Xi. 

Lemma 1. For the mechanism defined by (3.1), the strategics 

, u) = i-,- -- max(i’, -- .V,, 0) r, :: 0 

- c, - min(i;, -i .v,, 0) r,- 0 

are the unique and dominant strategies. 

Proof. Consider first the case in which /•; 0. Note that m ■) is 

defined for all w_,. ’ ’ 

However, for | rB,-1 x,-, ,•, jB,) is not delined whenever hl,- is such 

that 



^ M-j < 0 
j-fi 


because then 

•V. = - I X »'V I < 0. 

• jyi ' 

For I w. I .-::5 X(, , w,) is defined for all h' ^, and hence these values 

of »£ are admissible strategies. 

If Vi < Xi, then Wj - i>, and the proof in Green and LaflTont [2, Theorem 3] 
establishes the dominance of w,. 

If t’i > Xi, so that u'i ==■■- , and w, is any other admissible strategy, 

we have the following cases; the value of tv_, is such that 

(i) w; is pivotal but Wj is not, 

(ii) Wi and re, are both pivotal, 

(iii) neither Wj nor ay arc pivotal. 

Case (/). Since w, - = .x, 0 is pivotal, it must be that w, < 0, and 

Xi > —'E.tH Wj. Thus: 


and 


w.[/(h’-, , Wf)] = Vi + .V,- h X iiy 

, ^’t)] ~ • 


Using Vi > Xi > * the former outcome dominates the latter. 
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Case We must have a-, '' w, > 0, X/g »'j <■ 0, a, ■ -E,', R’,. 
Therefore the outcome associated with (w_,, «•,) is the same as that asso¬ 
ciated with (k’ /, w,). 

Case (iii). Similarly, the two outcomes are identical. 

The case of r,- < 0 is analogous and therefore w,- is the unique dominant 
strategy. Q.E.D. 

Our definition of the pivotal mechanism includes a rule by which “ties" 
are broken, namely, if w,- - 0 then d 1 is the decision chosen. In 
unconstrained environments, the choice of tie breaking rules is clearly 
irrelevant since u, = Wj and thus either d = 0 or d - I results in an efficient 
state. The present context differs from this one, however, in that inefficiency 
may result if the tie is broken in the “wrong” way. Consider the following 
example. 

5 Vi - 6 
.v.^ 10 — -1 5. 

By virtue of Lemma 1, w, = - 5, w’a = +5 are the strategies played. 
Hence, under the pivotal mechanism for instance, 

r - (1, 5, 5, .-5) 

is the resulting state. The associated utilities are — 1, 10, 5 for the two agents 
and the decision maker, respectively. However, the state 

z' = (0,0, 10. 5) 

gives rise to the utilities 0, 10, 5, which obviously dominates z (relative to 
Uo — 5). In some sense, however, the likelihood of such cases of exact ties 
is negligible. This motivates the following definition; 

A mechanism is said to be essentially satisfactory if 

(i) it is satisfactory, or 

(ii) it fails to be satisfactory only at environments for which is 
zero, where w is the vector of dominant strategies. 

Theorem 1 . The pivotal mechanism is essentially satisfactory. 

Proof By virtue of the lemma it suffices to prove that /(tui,..., «2„) is 
efficient, or else X =- 0- 
Let 


fiyt\ ^n) — ^ >».•» Xn » ^ 
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C onsider any feasible social slate z’ 
ihcn it is clear that we cannot have 
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.... - v,)]. ir d' d, 

Xi for all i. Thus if flU- > ‘ ^ ' “f without having 

stale such that d' / 'd. ‘laminated, it must be by a 


social stale such that d' / d. 
Consider first the case oft/ 

Let 


: 0 ; 


s 

ICO 

: W, - 

n .Y,i 

.v_ 

- {' iO 

' ziu, 

t\ and 1 c, 1 : 

7',. 

- {/iO 

zc, ■ 

X, - r,i 

7._ 

- ICO 

* w, 

-X, . r,|. 


t, = .Y, 

v, , 

r ■= 1,.,., /; 


be the transfer under the pivotal mechanism. 

In order that dominate f(7t' .je„), we require that for all / - I 

V, : .v; ■ .V, 

or 

.v' - .Y, - c, . .Y, - f, - r,. 

For the four groups of individuals above this means 


/ tv 5* 

- ► -V,' 

v,- 

- 1, 

- rc. 

i e S . 


■ Xi 

~li 

- «•, 

/c 7\ 

-► .Y,' 

■ Xi 

- (, 


i fE T 

*■ -V,' 

'' X, 

-- 1, 

... 


Note that for i e T, , the relevant constraint is really .v) : 0 since .v, < r,- 

and -/,■ 0, so that the right hand side of the inequality above is negative. 

Therefore the minimal amount of the private good necessary to sustain a 
Pareto superior point is 

P --Y. ^ : L “ '' ~ 

•sv s- 

X 0 -i- S ("f/ ~ fi - r Y 

■ Y^i-^Y^‘ i-Y^^ rYf' - Y 

s+ s_ r_ .v+ciA_sjr_ 


642 / 19 / 2-10 
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Now, since d 0 was the decision with strategics , / 1,..., n. we have 


« 1 

W, £ H', 

i I 

1 


7\ 

or 


1 «•, ; Y. 

l-v,. 


r. 

r, 

Substituting above 





I /, 1 


since /, 0 for all /, under the pivotal mechanism. 

This inequality establishes the infeasibility of a Pareto superior allocation 
with d 0. 

With d I and X; - ■ 0, the proof is analogous. When X/ 0. 
the second part of the definition of essential satisfactoriness applies. Q.E.D. 


4. The General Case; 

In order to discuss the results above in the context of mechanisms other 
than the pivotal mechanism, we will proceed in two stages. First we ascertain 
the class of mechanisms for which dominant strategies exist. Then, we study 
those which produce Pareto optimal results. 

For simplicity we concentrate on the symmetric case, where /?,(•) is the 
same function for all i and is a symmetric function of it'..,- We denote this 
common function by h( ). In order that dominant strategies exist for the 
mechanism defined by h, it is first necessary that it have a non-empty set of 
admissible strategies for all possible levels of the endowment. 

Writing 

— ^(^l• ,•, ir,) L "V “T /»(«•-,) if X ir, -- 0 

yVi 

- if 

we can define 

ni{h, 11 ',) -= min —,•, u’,) 


Since x, - 0, it is required that 

max »;(//, If,) V: 0 

H', 

‘ None of our results depend on this restriction used for simplicity of notation. 
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or that 

min -- I,(ir , , u-,) ; - 0 for some choice of iv,. 

H' , 

Lemma 2. If for xonw tv ■- min( "y - 0) Iht’o owcha- 

nism defined by h(-) ha s no admissible strategies for v, .su fficiently small. 

Proof. The proof is immediate for if h{w/) ■ min( Xvw Wj,0) then 
liUs'i , iv,) takes on one of the two values V,^, w, - /i(iv_,) or -/i(iv .,) 
according to the sign of vv;, and each of these is strictly positive. 

For /)(■) satisfying 

//(if,) min|^- ^ If,. o) 

admissible strategies exist. Before we analyze the dominance of one strategy 
within this set, we characterize the admissible set according to the following: 

Lemma 3. For any ineclumi.sni defined by a function /i(’), the .set of admis¬ 
sible strategies for each .v, • 0 is an interral. Moreover, 

(i) it is a closed interval if b( ) is continuous, 

(ii) it contains zero ifb(-) ' min( -1!,/, >f,. 0). 

Proof. Suppose if and n' are admi.ssible strategies and if ■ »f'. The 
following inequalities must then hold: 


(i) 

/i(if ,) '• 

--■V, 

forS,„ 

, 11’^ ‘ . 

-U' 

(ii) 

h(w ,) ' • 

'fLi/t j ~ 

for Zj'i 

U-; 

H' 

(iii) 

//(•f..,) 

-X, 

for Y .,-^1 

I *■. 

-11’ 

(iv) 

/»(>f-,) • 

-I,/, 'f, - .X, 

for Y.i ■ , 

H’/ 

— U’ 


Since (iii) implies (i) and (ii) implies (iv), then for u '' such that u ' u " • if 
we will have that 

//(n- ,) - I 'f, - .V, for I If, -'f 

/y| "" 

and therefore for 

I'f; »■" 

1*1 

and 

//(If ,) ' ■ fo'' I 

I ri 

and therefore for 

^ If, - -.f". 
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The closedncss of the interval of admissible strategies follows from the 
closedness of the requirement .v, 0 and the continuity of h(-). 

The admissibility of zero for the function /)(■) min( - ^ 0) 

follows from the definition. 

This characterizes the admissible strategies for every endowment. Because 
of this one can find the dominant admissible strategy directly. It will be the 
closest point to the true willingness-to-pay within the admissible set. From 
now on, we will assume that h(■) is continuous. 

Thioriai 2. i.et [ iv, he the interval of' admissible strategies for an 
individual with endowment x and preferences v, when the mechanism is defined 
by h( ). 

Let 11 '^ solve min,„;(_, ; v — ir . Then ir' is the dominant strategy. 

Proof. We consider individual / but drop the index when there is no risk 
of confusion. 

Take the case v ■ . i ^ and suppose .c ■ w ji. Consider 

i/[/(ir. ir ,)] 0 if ^ [-ii ,«] 

J " I 

.V ■ ■ /(- V, 1I-.,) V — .V ; t(w, ir ,) 


or 

f - Z'>■/ 'I* Z ^ 

y z < ir t 

but V -A and • _ ix implies r ii'y ■ 0 and hence setting 

If x dominates any other admissible strategy. Other cases can be treated 
analogously. 

We have seen that we must place some restrictions on the arbitrary It - it 
must be continuous and bounded below by the pivotal mechanism —in order 
to insure the existence of a dominant admissible strategy for all agents. It is 
nevertheless still not true that the class of all mechanisms defined by functions 
h with these characteristics are satisfactory. That is, there are some dominant 
strategy mechanisms which may, in some cases, produce inefficient outcomes 
in an essential way. An example is the following. 

There are two individuals. For each f. the function h(w^) for / ^ i is defined 
by 

h(wj) - - 2(vr; T I) M’, < —1 

-0 vf, > -1. 


This function clearly satisfies our requirements. One can verify that the 
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set A of admissible strategies for each agent, as a function of his endowment, 
.V, , is given by 

A{Xi) [ oc. -f.?,] if .V, ■ ; 1 

[ 00, ! OO] if A'l ■ I. 

Let 

v, 0, r, 5 

•Vj 10, 1-2 3. 

Thus 

If, 0 

M-., 3 

will be the dominant admissible strategies of the agents. The project will be 
rejected and a transfer of r 4 will be given to agent 1. The social slate attained 
is therefore 

(0, 4, 10, -4) 

and the utilities attained arc just the indicated consumption levels. 

However, consider the alternative social slate 

r - (1,0, 14, -4). 

The utilities arc now 5, 11 and 4 for the two agents and the government 
respectively. This clearly dominates the equilibrium attained by the 
mechanism. 

It is therefore clear that only some ot the satisfactory mechanisms tor 
economies with unrestricted transfers of the private good continue to have 
this property when the non-negativity of consuniption is required. We can 
then ask, naturally, for the class of mechanisms that arc satisfactory in this 
ca.se. 

Conditions suflicient to insure the succcsslillness of a dominant-strategy 
inducing mechanism arc not hard to derive. It docs not seem possible, 
however, to state a necessary and sulhcicnl condition on the function /i, 
in a readily interpretablc form. 

By virtue of Lemmas 2 and .3 the endpoints oi the interval defining *hc 
admissible strategies arc both at least equal to the level of endowment in 
absolute value. If // is above the pivotal li lunction. then strategics that 
exceed x in absolute value arc allowable. A sulVicient condition that a 
mechanism be satisfactory when consumption is bounded below by zero is 
that it never provide any individual a subsidy that is greater than the absolute 
value of'the dilTcrence between his .strategy and his endowment. It may be 
seen that the pivotal mechanism, which never provides any subsidies, 
satisfies this criterion. 



370 


ORtHN AND I.AFFDNT 


Using the notation paralleling that of Theorem I. let 


5 

{f |0 


iV} 


- ; 0 

U'; 

**/} 

r. 

--- {'■ i 0 

•F, 

- 

T_ 

f/io 

- M', 

■ t',\ 


Suppose the strategies ir^) are played and the mechanism rejects the 

project, resulting in the social state 

r (O, .V,.v„ Z ) 


and that 


(l-'J..vj, - X 'l) 

dominates c. This would require; 

A-; A * — j', 

.v; •() 


for each /. Hence the amount of the private good necessary to sustain z', 
P, would have to satisfy 


P 


- Z f Z - Z -v* 

^ {X* — ir*) -I ^ Xi — Z X* + X 


' -Z:vr-ZH-* + Z*’'^ ^Z^^ 

T, IV 

Z t Z ~ 


since X **’f < 0- 

Thus, if for every individual whose strategy is constrained from above, 
and who therefore responds with the upper endpoint of the set of admissible 
strategies, the maximum possible subsidy is less than the difference between 
this strategy and the endowment, the last sum will be positive and a contra¬ 
diction to the non-optimality of z is derived. 
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By a parallel argument For the case of X w* - 0. we arrive at the condition 
■ Z I [(-"■- - - v,)] 

T_ 

which has the interpretation given above. 

Since this is a sufheient condition, one can extend the class of satisfactory 
mechanisms by checking that they satisfy it. For example, the pivotal 
mechanism plus any constant transfer K will be successful since the maximum 
subsidy is K and the admissible strategies are [ -x, - K, 3c, ! /C], so that 
members of T, will choose .v, -f and members of 71 will choose -x,- — K. 

It is not the case, however, that any mechanism admitting the possibility 
of a subsidy greater than : tr, i .X;, will fail to be a member of the satis¬ 
factory class. To see this, we consider an example closely related to that used 
above. 

Let 

h - -It’, - I iv, 1 

. 0 I -- M', < 0 

-Wj 0 ' u', •. I 

- I 1 H; . 



The mechanism will have dominant admissible strategies by virtue ot 
Lemma 3 and Theorem 2. The admissible strategy correspondence is given 
by 


^(.v,) - [- -v,, if i-t! - ’ 
^ [-00, -l-OO] if I A; 1 -■ 1 
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We will now show that this mechanism is essentially satisfactory for all 
two-person economies even though when 

X, - 0, I'l - 5 

x,. - 10, r« - 3 

we have that the project is rejected, since 0, 3, and agent 1 is 

in r, with /((tt'a) 2 0 M j - Xj. This will demonstrate that the 
nonexistence of such situations is not a necessary condition for satis¬ 
factoriness. 

In the demonstration of satisfactoriness to follow we use two conditions 
which are each sufficient to in.sure that a particular social state is efficient. 
They have both been proven and discussed above. 

Let 

(r/..v, ....,,v„,Ix,-X-V,). 

If 

(*) J I and Y. >'/ r' 0- or d 0 and Y t'i ' 0, then c is efficient 
relative to Y • 

If c is such that for each i in T, , T , .r, — .v, = it’, — x,, then c 
is efficient relative to Y “ •''. • 

We consider three cases, which, by symmetry, are exhaustive: 

(I) X, , I.X2-^?I 

(II) .Vi -1,.Vo -1 

(111) .Vi l.-Vo -l. 

Case (I). Here, iij I'l and ti 2 - are both admissible. Thus the 
resulting social state will satisfy the hypothesis in condition (*) and will be 
efficient. 

Case (11). We will have it'i i , x,, and . Only individual 1 can be 

in Tj or T . Take the case in which he is in T- , so that i\ > Xi, and 

ifi .Vi is his dominant admissible strategy. If u’a -Xj, condition (*) 
applies and the result is Pareto optimal. If vr, x^, the project will be 
rejected even though r, I Vn may be positive. However, M’a < 0 and rejection 
of the project implies that the subsidy received by agent 1 is exactly h(n\,). 
If there exists a feasible superior situation, it means that the quantity of the 
private good consumed by agent 1, h(wj) 1 exceeds the amount of 
compensation it is necessary to give agent 2, — , for the change in the 

decision towards acceptance of the project. Since in this case tr^ t’a, 

the nonoptimality of the social state selected means 

r Xi 5; -M’a. 
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But the left hand side of this inequality is either -- itj - 1 or zero, according 
to whether w.^ is above or below 1. 

Consider first the situation where Mj < - I. Hence we have 

■ li’a - 1 : .V, — - H’j 

or 

V, I 

as the condition for inefficiency -but this contradicts the hypothesis of 
case (11). 

If u’a - 1, then we need .v, ■ - m-j for nonopiimality. But since 

u’j = A, (1 e 7"^) and m'i f ti'„ 0 (</ 0), this condition cannot be 

satisfied. Therefore a superior social state cannot exist in this case. 

Case (III). Here j ir, i ' x, = 1 and I us. j x.. ■ I. But for this 
strategy, the h function coincides with the pivotal mechanism. Therefore 
no positive subsidies can ever arise and condition ("+) applies to insure 
optimality of the resulting social state. 

In summary, the nonexistence of potential situations in which subsidies 
in excess of | w, J - .v,- are paid is a sufficient, but not a necessary condition 
for the satisfactoriness of social decision mechanisms with bounded con¬ 
sumption sets. A more precise delineation of the class of satisfactory mecha¬ 
nisms is at present an open problem. 


5. Remarks 

The pivotal mechanism has been shown to be quite useful even in 
environments with bounded consumption in that it can elicit dominant 
strategies that produce efficient outcomes. It has. in addition, two further 
properties which are highly desirable. We will comment on these below. 

Our definition of efficiency allowed for negative transfers to the decision 
maker, even though we restricted individual agents to have positive net 
holdings of the transferable resource. This was justified by the prospect 
that deficits might be covered out of “general revenues.” II this were im¬ 
possible, or irrelevant, one would want to insure a non-negative level of 
revenue generation. It is clear that this properly is satisfied by the pivotal 
mechanism, which never gives a positive transler to any agent. Further, 
any /(-function which is greater than the pivotal /(-function at any point runs 
the risk of subsidizing someone. By virtue of Lemma 2, therclore, the pivotal 
mechanism is the only one in the satisfactory class which can insure that the 
decision-makers transfer is never negalive. 

Another property of social decision mechanisms that is often required is 
“individual rationality” -that no agent can ever sulTer a decrease in utility 
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vis ii vis his initial position. Clearly, no member of the satisfactory class has 
this properly: if r, is negative and >i', is larger in absolute value, but 
positive, then agent / will be hurt, and uncompensated, by the project’s 
acceptance under the pivotal mechanism. Even if the transfer to such an 
agent were positive in another mechanism, he would lose if i r, ! were 
sufficiently large. 

There is another concept which is related in spirit to “individual rationality” 
but distinct from it. There arc many situations, especially those involving 
public goods, where the appropriate benchmark from which to measure 
utility change is ill-defined. For instance, “t/ 1” may represent the 

cancellation of an ongoing project. In a non-coercive society, however, 
one option open to any agent is to decline participation in the mechanism. 
He should be able to avoid all transfers in this way, and the decision will 
reflect the strategies of the remaining agents. 

The pivotal mechanism has the property that no agent would decline 
participation in this way. To see this, observe that the strategy of non¬ 
participation in this mechanism is precisely equivalent to setting 0. 
If this is dominated by any other value of u',, non-participation is dominated 
as well. (In cases of indifference, no bias in the decision results in any event.) 
Other members of the successful class possess this property as well, but since 
the pivotal mechanism has all the attributes we are looking for, we have not 
attempted to characterize the set of those possessing this feature in more 
detail. 

Finally, and unfortunately, we must point out the failure of these satis¬ 
factory mechanisms in situations with three or more possible public decisions. 

Let K {0, 1, 2} and consider an agent, say 1, for whom c, (0, 4, 6) 
describes his willingness-to-pay for each of the three public projects in K, 
and 5. For the pivotal mechanism generalized to the case of vector¬ 
valued responses representing evaluations of ke K, one can verify straight¬ 
forwardly that the admissible strategy space is 

{iivf ) , niax »v(^) — ndn mv(^) .v,}. 

The problem with using the pivotal mechanism is not that an inefficient 
outcome might be selected, but rather that dominant strategies might fail to 
exist. In the present instance, consider strategies of the form 

M’l ^ (0, H’, 5) 

To prove that no strategy of this form is dominant, consider three ca'C'. 

I. w < 3 
11. 4 M’ 3 

III. w >4 
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und let 

1 'MU. I u'.(2)) 

' J^l j/l / 

be the (normalized) response of all the other agents. 

Strategics in case I fail to be dominant when, for example, Y.i > x 1) - 3 
•It'd Xj'i •'i(2) ' 10. The project K 0 would be adopted, yielding a 

payoff of zeio, whereas fr (0, 3 ■ t, 5) would produce a payoff of one. 
Case III can be eliminated in a similar fashion. 

In case II. the matter is more delicate; when u■ ■ . 4 a counterexample 
similar to that in case 1 can be arranged by taking 4 ■ n'j(l) tr. 
The payoff to the strategy ir (0, 3 ^ €, 5) would be superior. 

When ir 4, let I,,, n jI) - 3!i and X.-, 'i'a2) 4]. Thus, 

]rir,(l)= i and Xu-,(2) { 

i I 

so that d I and the net payoff to agent I is f i. By playing ir (0. 3, 5), 
the decision d ^ 2 would be taken and a net payoff of I [ would be obtained. 

Thus, the lack of a dominant strategy within the admissible strategy space 
even though there would be a dominant strategy for a consumer with a large 
enough endowment precluded the existence of satisfactory mechanisms in 
these environments. 
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1. Introduction 

The usual indices of inequality are derived from observations on income, 
wealth etc. corresponding to a particular point or period of time. It has been 
frequently argued that inequality values by themselves do not accurately 
reflect the dilfercnces between individuals, since the true situation depends to 
a large extent on how the relative positions of individuals vary over time. 
Thus, it has been argued, “static" measures of inequality should be supple¬ 
mented by "dynamic” measures of changes through time, which we shall 
call measures of mobility. 

Studies which have proposed ways of quantifying these dynamic changes 
broadly fall into two categories: those which use elementary statistics, such 
as the correlation cocflicicnt; and those which make more sophisticated 
suggestions based on transition matrices and other simple stochastic specifica¬ 
tions of dynamic processes. Shorrocks [9] provides a number of references 
and discusses some of the issues involved in deriving an index of mobility 
from transition matrices. Particular consideration is given to the interval of 
time between observations, since a relationship is expected between the 
amount of observed movement and the length of time over which movement 
can take place: in a short space of time there is little opportunity for move¬ 
ment, even if the society is inherently very mobile. 

These earlier attempts to define an index of mobility arc mainly concerned 
with stock variables, interpreted in a wide sense to include social status and 
occupation as well as wealth and the assets of firms. Once attention is 
turned to flow variables, such as income, it becomes apparent that there is 
another important consideration. Observed variations in income depend not 
only on the interval between observations, but al.so on the length of the 

* Earlier versions of this paper have been presented at a number of seminars in the U.K. 
and Canada. 1 should like to thank the participants at these seminars, particularly 
Peter Hammond and Alan Gelb, for their helpful comments, which led to changes in the 
content and improvements in the e-vposition. I have also bcnefiticd from the suggestions 
of the referees. 
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accounting period chosen for incomes. Data availability and custom dictate 
that the period selected is normally one year, although shorter intervals, a 
week or a month, are occasionally used. If the accounting period were exten¬ 
ded from, say, one month to one year, variations in monthly incomes (pre¬ 
viously classified as dynamic changes) become subsumed within the annual 
income figure. Some of the dynamic changes are therefore incorporated in the 
static inequality value, and the distinction between the static and dynamic 
aspects becomes very blurred. Similarly, as we pass from annual to lifetime 
income inequality, intra-lifetime income mobility is lost in the process of 
aggregation. 

However, the elfects of income variations over time do not disappear 
altogether; they are reflected in the changes recorded in the inequality value. 
Those occupying the highest and lowest positions in the income hierarchy 
rarely remain there forever. So the aggregation of incomes over time tends to 
improve the relative position of those temporarily found at the bottom of the 
distribution, and the situation of those at the top tends to deteriorate, for 
this reason it is commonly supposed that inequality falls as the accounting 
period is lengthened. Empirical confirmation of this relationship requires 
longitudinal income data samples, of which very few exist. However, the 
little evidence available agrees with expectations.' For example, Soltow [10] 
traced the annual incomes of a sample of Nforwegiuns over the period 
1928-1960. The Gini coefficient for the 33 years combined was 0.134 compared 
to an average value of 0.183 for the separate years. Using US data, Kohen 
et at. [3] found that the Gini coefficient for family income and earnings of 
young men (aged 16-24) fell by 4.7-7.4",,, when cumulated over two years, 
and by 9.2-10.8 when cumulated over three. For middle-aged men (45- 
59 years old), aggregating incomes over two years caused the Gini to decline 
by about 4 

There are reasonable grounds, therefore, for .supposing that the existence 
of mobility causes inequality to decline as the accounting interval grows. 
Furthermore, intuition suggests that the extent to which inequality declines 
will be directly related to the frequency and magnitude of relative income 
variations. If the income structure exhibits little mobility, relative incomes 
will be left more or less unaltered over time and there will be no pronounced 
egalitarian trend as the measurement period increases. In contrast, in¬ 
equality may be expected to decrease significantly in a very (income) mobile 
society. The main purpose of this paper is to exploit this relationship between 

' The evidence from a sample of Delaware tax payers reported by Kravis [6, P- 2721 
is somewhat ambiguous. Cumulating incomes forward through time, the Gini coefficient 
tended Jo increase, but cumulating backwards from the last year it tended to fall. 

* Kohen et al [3], Tables 3 and 4. The data for middle-aged men refer to the years 1966-67 
and those for young men to 1966-68. The inequality reduction is calculated as a percentage 
of the mean of the annual Gini coefficients in the relevant years. 
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mobility and inequality, to derive an index of mobility for flow variables. In 
essence, mobility is measured by the extent to which the income distribution 
is equalised as the accounting period is extended. 

In the next section, the relationship between recorded inequality and the 
length of the accounting period is considered in more detail. For a wide class 
of inequality measures, including all those derived from quasi-concave social 
welfare functions using the approach of Atkinson [I], Sen [8] and others, it 
is shown that inequality must tend to decline as the measurement interval 
increases.-’ However, this result docs not hold for all inequality measures 
satisfying the Halton-Pigou Principle of Transfers. 

In section 3 we define an index of mobility (or, more accurately, a family 
of mobility indices) which can be applied to flow variables.'* This index has 
little similarity with mobility measures proposed in other studies, although 
the notion of a completely immobile structure, where the relative positions 
of all individuals do not change and which is associated with a zero mobility 
value, is retained. 

Section 4 presents some simple computations of mobility values based on 
the figures published in Kohen d al. [3], A few concluding remarks, directed 
in particular at the social welfare implications, are given in section 5. 

Before we begin to discuss the issues outlined above, it may be opportune 
to make one brief comment on the concept of mobility. In this paper income 
mobility is defined to be changes in the relative incomes of individuals through 
lime. The term therefore refers to observed movements in income, which 
depend on both the opportunities for movement and the response of indivi¬ 
duals to the opportunities offered. In other applications, such as labour 
mobility, the concept appears to refer only to the latter: mobility is related to 
the amount of "friction” in the system—the speed of response to economic 
incentives. As far as income movements are concerned, it seems premature 
to attempt to identify these components and distinguish the role of friction 
from the opportunities available. However, for those readers who are used 
to regarding mobility as the lack of friction, the broader sense in which 
mobility is used in this paper should be borne in mind. 

2. Inoomf Infquality and the AccooNTiNt; Period 

Consider a population consisting of n individuals (or households) and let 
Yi denote the total income received by individual i during a particular time 
interval. Measures of income inequality are defined over the income distribu- 

’ Essentially the same result is discussed in Kolm [S, Section IX]. In his terminology, 
this paper expoits the "weighted sub-additivity” property of convex inequality indices. 

* We concentrate here on income mobility, but the general approach can be equally 
well applied to other flow variables. For example, an examination of the concentration 
of sales among firms could be used to indicate the extent of industrial mobility. 
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tion vector Y ( y, . . V'„) whose mean /x - S, Y,jn is assumed to be 

positive. In this paper, attention is primarily directed at the set of inequality 
measures which can be written in the form 


/in- *( J-) 


where /?(■) is strictly convex 


(I) 


A variety of measures satisfying (1) can be derived from social welfare 
functions, using the approach adopted by Atkinson [I], Dasgupta, Sen, and 
Starrett [2] and others. Given a social welfare function 


H' F( V, , >, ) „) - F{\) (2) 

the equally distributed equivalent income Y,. is that amount of income which, 
if received by all individual.s, generates the same level of social welfare as the 
distribution Y."' It is therefore defined implicitly by 

ny.,y. .u- /-(Y) (3) 

If /•■(■) is continuous, strictly monotonic and symmetric, Y,. can be written 
explicitly 

Y, /(Y) -0 (4) 

where /(.) is also continuous, strictly monofonic and symmetric. The 
inequality index is then 


1 



/(Y) 

F 


(5) 


We impose two further restrictions on the swf: /•'(.) is assumed to be strictly 
quasi-concave and homothetic. The former implies that /(.) is strictly quasi¬ 
concave, and this ensures that / takes values in the range [0, 1). If the swf 
is homothetic, /(.) is linearly homogeneous; both of these correspond to the 
assumption that the inequality measure is mean independent / does not 
change when all incomes increase or decrease in the same proportion.'* Thus 
(5) becomes 


"The earlier paper by Kolm [4, p. 186] calls Y, the “equal equivalent of the distribu- 
tion Y., 

" Since / is mean-independent, the same inequality value would be recorded it the index 
were calculated from the average flow rales of income over the accounting period, rather 
than the actual income receipts. 
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It remains to he shown that g(.\ ] — I ~ f(.\ ) is strictly convex: Define a- o 
such that/(x) rj/lx') /(nx'). Then 


A'Mx , (I - x') 

J • /(,\x (I - A)x') 


Hence 


I I ^ /'( 

<J \ 


<rA ^ 1 - A 


oA 


I - A 


(tA “ I — A * ' f.rA ■ - I — A 


f/A 


by homogeneity ol' /X ) 

-/frrx')] 
using strict quasi-concavily 


x ' ..A t-r-A 


[ irX t 

Afl -/fx)] (1 - A)[l 

g(Ax -f (I - A) x') Ag(x) J (I ~ X)g(\') 


(7) 


with equality holding if and only if x ■ <tx'. But since j?(.) is defined over the 
unit simplex, this can only occur when x x'. 

The properties of the index (6) are well known. We note here only that it 
satisfies the Principle of Transfers, that it can be interpreted as the relative 
welfare loss, and that its minimum value of zero is attained if and only if all 
incomes are equal. For most of the results that follow, it is not necessary to 
assume that the inequality measure has been derived from a swf: that the 
index satisfies (I) is all that is required.’ This enables us to consider measures 
which can take values greater than I. 

Consider a time interval [/« , t,„) which is partitioned into m sub-periods of 
the form [/,. ,, t,,), where /„ < r, t„, , < t,„ . Let i . h) denote 

the income received by individual / over the time interval [r,. .i , r,,). Then 


’ The class of indices satisfying (1) contains a wide variety of mean-independent inequality 
measures in common use. It includes all members of the Atkinson family, 

ft /TA'-n*/" '> 

and any measure which can be written 

/ = 1 2 ;, ^ ^ where > 0. 

The square of the coefficient of variation and the Theil coefficient both belong to this 
latter group. 
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, Q - 0 is the corresponding mean income and /in, , u th 
associated inequality value. For the aggregate time period w^haU 


Y(to , /,„) ^ £ YU, , , ,,) 


and 


(«) 


/^('n . /,») X 1 , ti ) 


(9) 


We now wish to compare the inequality /[n,„, recorded for the aggre¬ 
gate period, with the index values /[/(t, , t,)l calculated for the m sub¬ 

periods. 


Theorem 1 . For any inequality index satisfying ( 1) 

(a) /[YUa , OJ wJ[YUi 1 , 4 )] 

where ir* ^ , t,)ly.Uo . the proportion of aggregate income received 

in sub-period k. 

(b) Equality holds in (a) if and only if YU, , , /,.)//^(/,. ,. 4 ) is indepen- 
dent of k (or, in other u’orc/s, iff the rciative income of each individual does not 
change over time). 

Proof (a) 


" I^U -1 • ' 




A- 

(b) Since iv^ > 0 for all k, strict convexity of g(.) ensures that equality 
holds in (a) if and only if YU, 1 . tfllpUi i • h) '* the same in each sub- 
period. 

This result is a formal statement of the notion that income inequality falls 
as we extend the time period over which incomes are defined.* To examine 

“ We are only interested here in the aggregation of incomes over time. But the problem 
is formally identical to that of aggregating income from different sources (earnings, trans¬ 
fers, dividends, interest receipts, etc.). So Theorem I can also be applied to this kind of 
income breakdown. 


642/19/1-11 
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Ihe implications of the theorem in more detail, it is convenient to consider 
first the situation arising when inequality is the same in each of the sub¬ 
periods. We shall also assume, for simplicity, that the sub-periods are one 
year in length and the aggregate period is therefore «j-years. 

Annual Inequality Constant 

Since i . It)] is independent of k, part fa) of Theorem 1 becomes 

;/fTft, , . t,)] (10) 

Thus the income inequality computed for the whole m-year period cannot 
exceed that recorded in each of the single years. Moreover, by part (b) of the 
theorem, aggregating over consecutive years must reduce the inequality value 
unless the relative annual incomes of all individuals remain constant over 
time. 

This result clearly relies heavily on the form of the inequality index chosen 
in (1). For those inequality measures which do not satisfy that requirement, 
two cases are worth dislingui.shing. Some measures, notably the Gini coeffi¬ 
cient, violate (I) because the corresponding g(.) function is convex, but not 
strictly convex. For these Theorem 1(a) and equation (10) still hold, but not 
Theorem 1(b). Examples can be constructed in which relative annual incomes 
are not constant over time, but m-year inequality is the same as the annual 
value.® Other measures violate (I) because they do not correspond to a g(.) 
function which is even convex. These may be perfectly acceptable inequality 
mea.sures (in that they satisfy the Principle of Transfers) and yet m-ycar 
inequality may exceed the inequality value in every individual year.’® 

Annual Inequality Varies 

In general, income inequality will vary over consecutive time periods. 
Cross-section estimates of income inequality within age groups, for example, 

‘ For the Gini cocfTicient this would occur if changes in relative incomes arc sufficiently 
small that all individuals maintain their same income rank in all periods. Of course, it is 
extremely unlikely that income variations over time will not alter the order of individuals 
in the income hierarchy. 

For example, consider a 3 person population with income shares yt , ordered so that 
yi < yt < ya, and the index 

/ =--id - 3y,X3y, - 1) (d) 

If (0, 3, 3), (I, 1, 4) are two annual distributions, the 2-year distribution (1, 4, 7) is such 
that 

m, 4, 7] > /[O, 3, 31 =-- /[I, 1, 4]. 

In geometric terms. Theorem (la) does not hold for the index (11) because the iso-inequality 
contours on the unit simplex do not enclose convex sets. 
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tend to show that inequality increases with age, at least up to the age 
of retirement. Thus we .shall normally have to be content with a weaker 
statement of the relationship between income inequality and the length of 
the observation period. Theorem 1 indicates that /jj-year inequality will not 
exceed a weighted average of the annual inequality values, where the ueights 
are proportional to the mean incomes in the corresponding years (and sum to 
unity); and w-year inequality will be less than this weighted average unless 
the relative incomes of all individuals remain constant over time. In par¬ 
ticular, 

, O] ■ max/[T(/j, j, t;,)] k 1. m (12) 

so w-year inequality will never exceed the maximum inequality value recorded 
in the separate years. This will also be true of inequality measures cor¬ 
responding to convex, but not strictly convex,,?(.) functions in (1). But (12) 
need not hold for all inequality measures satisfying the Principle ofTransfers, 
as the example using the index (II) demonstrates.“ 


3. An iNDtx OF MoBitrTY 

We now turn to the problem of defining an index of mobility w hich reflects 
the variations in income over time. Any attempt to conden.sc data on the 
income profiles of a group of individuals into a single statistic clearly involves 
a great loss of information. Single number measures of static inequality are 
now generally recognised to have serious drawbacks for exactly this reason 
and the measurement of mobility is an even more complex subject, since it 
involves the extra dimension of time. A single valued index of mobility will 
never, therefore, do justice to all the various aspects that warrant considera¬ 
tion. Nevertheless, such an index may provide a useful tool in the analysis of 
income variations and in indicating the limitations of such an approach. 

It is convenient to begin by identifying the situation in w-hich there is no 
income mobility. We shall assume that this state of complete immobility (or 
perfect rigidity) occurs when the income of every individual is constant over 
time; in other words, when the income profiles are horizontal. This can only 

** Theorem 1 also casts some light on the relationship between annual and liletime 
income inequality. For a cohort of individuals and a suitable index, the information 
suggests that lifetime inequality will tend to be lower than the annual figure. There is some 
confusion on this particular issue, since lifetime income is often defined as the total income 
receipts over the lifespan, i.e. average annual income times the length of life. The negative 
correlation between mortality and income can then lead to greater dispersion in lifetime 
incomes compared with incomes in any one year. However there is no conflict with Theorem 
1, because the population of individuals does not remain the same. If the v>opulation were 
maintained at a constant size, by assigning zero income to those who have died, the results 
of Theorem 1 would still apply. 
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happen when there is no time trend in the mean income of the group. If mean 
income is changing, it seems natural to extend the concept to include all cases 
where relative incomes remain constant. Thus income profiles may not be 
horizontal, but they are all scalar multiples of one another. 

Dhumtion. There is complete immobility when the relative incomes of all 
individuals remain constant through time. 

A completely immobile income structure provides the benchmark with 
which other sets of income profiles can be compared. As income profiles 
deviate further from this extreme, income mobility increases. The feature of 
the completely immobile case on which we focus attention, is the fact that the 
inequality value recorded by a (mean independent) index will be the same 
for any time interval chosen for income. Moreover, for inequality measures 
satisfying (1), this property only holds when relative incomes are constant 
over time: if incomes are not “completely immobile", inequality tends to 
decline as the length of the measurement period increases. 

Thkorlm 2. For inequality measures satisfying (I), observed inequality is 
independent of the measurement period if and only if there is complete immo¬ 
bility. 

Proof, this follows directly from Theorem 1. 

Let us now suppose, for the sake of simplification, that (relative) income 
inequality is constant during m consecutive years, but the income rankings 
of some individuals change over time. If these changes in relative positions 
are infrequent and fairly small, the income pattern will deviate only slightly 
from complete immobility. Relative incomes over the whole /w-years will be 
similar, but not identical, to those observed in the single years. The inequality 
recorded for the m-year period will be approximately, but not exactly, the 
same as the annual value. In fact, we know from Theorem 1 that inequality 
over the longer period will be slightly less than annual Inequality: aggregation 
over time periods makes the distribution more egalitarian. 

If changes in the income positions of individuals occur more frequently, 
or are greater in magnitude, this egalitarian trend will become more pro¬ 
nounced, and iti-year income inequality will deviate further from the annual 
figure. Thus we anticipate that the frequency and magnitude of relative in¬ 
come changes over time will be reflected in the difference between long and 
short period inequality. 

If the short period corresponds to one year, the “long” period may be 
anything from two years upwards. Given income observations in consecutive 
years, we can take a succession of long periods, initially aggregating over the 
first two years, then the first three years and so on. The relationship between 
the inequality of incomes aggregated over the first m years and the value of 
m, is illustrated in figure I for different income structures. 
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riOURE I 

In a completely immobile system, inequality is independent of the length of 
the observation period and produces the horizontal line. In all other cases in 
period inequality is less than annual inequality, so the curves lie below the 
horizontal. Equalisation is more pronounced in a very mobile society, and 
the corresponding curve lies below that of the society with little (income) 
mobility. 

The curves are drawn downward sloping, suggesting that equalisation 
continues as the “long" time period is extended. Empirically, this may be the 
most likely relationship, but it need not necessarily be true. Consider the 
following society consisting of two individuals, A and B. 


Year 

1 

2 

3 

1 -- 2 

1 2 - 3 

income A 

1 

2 

1 

3 

4 

income B 

2 

I 

2 

3 

5 

maximum/minimum 

2 

2 

2 

1 

1.25 


With only two individuals, any inequality measure will be an increasing 
function of the ratio of maximum to minimum income. Year 2 receipts 
equalise incomes over the two year period, and cause inequality to drop. But 
incomes in year 3 move the distribution back towards that observed in year I, 
so inequality over the three year period exceeds that over the first two years. 

When income inequlity in consecutive years is not constant, I heorem I 
suggests that the appropriate comparison is between the m-year index value 
and the weighted average of the annual values, with the weights chosen 
proportional to the mean annual incomes. Define the ratio 


R 




(13) 




where 
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When R is plotted against the aggregate interval length m, the curves are 
still expected to correspond to those depicted in figure 1; a horizontal line for 
a completely immobile system, and a downward shift of the graph as relative 
income changes become more frequent and/or larger in magnitude. Thus, for 
the same aggregation period more mobile structures record a lower value 
of R. We shall take R to be a measure of the rigidity of an income system, 
and ,4^ 1 R to be an index of mobility. 

Under this definition, mobility is regarded as the degree to which equalisa¬ 
tion occurs as the observation period is extended. This viewpoint captures 
the prime importance of mobility for economists. When income distributions 
are compared, it is often noted that the inequality observed in annual in¬ 
comes may not he a good guide to the inequality of lifetime incomes, which 
is a more appropriate indication of the differences in opportunities faced by 
different individuals. A country in which individuals are given great oppor¬ 
tunities For movement within the distribution in the long run, may have high 
annual inequality and may compare badly with other countries on an annual 
basis, even though it has lower lifetime inequality. The measure of mobility 
proposed here provides a way of identifying those countries which appear to 
exhibit considerable inequality (high annual /), but which would compare 
more favorably over a longer period (high mobility M, or low rigidity, R). If 
a country A has both greater annual inequality I and greater rigidity R than 
country R. it will be more unequal than B whatever period is chosen for 
comparison. But if A exhibits more mobility, this may be sufficient to offset 
the higher annual inequality and change the rankings as the observation 
period is extended. 

Similarly, when measuring the extent of monopoly power in an industry 
by the concentration of revenues, an industry which has higher annual 
concentration and higher rigidity can be said unambiguously to be more 
concentrated. This is not the case when the higher annual concentration 
figure is associated with an industry which is more mobile, and the positions 
of firms in the sales hierarchy are constantly changing. 

Let us now consider the properties of the proposed measure of rigidity 
given by (13). To begin with, apart from one case discussed below, R is 
defined for all sets of income profiles and lies in the interval [0, 1]. From 
Theorem 1, R takes its maximum value of 1 if and only if there is complete 
immobility. The other extreme, /? = 0, arises when , t,,,)) -0; in 

other words, when incomes are exactly equalised over the whole time interval 
of m periods. If this happens, the income structure will be called completely 
mobile.^'^ The incomes given earlier for individuals A and B provide a simple 
example of a completely mobile structure over a two year period. 

“ This differs from the concept of perfect mobility frequently used in the literature on 
occupational and social mobility. The definition of perfect mobiiity originates with Prais 
[7] and his analysis of intergenerational social mobility. He proposed that the term 
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A slight problem occurs if we suppose that all individuals have identical 
incomes in each period (K,(r,. j, 4 ) , . 4 ) for all /, k). Since relative 

incomes are constant over time, this situation is one of complete immobility. 
But all incomes are equal over the m-period interval, so it may also be called 
“completely mobile”. The apparent contradiction is due to the fact that the 
denominator and numerator in (13) are both zero, so R is undefined. This 
itself need not cause too much alarm. It may be argued that the concept of 
mobility has little relevance in a society where all incomes are always the 
same; and, in any case, it is hardly likely to arise in practice. It is more 
disturbing to find that we can construct two sequences of income structures 
both converging to this extreme situation, one of which is a sequence of 
completely immobile structures and the other a sequence of completely 
mobile structures. As the two sequences approach the limiting case, they 
also converge towards each other, but still record mobility values at the 
opposite ends of the scale. This suggests that the computation of mobility 
values may be more sensitive to sampling errors and data problems when 
annual income inequality is rather low. 

If the inequality measure is based on a social welfare function, the rigidity 
index R can be given an interesting social welfare interpretation. Substituting 
(5) into (13) we obtain 


_» tni) ' ,*/»«) 

I'"., / J 


(14) 


The numerator indicates the true welfare loss (TWL) per capita over the 
period (r,,. 4 ,)—the amount of income per person which could have been 
saved if the same level of social welfare had been achieved with an egali¬ 
tarian distribution. The terms summed in the denominator indicate the 
welfare loss per capita in each of the separate sub-periods. The denominator 
is therefore the amount of income per person which would have been saved 
if incomes had been equalised in each sub-period whilst maintaining the same 
levels of social welfare. This will be called the apparent welfare loss (AWL). 
If there are any changes in relative incomes over time. R will be less than one 
and the apparent welfare loss will exceed the true welfare loss.’® Thus any 


should be used when the social class occupied by children is independent of that occupied 
by the parent. However, a number of problem-s arise, notably the fact that a structure can 
exhibit “more than perfect” mobility. See Shorrocks [9], 

The rigidity index given by (141 is therefore the ratio of TtVC to AIVL. The mobility 
value 


AWL - TWL 
M 


might be described as relative welfare illusion. 


A WL 
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attempt to estimate the welfare cost of inequality by calculating the cost year 
by year and summing over the years will usually exaggerate the true figure. 
Estimates of the welfare loss due to inequality therefore tend to be biassed 
upwards if they are computed from short-run data.^* 

Another explanation of this result is as follows. Suppose that within each 
period, the incomes of individuals are replaced by the corresponding equally 
distributed equivalent income. Thus some individuals are given money to 
bring them up to and others have their incomes reduced to this figure. On 
average, indivduals lose from this process of redi-stribution, since never 
exceeds the mean. Looking back over m periods of redistribution, each 
person finds that his income has been (on average) reduced to the sum of the 
equally distributed values in the separate periods. Tt is then discovered that 
too money has been taken away: /n-period social welfare is less than the level 
of social welfare corresponding to the w-period incomes before redistribu¬ 
tion. This is because 

HI 

' I n(4-i,^) (\ 5 ) 

I. I 

(unless the relative incomes of all individuals remain constant over time). 
The “excessive” annual redistribution is directly related to the amount of 
mobility M ■■■ 1 — R: this can be seen by rearranging (14) to give 

w * 

>•, (/„, -- I ,. /*) - w- [m(/„ , t,,,) - - T,,(r„. /„.)] ( 16 ) 

At the beginning of this section, we commented on the inadequacy of any 
single number representation of mobility. Although the rigidity index (13) 
(and associated mobility value M \ R) gives a single number, it first 
requires two choices to be made: an inequality index selected from those 
satisfying (I) and m. the number of time intervals over which aggregation is 
to take place. This provides us with two important degrees of freedom and it 
is more appropriate to regard (13) as specifying a set of mobility values 
corresponding to different choices of /[T] and m. Given the opportunities 
afforded by these choices, it may be possible to preserve the major features 
of mobility when condensing a set of income profiles into a number of mobi¬ 
lity statistics. The loss of information may therefore not be unduly severe. 

A suitable selection of inequality measures from those satisfying (1) will 
enable us to vary the emphasis placed on different portions of the distribution. 
As regards the choice of m, the best procedure is to compute R for m 2 up 

Short run estimates of welfare losses due to inequality can be made consistent with 
the true Jong run value by reducing the short run estimate by the factor R. The short run 
estimate of welfare loss in period k, corrected for this upward bias, thus becomes 

. ^*) — yjJk-i > r*)] 
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to the largest value of m that the data allow, plotting the results graphically 
as in figure 1. In this way it may be possible to make inferences concerning 
the sources of mobility. For example, suppose we were to compare two 
groups, one of which had large variations in transitory income, whilst the 
other experienced substantial changes in permanent incomes (but small 
transitory changes). Year-to-year income variations might appear to be 
rather similar. Yet their “rigidity curves” may be expected to be radically 
different. If incomes changes are purely due to transitory ellccts, relative 
incomes will rapidly approach their permanent values and there will then be 
no substantial further equalisation. The rigidity curve will therefore tend to 
become horizontal after the first few years. This contrasts with the group 
with more mobility in permanent incomes, whose rigidity curve will continue 
to decline as the aggregation period is extended. So the curves may appear as 
in figure 2. 

Calculating values of R over different aggregation periods may thus be 
all that is required to make the important distinction between these alternative 
types of income variations. 


1 

i 

1 _ ^ . _ ... 

! 

large venations m 

1 ^ _ 

' ifansitory iru-ume 

1 

-large venations m 

(HJimonem inrome 

r 23^56789 

-i»- m 
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4. Empirical Estimates of 

Income Rigidity 


Kohen et al. [3] provide data on mean income and income inequality for a 
sample of US males from two age groups. For the younger age group (16-24 
years old) the Gini coefficient is given for the incomes of both whites and 
blacks in the years 1966. 1967 and 1968, and also for incomes cumulated 
over the periods 1966-67, 1966-68 and 1967-68. Data on the sample of middle- 
aged men (45-59 years old) is only available for the single years 1966 and 
1967 and for the combined period 1966-67. Weighting the annual Gun 
coefficients by the mean income of the group in the corresponding years, and 
comparing this figure with the Gini coeflicient for incomes cumulated over 
the longer period, we arrive at the rigidity values R as defined by (13). These 
are given in Table T, below. 
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TABLK I 

Income Rigidity R for Males, USA 1966 68“ 


Ciroup 

Sample 

_ 

Period 



size 

1966-67 

1966-68 

1967-68 

Males aged 16- 24 

whites 

1590 

0.928 

0.896 

0.931 

blacks 

164 

0.950 

0.916 

0.935 

Males aged 45- 59 

whites 

6345 

0.968 



blacks 

672 

0.967 




Computed from Kohen ct at. [3, Tables 3, 4, 5]. 


The data are far from ideal; the maximum period over which incomes are 
cumulated is small (3 years) and we are restricted to just one inequality 
measure. Nevertheless, it is possible to draw some tentative conclusions from 
the figures presented in the table. Mobility appears to increase as the overall 
timespan is extended, as evidenced by the lower rigidity value for the 3-year 
interval 1966-68 compared to either of the 2-year periods. This is consistent 
with our expectation that the longer period gives more opportunities for 
relative income movements. Within the group of young men, the rigidity 
values for whites lie below the corresponding figures for blacks, suggesting 
greater mobility for whites. In the absence of income data cumulated over a 
longer period, however, it is impossible to determine whether this indicates 
more genuine long-term mobility or reflects a greater variability in short-run 
transitory income. Finally, the figures for the older age group suggest that 
relative income changes are much less pronounced than at the earlier stage 
in their lives, and that, by this age, the different pattern found for whites and 
blacks has vanished, ft remains to be seen whether these conclusions still 
apply when data is available for other inequality measures and longer 
periods of time. 


5. Mobility and Social Welfare 

The relationship between mobility and social welfare has already been 
touched upon in section 3 above. It was suggested that mobility has a positive 
influence on social welfare in the sense that if two societies have identical 
income distributions in each year, then social welfare will be greater for the 
society which exhibits more mobility. (The longer run inequality will be less 
for this society). Thus it might be said that mobility is unambiguously 




INEQUALITY AND MOBILIIY 


391 


good ; from the social welfare viewpoint we would always prefer more 
mobility, ceteris paribus. But this conclusion lests on certain assumptions 
about the way in which inequality is measured; that the same index should be 
used for /n-period incomes as was applied to single period incomes; and that 
the appropriate income concept is the total income received during the 
accounting period. 

Concerning the first of these points, it is not obvious that two identical 
vectors of income receipts, observed over different periods of time, should 
necessarily generate the same inequality value. In other words, that 

Y(/, T) - Y'(/', D T- t # r ~ t' 

implies 

i[Yu,T)] /in/', ri] 

Justification for this assumption can, however, be obtained by exploiting the 
similarity between aggregation over populations and aggregation over time. 
It has been suggested that combining populations with identical distributions 
results in an aggregate distribution with the same degree of inequality as the 
constituent populations. By analogy with this principle of population replica¬ 
tion,^^ we shall invoke the principle of time repetition. 

Time Repetition. If the incomes of all individuals arc repeated in r con¬ 
secutive time intervals of the same length 6, the inequality over the combined 
period of length rd is the same as that recorded in each of the shorter periods. 

i.e. ifY(0,61) ^{$,10) ••• Y((r 1)0, rB) 

then 

/[ no. / 61)] /[ n(A' - I) 6-(?)] A - 1.r 

If time repetition holds, and the inequality measure is continuous and mean 
independent, it can be shown that 

/[>■(/. n] l[Y'U\r)] 

whenever 

Y(/, D AY'(/'. 7 ') A O 

Thus for mean independent measures satisfying time repetition, the in¬ 
equality value will be independent of the accounting period.”' 

We turn now to the question of the income concept appropriate foi in¬ 
equality comparisons. Clearly we may want to di.scount incomes if the time 

See Dasgupla er <j/. [2, p. 184]. 

“ The, proof is straightforward. Note that the assumption of mean independence is 
essential for this result. Tf we accept the intuitively plausible property of time repetition 
but not mean independence, the inequality value computed from a set of incomes received 
at a constant rale will generally vary with the length of the accounting peno . 
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interval is sulFiciently long. This does not afl'ect the analysis of the previous 
sections. Nor do problems arise if adjustments are made for price changes. 
But when these are all incorporated, there remains the presumption that 
individuals are indifferent between two income streams offering the same 
real present value. This might be true if capital markets were perfect (or if 
there was perfect substitutability of income between periods), but it seems 
likely that individuals are concerned with both the average rate of income 
receipts and the pattern of receipts over time. We may go further and suggest 
that individuals tend to prefer a constant income stream, or one which is 
growing steadily, to one which continually fluctuates. If this is a reasonable 
description of individual preferences, and if inequality values arc supposed to 
reflect differences in the welfare levels of individuals, it is essential that some 
account be taken of the shape of the income profiles. 

No attempt is made here to discuss this i.ssue in detail. But the impact on 
the social welfare implications of mobility can be gauged from a few brief 
remarks. To begin with, we need a basis for evaluating the diflerent income 
streams faced by individuals. The obvious choice is a simple intertemporal 
welfare function 


IT, - l',( , t,), Y,(h , . , tj) 

which will indicate the kind of income stream the individual prefers, given 
some fixed present value level of income. Suppose, for the sake of argument, 
that individuals prefer the constant stream 

' “* • I) 

Then there will be some constant income flow rate yA generating receipts 

- Ok — fk-j)}’/ k -= I,--, m 

which gives the same level of welfare as the income stream he currently faces. 
For inequality comparisons between individuals, it is more appropriate to 
use these constant rate equivalent incomes, y', than the actual receipts, since 
the former provides some comparability between income streams which differ 
markedly in their patterns of fluctuations. 

Replacing actual recorded incomes with this alternative income concept in 
the computation of inequality values introduces a new dimension into the 
discussion of mobility. No longer is mobility necessarily desirable. Changes in 
relative incomes still tend over time to equalise the distribution of total 
income receipts, and to this extent welfare is improved. But greater variability 
of incomes about the same average level is disliked by individuals who prefer 
a stable flow. So to the extent that mobility leads to more pronounced 
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fluctuations and more uncertainty, it is not regarded as socially desirable. A 
more detailed examination of these two facets of mobility will provide a 
better understanding of the impact of income variability and the implications 
for social welfare. 
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Introduction 

Recent interest in the allocative properties of markets in the presence of 
imperfect information has been concerned with the nonexistence of an 
equilibrium J One interesting example of this phenomenon is a model of an 
Insurance market developed independently by Rothschild and Stiglitz [8] 
and Wilson [9]. The imperfect information aspect of this model is that sellers 
of insurance cannot differentiate between high- and low-risk buyers on the 
basis of observable personal characteristics. Insurance firms attempt to 
circumvent this problem by taking advantage of the fact that other things 
equal, higher-risk agents will prefer more extensive insurance coverage at 
given prices than their less risky counterparts. This means that self-selecting 
consumers revealing preferences over sets of insurance contracts may also 
be revealing information about their relative degree of risk. 

Consider the simplest representation of the model. There are two types of 
buyers, high and low risk. Assume that the objeelive of each firm is to 
maximize expected profit. Then it seems reasonable to define equilibrium as: 


...a set of contracts such that each firm at least breaks even (on the set of 
people who buy its contracts) and there exists no other contract which if offered 
will make a nonnegative profit for the company which offers it.* 

Under the as.sumption that each firm can monitor the total insurance coverage 
purchased by its buyers it is shown in [8, 9] that equilibrium, as defined above, 
need not exist. 

The major departure of this paper from previous work is to argue that the 
assumption that firms can costlessly monitor the total insurance coverage 
obtained by buyers is untenable. It is shown below that it is always profitable 
for some firms to guarantee their customers that they will not divulge the 
names of their buyers to other firms. Given that this incentive exists and is a 

* See Refs. [3, 4, 5, 7, 8, 9]. 

‘ This is the equilibrium concept used in [8]. 
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feasible strategy, 1 argue that the costless monitoring assumption should be 
dropped. It then becomes important to determine whether incentives ever 
exist for firms to divulge the identity of their customers. It is found that such 
incentives do exist so that in general the market is composed of two groups 
of firms; Those who are divulging purchase information and those who arc 
not. The main effect on the market is a shrinking of the set of contracts 
firms will find profitable to offer. I term a market where firms cannot monitor 
consumers total purchases an informationally noncooperative market. The 
main purpose of the paper is to investigate the existence of equilibria in such 
markets. 

After demonstrating, in the first section of the paper, that firms have a 
profit incentive not to cooperate with other firms about customer purchases 
attention is turned to the existence question. The main proposition of the 
second section generalizes a result of Rothschild and Stiglitz, showing that if 
firms are allowed to compete by price and quantity rationing there can never 
be a single price competitive equilibrium. Next / examine the market under 
the assumption that firms may ration the quantity of coverage sold to any 
buyer with the provision that all policies in the set offered by any particular 
firm must have the same implicit price or premium per unit of coverage. 
This assumption and the equilibrium concept quoted above is a minor 
generalization of the market .studied by Rothschild and Stiglitz in there 
seminal paper. However, contrary to the result obtained by them under the 
monitoring assumption I find that a Nash-Cournot equilibrium always 
exists. The equilibrium contract set has some interesting properties. Although 
only a finite number of contracts arc purchased, the equilibrium set contains 
a continuum of contracts that are necessary to support the equilibrium. The 
number of purchased contracts will equal the number of risk types so that ai. 
implicit separation of types occurs. Yet there will be pooling of agents of 
different risk classes on every contract except one. Suppose there are A' risk 
types, p*,..., p''. Let p‘ < p'" be the risk ranking. Then, in general, there will 
be N contracts purchased in equilibrium with each p'-agent constructing a 
portfolio containing i contracts. 

The importance of the assumptions made concerning firm information 
about total purchases is illuminated in a discussion of the monopolistic 
market when it is assumed firms have no information about buyer purchases 
other than what they have sold themselves. The only possible equilibrium 
contract set is the same set which produced an equilibrium under partial 
information. However, in the no-information case the informational structure 
of the market requires that some firm(s) have a monopoly on the supply of 
Af — 1 of the N contracts purchased. Given this contract set and the supply 
strategy^ there can be no offering of new contracts and therefore no entry of 
firms. But the existence of monopoly suppliers of some contracts prevents the 
existence of a strict Nash equilibrium. This opens the strong possibility that 
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the market structure will be unstable. It is argued that the inrormational 
structure will be dominated by the previous structure where firms have some 
information about buyers purchases. These results serve to illuminate the 
extreme importance of the information firms hold about customer purchases. 
In the two polar cases firms either have complete information or no informa¬ 
tion. In the third case firms have partial information. This paper characterizes 
the existence question in the following way; 

(a) If firms have no information there never exists a Nash equilibrium. 

(b) If firms have complete information there sometimes exists a Nash 
equilibrium. 

(c) If firms have partial information there always exists a Nash equili¬ 
brium. 

In the third section the equilibrium concept is strengthened. The 
assumption that the policies offered by any particular firm all have the same 
average price per unit of coverage is relaxed. It is assumed that the set of 
policies offered by any firm may contain policies with different prices, but no 
firm offers policies with negative expected returns.® This assumption and the 
equilibrium concept adopted correspond to Wilson’s E\ equilibrium. Again, 
contrary to the results reported by Wilson for the perfect monitoring case, 
I find that without perfect monitoring an £1 Nash-Cournot equilibrium 
always exists, in fact the same contract set achieved in the previous section is 
shown to support the more general equilibrium. 

Spurred by the positive results of previous sections I attempt in Section 4 
to relax the assumption that firms do not offer policies that are unprofitable. 
In previous work it was shown that a firm may be able to earn total positive 
profits by selling pairs of policies where the low-risk group earns enough 
profit to offset losses on the policy sold to high-risk agents. I am able to show 
that for the case of two risk types, the equilibrium set constructed in earlier 
sections is invulnerable to this kind of attack. That is, at least for the case of 
two risk groups a Nash equilibrium exists in the strongest sense. I conjecture 
that this result holds for many risk types, but must leave that an open 
question. 

The fact that through much of the analysis consumer choice sets are 
nonconvex increases the complexity of the paper. These nonconvexities can 
lead one’s intuition astray and as a result have forced me to make the pre¬ 
sentation somewhat more formal than 1 originally desired. To lighten the 
reader’s burden 1 have attempted to elucidate most important results graph¬ 
ically. 

* It is known from previous work [8, 9] that this assumption is not as innocent as it 
seems. Its consequences are examined in Section 4. 
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1. The Insurance Market 


Each consumer in the market has the same two point random endowment 
fii’. If - T], 

IV > H' - A > 0. 

Let the finite set I* - (1,..., /) be the indexing set of probability types. For 
each i e 1* there is a probability p*F(0, 1) and a number w'e; (0, 1) such 
that m‘ is the proportion of consumers in the market with probability />* of 
having income w - L. Refer to such agents as /j‘-agents. By convention if 
L./ s I* and / • ^ y then /j* - ^ pK F.ach agent is assumed to know his probability 
type. 

An insurance contract is a couple (tt, T) e with tt representing the 
premium a buyer must pay an insurance firm to have claim to T units of 
income contingent upon the occurence of iv - L. Let 

C ((tt, T)e h- - - ir 0, w — L — n + r > 0) 

Then C is the set of insurance contracts that satisfy buyers' budget con¬ 
straints. No firm would sell a contract not in C. Define C to be the compact 
subsets of C. For a given supply of contracts by all active firms there will 
exist an aggregate set of contracts from which each buyer may choose.In 
each instance the aggregate supply of contracts may be exceedingly difficult to 
describe in terms of the individual firm supplies. This is so because what 
contracts an agent is able to purchase will depend upon whether he can mix 
the contracts of different firms. Suppose that S, is the supply of contracts by 
firm / If each buyer is limited to purchasing one contract from at most one 
firm the aggregate policy set is 


•v U-^v. 

This is the case explored by Rothschild and Stiglitz and Wilson. If buyers are 
allowed to purchase any fraction of each firms policy offer the aggregate 
contract set is 

S Cons ex hull V S(. 

f 

Ihe latter is the closest formulation of firm behavior in this paper. Denote 
the aggregate contract set by 5. Assume that agents are expected-utility 
maximizers. The following assumptions arc made. 

(Al) Each agent possesses the same strictly concave, and twice con¬ 
tinuously differentiable utility function C( ) over income. 

< \2) {0,0) e SC C for all S considered. 
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for each aggregate supply of policies S, buyers, 

^Max^ y[7r, r, /?J (! — p) U(u- — tt) t p tJ[u' — L — tt -j-- z], 

(DI) Let 

f9'[S] {(tt, 7)t.S K(7 t,'/',/>') L(.v, r,/>') for all (.V, 

In general to obtain an optimal contract an agent may have to purchase 
different contracts from many firms. The set of individual contracts purchased 
by /j'-agents plays an important role in the analysis. 

(D2) Suppose O G define 

/l[0] -- J/f/[C',S]Ci- C‘ ^ cj . 

Define A'(S) {(tt, T) t S (tt, 7 ) i: Aj‘[C\ 5] for some j and C' c 

In the analysis to follow A‘[S] is the set of contracts purchased by some 
/>‘-agcnt. If a policy is a member of some /?'-agent purchases that 

contract when the aggregate policy set is S. A,'[C\ .V] is a set of policies whose 
elements sum to C‘ an optimal policy. For any optimal policy there may 
exist many such sets contained in the aggregate policy set. Therefore A[C'] 
need not be a one-element set. 

Given the above definitions it should be clear that special care must be 
taken in describing demand functions. 

If C>'[5] is not unique/^'-agents will be indifferent between any two policies 
in the optimal set. Suppose a specific optimal policy C' is chosen. If A[C‘] is 
not unique type / agents will be indifferent between any two sets A/, 
belonging to /f[C']. The approach taken here seems to be not only the most 
natural, but also the most reasonable. I assume that for any 67'[5] /j‘-agents 
are spread uniformly over the elements of the optimal set. Furthermore, for 
any contract C' e 0'[5], the set of p'-agents purchasing C will be uniformly 
spread over the elements of >1 [C']. With the addition of a few more fundamen¬ 
tal assumptions this could be derived as a proposition using probability 
theory. 1 however simply introduce the following definition: 

(D.3). Let denote the number of elements in set S. Then the demand 
for contract (tt, T) by /»'-agents when S is the aggregate policy set is 

r, _ . Cl .../ # T) e Aj‘[C\ i’] for some C' c f;'(-S')| 

^ )' oj - ni ’ ~ ^ ^ 

r'tuUs) 

The denominator of the fraction above represents the total number of 
ways optimal contracts can be purchased by p’-agents. The numerator is the 
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number of ways the policy (tt, 7) can be purchased in reaching an optimal 
policy. Clearly d,[{n, T)] is well defined and 


f4[(7r. 7). 5] • : m‘ for all (tt. 7) and .V. 

As an example suppose that #0'[S1 1 and that/4[C] - 2 for C 0-(.V). 

If (tt, T)<:- A{[C, S] c A[C] and (tt. T)^ A„‘IC. S]: then 

rf,[(77, /'), .S’J W' • i. 


One-half of all /»‘-agents purchase (tt. T). Note also that if .S’ 4 then 

#5 0. 

(D4) The aggregate demand function d: C ■ C ► R' is defined 

d[(TT. 7’),.S] -- [dAi-rr. 7’),.S]. d,[(TT. 

(D5) The aggregate expected profit P: C i' R is 


P[(7T. T). S] - 




P'T) 


if dj T- 0 some / e 7* and zero otherwise. 

Lixpected profit is the sum of expected profits across risk types, with each 
types contribution weighted by its proportion of the total number of con- 
tracts purchased. 

(A3) Suppose that N diflerent firms offer the contract (tt. 7 ). The 
demand for each firms olTer of (tt, 7) is 


</f(7r, 7’), 5] 
,V 


This assumption is analogous to (D3) and has obvious consequences for the 
expected profits accruing to individual firms. 


1.2 Monopolistic Competition 

The market is characterized by freedom of entry, l inns arc assumed to 
maximize expected profit, fiach insurance firm knows the expected return 
P[(n. T), 5] for each contract (tt. T) and Tv C CA The fundamental assumption 
concerning imperfect information is that no firm can discern any agents 
probability type. Suppose there are two p-types p' and p-. If firms know 
each agents type, competition among firms would ensure that each p'-agent 


'This assumption is extremely strong. It is maitc because 1 wish to study the Nash 
concept of equilibrium as in (8. 9]. 
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received his most preferred contract among those that earn nonnegative 
expected profit when sold only to /j'-agents. For a p'-agent this contract in¬ 
volves full coverage, T -= L, at an actuarily fair premium tt' - p‘T. When 
sold only to the appropriate risk type these contracts have zero expected 
returns. Unfortunately, since they offer identical coverage and one has a lower 
premium, both types will prefer the less expensive contract. How will firms 
react to this problem? What is an appropriate concept of equilibrium, and 
what are the properties of equilibria if they exist? In what follows I attempt 
to provide answers to these questions. Using a Nashlike concept of equili¬ 
brium it was shown in [8, 9] that often no equilibrium exists. That result was 
achieved with a particular assumption about the institutional structure of the 
market. In this paper institutional structure is concerned with the choice 
variables firms use to compete; and with the flow of firm-specific information 
between firms. The choice variables firms use in the monopolistic market 
will be price and quantity of coverage. This paper differs from previous work 
in its assumption about the flow of consumer purchase information between 
firms. In previous analyses it was assumed that each insurance firm had 
complete knowledge about the total amount of coverage its buyers pur¬ 
chased. This meant that firms had the power to limit consumer purchases to a 
single contract. It is manifest that inexpensive enforcement of such an in¬ 
formation structure necessarily requires explicit cooperation among a//firms. 
Below it is shown that there is a strong incentive for some firms not to 
cooperate. 

(D6) An informationally noncooperative market (INCM) is a market 
where some of the active firms do not cooperate with any other firms by 
revealing the identity of those agents purchasing insurance from them. An 
informationally cooperative market (ICM) is a market where all firms reveal 
the identity of their customers. 

An INCM is one where a firm cannot make the amount of coverage it 
offers a buyer conditional upon the amount purchased from other firms. 
Consequently buyers cannot be restricted to purchasing from only one seller. 
In an ICM firms can enforce such conditions. 

In this section it is shown that there is a profit incentive for some firm not 
to freely divulge to other firms the identity of its customers. This result 
provides strong motivation for considering the allocational process in an 
INCM. 

Consider the case with two risk groups (low risk) and /?'■* (high risk). 
Figure 1 depicts the contract space. The lines p'T =tt represent the set ol 
actuarily fair contracts for the respective groups. Suppose that p^'-agents are 
allocated the contract (tt*, V). Note that this is the contract they would 
receive in competitive equilibrium with perfect information. Let hh be the 
indifference curve of a p*-agent through (tt*. L). Consider the set of contracts 
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not strictly preferred to L) by />--aj;enls. On this set the contract most 
preferred by yj'-agents is T')." This contract is acluarily fair, but offers 
less than complete insurance coverage. If there exists no contract below hh 
and U that would attract both agent types and make nonncgalive returns, 
then (tt-, L), (tt', T') is an equilibrium in an ICM. Let p the 

mean probability that any agent in the market will have endowment tc L. 
The equilibrium condition requires that there exist no contracts on the line 
TT — pT -- 0 that are below the /j‘-agcnts indifference curve // through 
(ffi, 7^). If this condition is not satisfied some firm could offer a single 
contract pooling both types of agents. Under these circumstances there 
exists no equilibrium in the ICM (see [«, 9]). 

Assume that the putative equilibrium exists. Consider the transparent fact 
that any p'-'-agent could be made better off if allowed to purchase the contraci 
(ttL T^) plus any contract of choice along p-T w. This means there is 
incentive for some firm to enter the market; offer the set of feasible contracts 
on p'^T - IT, and agree not to inform other firms who has purchased its 
contracts. (By continuity of preferences the firm could instead offer a line 
segment of contracts slightly above p-T it and have positive expected 
returns). Clearly p'^-agents could recontract by purchasing (tt', T') and some 
contract (tt, L — T^) on pT - tt to obtain L units of insurance at a lower 
total premium. The contract (tt*, T*) would under these circumstances 
become unprofitable and apparently the set (7T^ L), (tt*, T*) is no equilibrium 
after all. Whether this story is reasonable or not depends crucially upon the 
ability of the firm(s) selling (tt*, T*) to force other firms to cooperate by 
revealing the identity of their customers. Linder the assumption of an un¬ 
regulated market with free entry it is extremely doubtful that this could be 
accomplished costlessly. 

' )t is necessary to assume here that p’-agents’do not demand (tt*, T') as is done in [8,9J. 
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The demonstration above provides strong support for the position that 
firms will not have know'Iedge about the complete coverage purchased by 
their customers. Note that this does not imply that firms must have no 
information about the purchases of each buyer, other than their own sales 
to the buyer. In some cases it may be prolitable. even necessary, that a group 
of firms trade information. As an example suppose that two firms offer the 
market the same pooling contract (if, T) with ir pT, p defined above. 
Each firm knows that the aggregate expected returns to this contract arc 
zero if each agent in the economy purchases precisely one contract. In a 
great many cases high-risk types would attempt to purchase contracts from 
both firms. Under the usual assumption that both firms receive one-half of the 
low-risk buyers, profits will be negative for both firms. There is an obvious 
incentive for these firms to divulge information to each other about their 
buyers. Consider a cartel of such companies. Suppose cartel rules are that 
only firms providing information about their own customers can receive 
information from cartel members. All firms offering pooling contracts have 
positive incentives to join such cartels. In fact not joining the cartel and 
offering the pooling policy cannot be profit optimal behavior. This oilers 
another explanation for the common practice of real world insurance firms 
to stipulate that buyers hold no other insurance policies.® Rothschild and 
Stiglitz come clo.se to making this point when they assert: 

The person who buys two SI.OOO accident insurance policies does not in 
general, have S2,000 worth of protection. If an accident occurs, all he gets... 
is the privilege of watching his companies .squabble over the division of the 
SI,000 payment. 


This situation will not occur for every policy and every firm. For example, 
suppose that the aforementioned pooling policy were the only contract 
offered on the market. If the contract has le.ss than complete coverage high- 
risk types would desire more insurance at profitable prices. A firm selling this 
additional coverage would promise not to tell and pick up high-risk buyers. 
Any firm not making this guarantee would attract no customers. If it did, 
and informed on buyers, the sellers of pooling contracts would be able to 
refu.se to sell high-risk agents coverage at the pooling price. The point to 
recognize is that in general, for a set of contracts on the market, there will be 
profit incentives for some firms to communicate firm-specific information, 
while other firms will have incentives to keep their information private. 


’ The simplest and most plausible explanation is moral hazard. However, the point 
stressed above shows that the incentive exists, even in its absense. 
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2. Till Nonviarii ity of Compftmive Equilibrium 

1 n this section of the paper the set of policies olTered by any firm is assumed 
to lie on a straight line emanating from the origin. The definition of equili¬ 
brium retains the Nash Cournot spirit. The market is said to be in equili¬ 
brium when, given utility maximization by buyers, the expected return from 
the set of contracts offered by each firm is nonnegative; and given the aggre¬ 
gate set of contracts supplied there exists no alternative offer with positive 
expected profit. Recall that S, is the supply of policies by firm / 

(D7) A M\ monopolistic insurance equilibrium is a set of policies 
.S' C C such that 

(i) 0. 

(ii) 77 <^f7 for all ( tt , T)eS, with qf . ■ Oall/. 

(iii) There exists no S C C with Xi/r.rics u 5] - 0 

and TT qT for all (rr. T) u S and some q 0. 

If firms do not have complete purchase information, one form of competition 
is that where firms compete by price alone. Under such competition firms arc 
assumed to offer insurance at a uniform price per unit of coverage. It is clear 
that if firms do not restrict quantities; in equilibrium all firms that sell 
insurance must be charging the same unit price. An equilibrium is simply a set 
of contracts S*. and a unit price q*, such that 

TT ~ q*T for all (tt, T) r S* 

and 

^ 7>[(7r, T). S*] 0. 

(iT.nc-.v 

This supply strategy is not indicative of optimal firm behavior. The point 
that most critics are likely to stress about the price competition model is that 
firm supply behavior is too passive. Given the prices of insurance, consumers 
are assumed to maximize expected utility by purchasing their opti^mal 
amount of coverage subject to income constraints. Firms are assume to 
simply sell insurance to whomever demands it in whatever amounts. is is 
an extremely naive assumption in face of the fact that firms .irc aware t at 
expected profits are negative for some risk groups and positive or ot ers, 
irrespective of the amount of coverage demanded. In short irms o not ^ 
supply decisions. More realistically it is obvious that any firm charging the 
price ^-would desire to sell an unlimited amount of insurance to a p agen 


P' <7. 
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and yrero insurance to all p^-agents, 

p‘ > q. 

Since firms are unable to distinguish between agents such a supply decision 
could not be carried out. However, this does mean that the only alternative 
is the passive behavior assumed in the price competition model. It is easy to 
show that the amount of coverage demanded will be an increasing function 
of the probability of low endowment. Let s(q) be the maximum amount of 
coverage demanded among those with c L. All of these coverages are 
demanded by agents whose probability is less than the price of a unit of 
coverage and therefore arc profitable. For those c > L probability is greater 
than unit price and those coverages lose profit. Therefore it would always be 
profitable to restrict coverage at any unit price to i{q). For an individual firm 
such a supply decision always decreases the expected losses from higher-risk 
agents, but does not affect the returns from lower risk buyers. Any firm 
adopting supply decisions of this sort will force other firms to do the same. 
Firms not restricting coverage have no reason to expect greater demand from 
low-risk buyers who have the same maximal choices from both types of 
firms, but can expect to gain more high-ri.sk agents who desire unrestricted 
coverage. Of course if every firm adopts this practice buyers m;iy adapt by 
attempting to purchase multiple contracts from many firms. The proof of 
Proposition 2 shows that monopolistic competition can solve this problem. 

It seems that a supply strategy of offering consumers a unit price and a 
maximum amount of coverage at that price dominates price competition 
alone. This conclusion was .stressed by Rothschild and Stiglilz in the case 
of an informationally cooperative market. The importance of Proposition I 
is that it generalizes this domination result to the case where firms cannot 
monitor customer purchases and it provides a clue as to why a monopolistic 
equilibrium exists. 

(D8) For an economy with 1 risk types p^,...,p',p' < let ni(i,p) 
equal the proportion of agents with probability p in the population obtained 
by truncating the original economy by removing all p^-agents with j < i. 

So /m(1,p) is just the proportion ofp-agents in the original economy, while 
m(J,p) is the proportion of p-agents in the economy with p’,..., p‘ types, 

(D9) Let K*) = m(k, pO P*. 

Given this definition p(*) is just the average probability of loss in the 
group composed of all p*,..., pMypes. 

(DIO) Let Z(9, p) be the Walrasian demand of a p-agent when the unit 
price of insurance is constant at q. 
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Lemma 1 . Z{q, p) is strictly increasing in p. 

Proof. A simple exercise in differentiation. 

Lemma 2. Fori - (1.2 . l).p(i)- p(i - I). 

Proof. Obvious. 

PRtiPOSlTlON I. In the insurance market no set of contracts S* with 
TT - q*Z, q* > 0,for all (tt, Z) t S* and each agent purcha.sing his Walrasian 
demand Z(q*, p), can be a Ml equilibrium if more than one p'-type purchase 
po.sitice coverage at q*. 

Proof. Suppose such an equilibrium set exists Assume there are I risk 
types in the market and that 7 — — 1] of these groups purchase positive 

coverage. By Lemma 1 Z{q'*,p^) v O for i k . f. Therefore the mean 

probability of those purchasing positive coverage is p{k). I claim that 

q* > p(k) 

with equality holding only if k- /. To sec this consider the following 
reallocation of coverage among buyers at the same price q^'. Allocate L units 
of insurance to each p*-agent / k,..., I so that they all hold the contract 

(yT,Z)--{q*ksL). 

Z{q*, < L as 2? q*. 

Therefore in all cases except p' ■ q* the transformation 

Z{q*,p‘) 

increases expected profits. Since S* is an equilibrium set. the aggregate 
expected profits on S* are nonnegativc. This means that the expected profit 
on (tt, Z) is strictly positive, unless k I in which case profits are zero. Now 
the contract 

(jr, L) = {p{k) L, L) 


earns zero expected returns when sold to this same group of agents. This 
implies 

q* > p(k) when k < I. 

This means that there exist contracts (ir, Z) with 

q* > w/Z > p{k) 
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lhal will attract buyers irofiercd. The contract (n*, Z*) with 


and 


n*IZ* m 

vin\ Z*, P' ] - ['■(Att*, XZ*, p^) for all A ;0 


is such a policy. Therefore, there is an incentive for some firm to offer insuran¬ 
ce at price p(A ) and restrict all buyers to at most ZZ units of coverage. Q.E.D. 

No assumptions about the information firms hold with respect to buyers' 
total purchases are required in the above argument. This is because under 
any information conditions a single firm offering the price p{k) can prevent 
customers from purchasing more than one of its own contracts. 


.1. Monopolistic Equilibrium 

The arguments of the previous section suggest that firms have incentives 
to compete with the following strategies. 

(a) Offer a price at which consumers may buy. 

(b) Set a maximum amount of coverage any agent can purchase at 
that price. 

(c) Ration the number of contracts an agent can buy. 

(d) Share customer identity information only if it is profitable. 

It can now be shown that if firms compete in these ways, there always 
exists a M\ equilibrium. The procedure is to construct the equilibrium 
contract set for the case with two groups. This is followed by a geometric 
discussion elucidating why the set is an equilibrium. After this I prove 
Proposition 2 which states that a monopolistic equilibrium exists for any 
finite number of p-types. 

Consider the situation depicted in Fig. 2. The line tt = pT represents the 
set of contracts offering zero expected returns if every agent in the economy 
is allocated the same contract. On this pooling line the contract rx maximizes 
the utility of p^-agents, as is indicated by the tangency of their indifference 
curve U at ™. Suppose that a group of firms are offering the set of contracts 
0(x. Each firm offering Oa announces that each of its buyers is restricted to 
one contract in that set. If Oa are the only contracts offered all p^-agents will 
demand a. All p’^-agents would prefer more coverage at the given price and 
would like to purchase from many of the firms. However, these firms have a 
profit incentive to prevent this, as outlined above, and no incentive to do 
otherwise. Therefore, p^-agents will also demand «. Both types must be less 
than fully insured. Each would now be willing to purchase L -- x additional 
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coverage at the respective actuarily fair price.' For /)'-agenls this is infeasible. 
But there is an incentive for firms to offer the set of contracts Of. Then 
/?--typcs will all buy the contract 5, where the coverage at B is L — x. This 
allocation gives /^'-agents a and />“-agcnts (% : B. The aggregate contract set 
is the shaded region 0f(/. | <\) aO. 1 claim that this contract set along with 
the .special supply restraints on the contracts On; is a monopolistic equilibrium. 
Let the set of contracts under discussion be termed S*. By the definition of 
equilibrium S* is not an equilibrium only if there exists an alternative set 
S C (' all of who,se policies have the same price, and the sum of the returns 
from the contracts in S is positive. Suppose there exists such an S. Suppose 
/>'-agcnts buy < i in S. Then sincep’-agents have their best contract on tt pT 
it is clear that c, is below it - pT. This means that the average price of (he 
policy f, is less than p. In that case />--agents will be purchasing cither c, or if 
possible another policy with the same average price and greater coverage. By 
dropping a B and buying c,. then rccontracting along Oa and possibly 
Of too, /^'-agents can obtain the same amount of total coverage /. at a lower 
premium than before. But since c, and therefore any other policy in S have a 
lower unit price than p the profit from this offer must be negative whether 
both agents purchase c, or /j“-agcnts purchase more coverage at the given 
price. Alternatively, suppose that only /('-agents purchase some c.^cS. If 
p‘-agcnts purchase a different policy at the same price the above argument 
applies. Purchase of <■, by p^-agents implies that the aserage price of c, is 
below p- and therefore c., is unprofitable. This exhausts the possibilities and 
shows that there exists no price and set of policies each carrying the given 
price that can destroy the equilibrium S*. 

The information about buyer purcha.ses available to firms should be 

A - i^ v, .v] and B =- lp\L - x), L - .v]. 
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clarified. Those firms specializing in the supply of the contracts 0/.. not only 
have no incentive to join an information cartel, but are only able to sell 
because they refuse to join. Therefore only each buyer and the specific seller 
to that buyer know that a policy on QL was purchased. Those firms special¬ 
izing in the supply of the policies 0™ must communicate buyer identities to 
each other if they are to guarantee the viability of the policies. But note with 
three or more risk types pooling policy cartels cannot make this information 
public. Otherwise firms offering lower-priced policies will refuse to sell to 
agents known to have purchased at higher prices. Therefore, in general, we 
may say that only firms offering pooling contracts will share purchase 
information; and they will do so only with firms offering the same pooling 
policy. 

A property of the equilibrium contract set that should be emphasized is the 
role played by the set of unpurchased contracts on Ore. These contracts are 
necessary to guarantee the existence of an equilibrium. If they are not offered 
it will not always be true that alternative contracts with prices below />(]) 
must always be unprofitable. Consider Fig. 2 and suppose that and are 
not very different so that the respective optimal contracts (re. re.,) on the 
pooling line are close. Suppose that the set of offered contracts is re and those 
on QL. Extend the line connecting (a -i L) and re with slope through re 
from below. This line must cut the indifference curve of the low-risk agent so 
that there are policies on and above it, but below the pooling line that are 
strictly preferred by />'-agents to «. Any policy c above the line and below ll 
satisfies the inequality: 

V[c \- XB,p^] < Kt« + B.p'^] 

for all A 0. 

If c and re are close enough it is also possible that 
F[c f- «,/?=*] < Ffre + B,p^] 

and the offer of c will attract only p'-agents and be profitable. When the 
policies on Ore are offered this cannot happen. 

One special case of interest is that where the subsidization cost incurred by 
p^-agents at the pooling price p(l), is so great that their best contract at that 
price is (0, 0). In equilibrium the only contract sold will be (p^L, L). This is 
Akerlof’s well-known lemon phenomenon where all the good risks are driven 
out of the market. It is also the special case where Proposition 1 does not 
hold. 

Prior to providing the general proof of the existence of an equilibrium more 
definitions and a few simple lemmas are needed. 

(D11) For an economy with I risk types let the I contracts 

r0),.(,.„ 
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satisfy conditions (a) and (b). 

(a) tt' --pO)T\ 

(b) v{^ X ?■'). ( I '■ T\ pi'j 

for all (jT, D : (0, 0) such that n -- p(j) T. 

Condition (b) means that if a p^-agent has purchased the contracts 

7’’). (tt' T’-'"')] and is given a choice of purehasing any contract 

(tt, T) with TT p(j) T the optimal choice is (tt’, V) which may equal (0, 0). 

(D12) Define the set of contracts 5* by 

^ j(7r, 7 ) X T‘) X'(p'L, L) 

for some (A',..., A^) each A'[0, l]j . 

For I 2 the set S* is depicted in Fig. 2. 6’* is presently shown to be the 
description of the equilibrium contract set for arbitrary, but finite, /. In the 
proof of Proposition 2 the reader should keep in mind the explicit assump¬ 
tions that have been made about cartel behavior on pooling contracts. All 
contracts (it'. 7 ‘) with i •' T arc pooling contracts and cartel behavior 
effectively limits agents to the purchase of only one such policy. 

Lemma 3. For ail /,/, / •/ implies c'{S) ■ c’(.S') for each SC(' and 
c‘(S) c 0'(S), eXS) e 0'(S). 

Proof. A proof of this lemma is given by Wilson in Lemma 4 of [9]. It ;s 
not repeated here. 

Lemma 3 makes the intuitively obvious assertion that higher-risk types 
always choose policies with no Ic.ss coverage and premium charge than lower 
risk types when the two types choose from the same menu of policies. 

Lemma 4. If S i.s convex, O'[5] has at most one clenieiii C'f.S]. 

Proof Straightforward from the strict concavity ol I {■■), assumption I. 


Le;mma 5. S* defined in (D12) is compact and convex. 
Proof. Straightforward. 
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I) \i\n (' ((■'>■ I • f >■ I 

> I 

Proof. Oh\iou> from ihc definition of S'. 

One more nssumplion /s needed before the mam rcf-ult of this section am 
he had. 

(A4) f'or each set of contrnets 

{<7T. T) (tt. T) XfTT', T’). some 4 e fO, I] and i c /*', CS'"" 

there exist at /east two firms supplying those contracts. 

This assumption is necessary for the validity of Proposition 2. It prohibits 
a firm from withdrawing some contract and altering the equilibrium policy 
set. A detailed discussion follows the proof of Proposition 2. 


PRdPosrriON 2. S* support.s a MX equilibrium in the economy with ri.sk 
types (p‘)J - I./. 

Proof. By Lemma 6 /f'(S'*) — ((n-', T‘)),x,. Therefore we need only 
concern ourselves with the expected returns from the I contracts (tt', T') 
/ /. The expected profit from contract / is 


P[77', T\ 5*] 


d,[n\ T\ S*] 
y P‘T') 

- tt' — p{i) T' 0. 


(tt' — P'7') 


Now 1 need only show that there exist no alternative contracts that could 
profitably be offered to the market. Let S be any subset of C satisfying 

TT -- qT 

for some q ^ 0 and all (tt, T) e y. 

Let 


/ - min{/ e I* ; there exists (tt, T)c /4'[y* u 5] n 5 (tt, T) > (0. 0)|. 

Since C’(S*) is the optimal contract of a p'-agent selecting from S* alone we 
have 

f-Vr/yjft.s-t :p{iV 


“ Equality holds if (tt', T’) ■ (0, 0). 
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Therefore q ttjT p{i) for all (n. T)‘ S. I claim V A'[S' u \] n .V •- ,j> 
for all / > i and .v' - .v' for i . /. To see this, note that by hypothesis ,v' ‘ == 

(0. 0). This implies that 

p{i - I) ■ n f q all (77. T)‘ S. 

It is clear that all p'-agenls with / i I will purchase C‘ '[5*] en route to 
their total amount of coverage. After purchase of that amount the lowest 
price at which insurance is available is q for the newly offered policies. By 
I.emma 3 the additional coverage demanded is nondecrcasing in p' and it 
follows easily that S' .S' if / •./. This implies X., ,/>f.v, S* u S] • 0 
since q p(0. Since S and q were chosen arbitrarily it has been shown that 
no firm can ofler a profitable set of contracts. Now suppose some firm with¬ 
draws some of the policies it is offering and supplies a different set of policies. 
By (A4) this removal does not alter the set S’- and cannot be profitable by the 
argument just given. Q.E.D. 

It is important to stress that all but one of the contracts purchased will 
involve pooling of different risk types. These pooling contracts are viable 
only if the group of firms selling them are sharing information so that no 
agent can purchase more than one of a given contract.'-’ Given that each 
contract is being supplied by many firms the equilibrium is a Nash equili¬ 
brium. 

It is interesting to examine the monopolistic market under the assumption 
that firms never possess information about customer purchases from other 
firms. In this case it is possible for the market to reach the position where the 
set of offered contracts is 5* of definition 12."’ Interestingly, it turns out in 
this case that S* does not support a Nash equilibrium. The problem is that 
given the extreme informational structure, it is not possible for two or more 
firms to supply a pooling contract. If more than one firm offers a pooling 
contract, high-risk agents may purchase several of these contracts causing 
negative profits. However, if for each line of pooling contracts, there exists 
only one firm supplying those contracts it is possible lor that firm to police 
the number purchased by each agent. Given this market position Proposion 2 
shows that there exist no alternative contracts that could be offered and make 
a profit. But the firms with a monopoly on different pooling contracts are in 
a unique position. If one of these firms drops a pooling contract the set S* is 
altered. The same firm would be able to replace the dropped contract with 

’The .statement that firms must share information is a little niislcaJing. All that is 
required is that firms selling pooling contracts agree to divulge the names of those agents 
presenting claims for payments. Thus information is shared in an ex post sense. Such an 
agreement can never decrease profits, hut can increase profits. 

It is not difficult but extremely tedious to show that if an equilibrium contract set 
exists, it must be 5*. I leave that exercise for the reader 
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another giving the same amount of coverage, but a higher premium. As long 
as the premium were not increased so much that no one would buy the new 
contract, expected profit would be positive. Although this means that a Nash 
equilibrium does not exist, there is a rather attractive anticipatory equilibrium. 
If firms holding a monopoly on the supply of pooling contracts drop them 
for more profitable alternatives they may find the gain in profit short lived. 
This is because there now exists incentive for a new firm to offer the dropped 
pooling contract, which from the consumers point of view dominates the 
higher premium contract. As firms learn this, it may be reasonable to assume 
that firms offering pooling contracts will anticipate the market response. The 
most attractive feature of this equilibrium is that firm anticipation of the 
markets re.sponse to their actions need only be considered by experienced 
firms already in the market. Proposition 2 shows that no entering firm could 
upset the anticipatory equilibrium. For the sake of concreteness consider the 
case with two risk groups. It is clear here that the only firm that could 
destroy the equilibrium is the unique firm offering the contracts Oa (see 
Fig. 2). This equilibrium notion seems to be entirely satisfactory in the con¬ 
text of a static market where no disequilibrium trading is allowed to occur. 
In that case firms should learn that they cannot do better than the equilibrium 
pooling contracts. In a dynamic model with disequilibrium trading, the 
anticipatory equilibrium is not so convincing. The short-run profits gained 
by dropping the pooling contracts may dominate the strategy of remaining 
with them. This simply points to the fact that the model does not have enough 
structure to handle such questions. No attempt to answer these questions is 
made here. There seems to be no compelling reason to assume that firms will 
not share purchase information when it is profitable. For this reason it seems 
reasonable to assume that the market with partial information about con¬ 
sumer purchases dominates both alternatives. In the case of pooling contracts 
it never harms a firm to share purchase information, in an ex post sense, but 
it will often turn out profitable. 


4. The Existence of an El Equilibrium 

In the previous section each firm was restricted to offering all its policies at 
a common average price. This assumption includes the Rothschild-Stiglitz 
assumption that each firm only offers one policy. The very minor generaliza¬ 
tion of the one-policy assumption was introduced, because in view of Pro¬ 
position 1 and the discussion preceding it, the idea of firms offering insurance 
at a given price and restricting coverage seemed to be a natural first step to 
examine. It is important to determine just how significant that assumption is. 

In his treatment of the adverse selection problem Wilson used a more 
general equilibrium concept than did Rothschild and Stiglitz in the main 



r-QUILIBRIA IN INSURANCE MARKETS 


413 


sections of their paper. Essentially Wilson allowed each firm to offer different 
contracts with various prices, but assumed that no firm would offer a policy 
that had negative expected profit. In this section we discover that the .same 
contract set .V* of the previous section is also a Wilson E\ equilibrium. 

(D13) A contract set C* is an E\ equilibrium if; 

(i) P[(7r, 7), C*] 0 for all (tt, T)gC*\ and 

(ii) There exists no S such that 

7[e., C* u .S’] ^ 0 for all e e S 
with ( ■) for some c f? .V - C*. 

The first condition requires that all contracts in C* make nonnegative 
returns. The second requires that there exist no new set of contracts that if 
offered would earn nonnegative profits for each policy in the set, with strictly 
positive profits for some policy not in the old set. 

The main result of this section. Proposition 3, establishes that .9 *■ is indeed 
an E\ equilibrium contract set. 

The argument of this section turns out to be much more complicated than 
the last. The intricacies of the problem cannot be adequately expressed with 
the case of two risk classes. Recall Lemma 3 which states that for any 
policy set S an optimal policy for any risk type must be greater than or equal 
to any optimal contract for an agent of lower risk. Any firm attempting to 
improve its profits when S* is offered can offer the market an alternative set 
of policies ,9, with the restriction that each buyer purchases only one new 
policy in S. Having done this each buyer i.s free to reconiract in 5*. Lemma 3 
still holds for the total amount of coverage purchased, but it is not true that f 
S' is the policy purchased by a />'-agent from .9 that S' ■ S' must hold for 
/ ■ /. Surprisingly S' ■ S' is possible if the price or premium per unit of 
coverage is lower for S'. The reader can verily that it S' ■ S' the price of 
coverage on S\ p(S') must be strictly lower. Consider the two group case. 
Suppose that S* is being offered and some firm offers a set of policies .9. 
Recall that any policy .v, in S purchased by a p'-agent must have an average 
price p{s) less than p(i). Therefore if |?“-agenls are the sole buyers of any 
contract in 5 that contract is unprofitable. Therefore any contract purchased 
by /f^-agents must also be purchased by />*-agents if it is to be profitable. In 
that case it follows that each contract purchased by />--agents has a lower 
average price than p(l). Since p'-agents must be assumed to be buying all 
contracts bought by / 7 “-agents it follows that the expected profit on these 
policies are negative. This establishes that an E\ equilibrium always exists 
when 7 = 2. Unfortunately this argument fails to generalize in so simple a 
fashion. Suppose / - 3, and that p® is close to p“ with /n® relatively small 
compared to and w®. Then p(f) can be strictly greater than p(L 3), the 
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average probability of the group composed of all p' and p“ agents. Since it is 
possible that S® < 5* can occur we must take account of the possibility that 
in the new set S, p'- and p®-agents pool on the same policy, while p®-agents 
buy another with both earning nonnegative returns. Lemma 7 provides the 
result that rules out this situation, it states that if a lower risk agent pur¬ 
chases a policy with greater premium and coverage than a policy purchased 
by some higher-risk agent, then the two agents are indifferent between the 
two policies. In view of (D3) it follows that agents of both types will be pur¬ 
chasing each policy, in the case / = 3 just discussed, if 5“ : - 5* = 5^ one-half 
of both risk types 2 and 3 will purchase 5^ and since p(5“) < p(2) must be the 
case, that contract earns a negative return. Note however that although all 
three types purchase they do so in proportions (A/’, M^jl, M^ll) and 

it is possible that the contract is profitable. Alternatively it is possible that 
5* < = 5®. In this case Lemma 7 shows that p‘- and p*-agents are in¬ 

different between and S^. The demand vector for the contract S* S® is 

S* u S'] r- (A/V2, M^I2, M®). 

Again profit must be strictly negative on that contract. 

Lemma 7. Suppose S is compact and convex with 
■nlT, S] = min{ir Krr, T) e 5} 

a continuous, piecewise linear, and increasing function of T. Suppose that 
SC C. Then if i > j and 


S* 6 u 5] n S = Sii), 

S’ 6 Ai[S KJS]nS = 50), 

S’ < S* implies S' e S(j) and S' e S(i). 

Proof. See appendix. 

Lemma 8. Let S and S satisfy the hypotheses of Lemma 7. Suppose that 
i > k >j and that S' e S(0 r> SO), then S' e Sif). 

Proof. See appendix. 

Lemma 9. Suppose (hot S is compact and convex. Let S C G and suppose 
that consumers are restricted to purchasing one policy in S. Then for each 
S' 6 S(i) 

] 

m) ■ 
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Proof. See appendix. 

Proposition 3. S* with its associated supply behavior by firms is a E\ 
equilibrium. 

Proof. First note that S* satisfies the hypotheses of lemma 7. Recall that 
S(i) - {c e: A%S* S) n SJ for S C C. 

It follows from Lemma 6 that 

- (F7-‘7F„')l,., y., • p(i) for ie I*. 

This implies that for c c- S(l) 


p(c) < p‘ = p(/). 


Suppose there exists c e 5(7) and c i S(j) for all j < I. This implies in view of 
the inequality directly above, that P[c, 5* u 5] < 0. Assume therefore that 
ceS(j) for some j < I for all ceS(/). 1 claim that 5(7) C 5(7-- 1). For 
ce5(/) let i(c) = min{/6/* lce5(i)}. Note that i(cX. I — 1 for all c. 
Therefore by Lemma See 5(7 — 1). Since c was chosen arbitrarily in 5(7) we 
have 5(7) £5(7- 1). 

This means p(c) < p(I — 1) or 7 — I would not buy. By Lemma 9 
dj[c, 5* u 5] m> • if c e S(j). 

5(7) £ 5(7 - 1) implies #5(7) #5(7 - 1). This means that 

dj[c, S* U 5] m‘ #5(/ - 1) m‘ 

</,_,[c,5*u5l M'-' #5(7) 


The above inequality implies that if 

c ^ S(j) for all y < 7 — 1, 

P[c, 5* u 5] < 0 and again the proof is finished. Assume therefore that 
c e S(j) for some y < / — 1 for all c e 5(7) C 5(7 — 1). 

Then Lemma 8 implies c e 5(7 - 2) and since c is arbitrary in 5’(7), 5(7) L 
■S(/ - 2). I claim 5(7 - 1) £ 5(7 - 2). Let c' c 5(7 J). If 5(7 - 1) - 5(7) 

the result is already shown. Therefore assume c c 5(7 1) S(7). This 

implies c' < minfc e 5(7)}. Otherwise by Lemma Ice 5(7). This inequahty 
implies there exists c e5(7) n 5(7 — 2) such that c> c'. Then Lemma 7 
implies c' e 5(7 — 2). Therefore 




5(7- l)£S(7-2). 
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If there e-xisls r H .S(/) such that r ^-S'O) for all / ■ / 2 Lemma 9 implies 

S* U 5] . 0. 

Repeating this argument / 3 limes we have either there exists a ceS[J) 

such lhal Pic, S^ u .V] 0 or S(i) S(j) for all /. / c /* such that / > j. This 

last condition implies 

(a) .S’</)C5:(/) attic I* 

(b) ffSU) ■ ^S(J) for/ ■/. 

Thus by Lemma 9 

P [ c . S* u .S] 0 

for all c'=S[l}. 

To complete the proof note that if .S'(/) {(0, ())) then Lemma 7 implies 

S{i) {({), 0)1 for all it This means ^'-agents do in fact purchase from S 
if any type docs. Q.F..I9. 

Lhc proof of Proposition 3 establishes that for any set of contracts S, those 
contracts chosen from S by the highesi-risk-type agents must earn negative 
expected returns. Therefore if firms never olTer unprofitable policies S* has 
been shown to support a stable equilibrium. 

However, the possibility does exist that some linn may be able to offer a 
set of policies with some contracts earning large enough positive returns to 
offset the losses on unprofitable contracts. The definition of an E\ equilibrium 
excludes this possibility. Wilson’s justification of the exclusion is that firms 
will realize that if they offer such a set, other linns will be able to offer only 
those policies in the new set earning positive returns. In that case the original 
firm will be left with too many unprofitable policies. 

Another justification is based on a criticism of the assumption that firms 
knon- the expected returns to every conceivable policy offer irrespective of the 
set of existing contracts. More realistically firms would be learning what 
expected returns would be for various policy offers. In that case I find the 
argument that firms would always discontinue immediately the supply of 
unprofitable policies very persuasive. In the context of imperfect information 
about the expected returns to contract offers the E] equilibrium concept is a 
very attractive self-confirming expectations equilibrium of the type used by 
M. Spence for labor markets. 

Despite the above remarks it is still interesting to inquire whether or not 
the contract set S* is immune to competitive attack by a firm offering a set of 
policies some of which must subsidize others, but whose aggregate profi¬ 
tability is positive. Proposition 4 establishes that for the case of two risk 
groups this kind of subsidy offer is not possible. 
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Proposition 4. Let I 2. Then S* defined in (D12) is a Nash equilibrium 
in the general sense that for all alternative sets of policies SC C X-f.v 
S* u 5] < 0. 

Proof. It was established in Proposition 3 that for any alternative offer S 
there must exist a contract with strictly negative returns. Therefore we need 
only consider pairs of contracts where one subsidizes the other. 

Suppose that S* is the aggregate supply of contracts and that some firm 
offers the pair of policies {S', 5^). If S' S* Lemma 7 implies that each 
policy is purchased by agents of both types. The fact that /j'-agents purchase 
when S* is available implies that p(S*) < p(l) for i ^ 1,2. By Lemma 9 
expected profit is negative for each policy. Therefore S' S- is the only 
possibility for positive profit. 

Let S^ -= {(S', S" I S' e C and /W'[S,' - p'S./] - p^S.f] > 0, / - 

1, 2, with S' < S', p(S‘) < p(l)|. 

Any pair of policies that could destroy the S* offer must come from S’. 

I show that for each pair of policies in S' all agents will demand S' no one 
will purchase S* and therefore expected profits are negative. Let C[S'] e S* 
be the optimal contract in S* purchased by a />--agent who purchases S' 
from the new offer. I construct a third contract S satisfying 

V[S^ I as'],/?"] < V[S i C{Sl,p=l< T[S’ . QS'],/?"]. 

Define S (pfOSa' ! p''‘(SV — Sj'], Sa"). The contract S offers the same 
total coverage as S®. Us premium S,. is constructed so that if Sj'/Sa' p(l), 
and S were purchased by all p'-agents and .S' by all p'-agenls expected profits 
from the sum would equal zero. However, since Sj'/Sa' p( I) it follows that 

A/'[S,' p'Sa'] i /if®[S, p®Sa] 0. 

Since Sj S.f it follows from the last inequality and the nonnegativity 
condition on profits in the definition of S that 

p(S) < p(S“). 

This means that S, < S,® and we have 


KfS® f C[S®].p®] K[S ; C[S],p®]. 

To prove that S' is preferred to S I show that the total coverage S 5 , - ^[S] 
could be obtained cheaper with S', First note 

+ 5,' { Q[S] 

with the difference being Sj — Sj'. The cost of the additional coverage is 
/»®(S 2 — Si). Note it is easy to show that Sj -- S«' < L. But the cost of 
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additional coverage from 5* has an average price bounded above by p- and 
can be purchased at that price up to amount L. Therefore the coverage 
.S„- S., can be purchased with for a premium 

V] : ‘ C,t5] since V 

This implies .S'’ is preferred to 5 and therefore S'^. Since (S’, S”) was chosen 
arbitrarily in .S’ we have our result. Q.E.D. 

The basic property of .S* that prevents a pair of policies with one sub- 
sidiezing the other from being profitable is that the cost of the additional 
coverage obtained on the subsidized policy beyond that offered with the 
subsidizing policy must be higher than that coverage would cost if purchased 
from S*. Actually a stronger result than Proposition 4 can be had. It can be 
shown that for any finite I there exists no pair of contracts that are profitable 
when one subsidizes the other. The obvious question to ask is does there 
exist a set of contracts {c'...., c*) k ■ 2 which are profitable when some must 
subsidize and / ■ 2'? I have not been able to give a satisfactory answer to 
that question. However, I believe the following is true. 

Conicciurv. For any finite I risk types 

X /’[<’. S* u S\ < 0 

for all S C C. 


CONCI.USION 

Throughout this paper I have termed insurance firms monopolistic com¬ 
petitors. This appellation seems appropriate to me for two related reasons. 
First, the fact that insurance firms are not price takers, but are able to 
exerci.se choice over price by their offer of policies seems a reasonable mani¬ 
festation of monopolistic competition with product differentiation. Second, 
the existence of monopolistic competition and the problems caused by 
nonconvexities referred to in the introduction are very related. My intuition 
has been that the existence problem in the insurance market has as its basis 
the fact that consumer choice sets can be nonconvex with the result that firm 
profit function can be discontinuous. The reader should notice that in this 
paper not only is the policy set S* convex, but that the proofs of the proposi¬ 
tions and major lemmas exploited this fact heavily. Perhaps more significantly 
it should be recognized that if firms could not make all or nothing offers so 
that consumers could mix fractions of any policy offers it would be a trivial 
matter to prove the conjecture of the last section. 
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In the present analysis the convexity of the market offer of policies arises 
not because hrms need be so clever that they understand the nature of the 
market, but as a natural manifestation of the fact that profit maximization 
requires quantity rationing at given prices. Recall the discussion of Section 2. 

In the absence of perfect information market performance is likely to be 
altered from the smooth operation of a competitive market. In the case of an 
insurance market with adverse selection this paper has shown that the market 
mechanism is highly dependent upon the assumptions one makes about the 
information market participants hold. This paper has argued that mono¬ 
polistic competition will produce an equilibrium. The troublesome aspect of 
the equilibrium allocation is that many agents have constructed portfolios of 
many contracts from different firms. From a purely theoretical point of view 
there is nothing suspect about this.^^ in the specific example of insurance 
markets it does seem that firms have been fairly successful in preventing such 
behavior by consumers. This implies that linns must be cooperating com¬ 
pletely in the sharing of purchase information. One approach to under¬ 
standing why this may have occured is to invoke moral hazard. In fact the 
introduction of moral hazard does change market behavior significantly.*® 
The bottom line of this is that if a good understanding of the workings of 
financial markets is to be achieved, our models must confront the moral 
hazard problem. 


Appendix 

Lemma 7. Suppose 5 is compact and conrex with 
7 t[7 ' ■ S] = min{7r [(n, T)e S} 

continuous, piecewise linear, and increasing in T. Suppose that S C C. Then if 
i > / and 

S‘e/F[SuS]nS S[i). 

S^ K n 5 S( j). 

S' < S’ implies 

S'eS(j) and S'eS{i). 


** An example of current interest is the tendency of some credit card applicants to under¬ 
state the number of credit cards already held. The borrower is then able to increase his 
line of credit beyond the credit limit of each card. It is conceivable that if lenders could 
obtain information about total credit held, the borrower would have a lower level of 
credit on each card or possibly not be able to obtain all cards. 

This assertion is based upon results reported on in [6]. 
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Proof. Note ihal A* f .V(/) implies that there exists C(k) e OHS U S) with 
C{k) S^' : C'-'for some C^'e S. 


By Lemma .I C'(/) C( /) which means C’ - C' because S’ SL 
Ocfinc ft ( [0, I ] so that 


S„' . p.c.f - SJ 4 CV. 

(a) 

Since S' <- S( /) it must be true that 


S,' . pCy' Si' + Cf 

Cb) 


Otherwise agent / could have been made strictly better olT by purchasing S'. 
If the strict inequality holds in h agent / could have purchased S' and obtained 
his first S.J ; C.^' units of coverage at a strictly lower cost than with S'. The 
additional coverage purchased by agent / is 

C,(/)- C.fi) Y. 

It can be shown that the cost of the additonal Y units can be no greater with 
S' than with S'. With the policy S' obtaining total coverage C^ij) entails by 
Fq. (a) above, purchasing pQ' units of coverage from S. Define A e [0, I] so 
that 

AC,' = Cj' (c) 

This means that with the policy S' buying total coverage C^iJ) involves 
purchasing ACa' units from S. From Eq. (a), 

fxC./ Sa' S2' ! Cj' • C-i' = AC^L 

The difference between the cost of the final Y units via the alternative policies 
is 

■nifi-Ci' + Y) — TT(pC/) — (wfACi* 4- Y) — 7t[XC./)) :> 0 (d) 

by the assumptions on •n-('-). This means that with the strict inequality in (b) 
agent / must strictly prefer S' to S' irrespective of the equality or inequality 
in (d). Since this contradicts the assumption that S' e S(i) the equality must 
hold in (b) and it follows that S'e S(j). On the other hand if the strict in¬ 
equality holds in (d) it still follows that S' must be strictly preferred to S' by 
agent /. Since this cannot be, equality holds and we have immediately that 

S’eSfi). Q.E.D. 

Lemma 8. Let S and S satisfy the hypotheses of Lemma 7. Suppose that 
i > k > j and that S' e S(i) n S(j), then S' e S(k). 
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Proof. Let f S{k) / since C* (0, 0) is possible. Either C'- ' S' 
or C‘ <. S'. 

The other possibilities can be disposed of easily. In either of the above 
two cases lemma 7 implies 

S'cS{k). Q.E.D. 

Lemma 9. Suppo.se that S i.s compact and convex and that SC C. Then for 
each S' p S(i) 


Proof. By definition 

J rci C . , Cl *y. S u S i S' e Af for some C' e 0‘{S u S)| 

.«s,susi--■ 

For each C' c 0‘ there exists S' f S(/) and C[S'] c- 5 such that 

a - .S' i c(S']. 

For each such S' the fact that S is convex implies by Lemma 4 that C[S'] is 
unique. This means that C' is unique for S' and it follows that the numerator 
in the demand element above equals M' ■ I. By similar reasoning the deno¬ 
minator equals ji5^S(/). Q.E.D. 
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INTROIJUCI ION 

It has been early recognized that the existence in the production sector of 
distortions between marginal rates of transformation and relative prices 
might invalidate the traditional conclusions of welfare economics (see 
Lipsey and Lancaster [22J for a defense of this argument). Actually, part 
of the second best literature is aimed at elucidating the normative implica¬ 
tions of the presence in the production sector of distortions which originate 
in policy constraints [5], in fixed taxes [10, 20] or in some degree of monopoly 
power [3]. 

In all of these studies, producers respiond to prices only, and their behavior 
can be interpreted as a “deviant" or non competitive behavior with respect to 
some price vector and formalized through a correspondence which associates 
to this vector a set of production plans (as in [12] or [14]). Clearly, this 
formulation cannot apply to price makers, in particular to genuine mono¬ 
polists whose supplies depend in general on other variables in addition to 
prices. 

Even though distortions created by monopolies were one of the initial 
motivations of this literature, the study of price makers in a second best 
framework remains rather poor. The conventional wisdom is that in an 
economy with price makers it is possible to restore first best Pareto efficiency 
with appropriate taxation schemes. This “tradition” seems to rest on partial 
equilibrium formulations of the problem or on general equilibrium models 
[4] which do not recognize the full complexity of the problem. 

Our work is an attempt at a comprehensive treatment in a general equili¬ 
brium framework of the question of decentralization of Pareto optima in 
economies with price makers where linear taxes are available. The strategic 
behavior of price makers is formalized through a reaction corre.spondence 

♦This wprk has been partially supported by CORDES No. 1.16-77. A preliminary 
version of this paper was presented at the European Congress of the Econometric Society, 
Helsinki, 1976. We thank the participants for their comments. We are particularly grateful 
to an anonymous referee for perceptive remarks and useful suggestions. 
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which in the case of the monopolist has an easy interpretation when he is 
assumed to know the true demand function. New results stem both from the 
general equilibrium approach and from the explicit recognition of a funda¬ 
mental non convexity. 

In Section I, the essential discontinuity of the monopolist’s reaction 
functioji is explained. Then, our basic model and assumptions arc discussed. 
Adopting successively the second best theory point of view and the decen¬ 
tralization point view, Sections II and III develop our theory of optimal 
taxation of a price maker when, in addition to linear taxes, lump sum trans¬ 
fers arc available policy tools. We first show that, in a regular case, a linear 
exci.se tax on the price maker (which turns out to be a subsidy in the case of 
a normal good) enables the Government to restore first best Pareto efficiency. 
However the non regular case is shown to be non pathological. Indeed an 
example of a simple economy where a first best Pareto optimum can never 
be attained is given. The non regular case presents a noteworthy property; the 
corresponding second best situation is generally highly unstable: a small 
variation of the environment or a small error in the choice of policy tools 
induce the price maker to choose a production level which is far from the 
optimal one. In some sense the optimizing behavior of the Government tends 
to lead the system, which would have been otherwise stable, to unstable 
situations (“catastrophic" points). This latter feature is closely related to the 
fact that the maximization program of the agent that the Government 
attempts to control is not concave. An analysis similar to this one would be 
relevant in any control problem involving an agent which has a reaction 
function discontinuous with respect to his environment (this point has been 
stressed independently by Mirriees [16]. Section IV extends the analysis to the 
case where lump sum transfers are not available. Then, distributional and al- 
locational goals become conflicting. The difficulties created by these types of 
question are explored under several distributional assumptions, the Diamond- 
Mirrlees case where profits are 100% taxed and cases where profits are only 
partially taxed. Then, even in the regular case, first best Pareto optimality is 
not in general achievable. The characteristics of the non regular case are 
extended to this situation. Finally some comments on the informational 
a.ssumptions underlying our work are offered. 


I. Prkuminakihs 

I.l. A Main Difficulty'. Discontinuities in the Monopolist's Reaction Function 

The non concavity of the profit function of a monopolist is now a well 
known phenomenon. Such a non concavity induces discontinuities in the 
monopolist's response to changes in the price system and in the parameters 
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of the economy. These discontinuities are the main obstacle to the integration 
of monopoly theory in a general equilibrium setting of the Arrow-Debreu 
type; the need for ad hoc assumptions to obtain convex valued supply 
correspondences has been the major teaching of repeated attempts by Arrow 
[I], Arrow and Hahn [2], Fitzroy [9], Gabszewicz and Vial [11], Negishi [17], 
Laffont and Laroque [13], Marschak and Selten [15] to prove the existence 
of a monopolistic general equilibrium. Recently, Roberts and Sonnenschein 
[18] have told more explicitly the same story by proving the possibility of the 
construction of an economy without any monopolistic equilibrium. 

Beyond the existence question, this discontinuity in the monopolist's 
reaction function has also a serious influence on the normative analysis 
presented here, by requiring special attention to those critical points where 
marginal changes create non marginal consequences. So, as a preliminary 
necessary work, we focus our attention on this problem in the remainder of 
this subsection. 

Consider an economy with L -i I commodities. Good 0 is supplied by a 
monopolist. Goods I,..., L are supplied by competitive firms, and competi¬ 
tive consumers demand all of the goods. Let R, , i == I./, be the income of 

consumer / and let R {R, . Ri). The consumer price vector is denoted 

II (a-,I, tt) c IR, ■: R' and the producer price vector is denoted P 
(/>„, p) r R. < R'' . Let T- IJ P (/„, I) g R >; R^ the vector of taxes. 
Finally let lo(/7, R) be the continuous demand function for good 0 and let 
Ciq, p) be the continuous cost function of the monopolist firm. 

The profit function of the monopolist is therefore: 

'P(/7„ . p, T,R)- p„UP \ T,R) C(UP ' T. R),p) 

Puia(P« i fti'P i L R) — C($u{p» ^ ^0 > P 1 i< R), p) 

The function p, T, R) is in general non concave and we have essentially 
two cases (see Fig. I). 

Case a. Unique maximizing prive. In Fig. la, is the unique maxi¬ 
mizing price of the monopolist. Moreover, as a function of the environment 
ip, T, R),pt is a continuous function, since a marginal change of these 
variables, leading to the dotted curve, induces only a marginal change of the 
monopolist’s optimal price choice. 

Caseh. Multiple maximizing prices. In Fig. lb, two maximizing prices 
exist for the monopolist. Suppose pj is chosen. Then, a marginal change of 
(p, T, R) (leading to the dotted curve) creates a large discontinuity in the 
behavior of the monopolist for whom a value close to pj* becomes optimal. 

Generally speaking, the maximization of his profit function by the mono¬ 
polist determines a price correspondence which associates to every 
environment (p, T, R) a set of optimal prices. Assuming that demand 
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functions are single valued, let be the induced quantity correspondence. 
These correspondences are multivalued and non convex valued at critical 
points corresponding to case b, and they are single valued at regular points 
corresponding to case a. 

Note that the monopoly choice problem can be approached with the 
quantity instead of the price as a decision variable : If 7ro(^, it, R) is the 
inverse demand function for the monopolized commodity, the profit function 
of the monopolist is: 

'Hq, P, T, R) = Mq, It, R) — tolq— CCq, p). 

This alternative formulation does not affect the analysis of the maximisation 
problem. 

Having made explicit the discontinuity of the monopolist’s reaction func- 
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tion, we consider in the next sections the more general case of a price maker 
agent, defined by his price correspondence T, R). 

This formulation may be used in the description of a wide variety of 
oligopolistic competition. In particular in the case of a Cournot oligopoly 
T, R) is the set of agreed prices obtained as Nash equilibria of the 
associated game. 

1.2. General Features of the Model 

We consider an economy with the following physical characteristics. There 
are L -\- \ commodities indexed by / = 0,..., L. Commodity 0 is a final 
commodity. Consumers are indexed by / --I,...,/. Production sets Yj, 
j 0,..., J, are associated with private producers. Y^ denotes the production 
set of the public sector. The general assumptions on preferences and techno¬ 
logy are the following. 

Assumption 1. Consumer / has a monotone strictly concave utility 
function «,(.) defined on a convex consumption set Xj , i 1 ,..., /. 

Assumption 2. The production set Y^ of producer j,j = 0,..., J is convex. 
In addition the production set Y„ of the public sector defined by f{y,) > 0 is 
convex. In addition commodity 0 is produced only by firm 0. 

The set of feasible states of this economy given the technological 
constraints, which we call the set of physical feasible states, is defined as 
follows: 

(x,X>’j)(.yi,) is a physical feasible state iff; 

Xi G Xi, i = I,,.., 1,Pj ^ Yj ,J 0,,*., J, y„ G Yg (I.I) 

i at, f.V, (1.2) 

«--l 1=0 

In the whole paper we suppose that: 

• Firm 0 is a price maker on the market of commodity zero and has a 
competitive cost minimizing behavior on the other markets. All the other 
agents have a competitive behavior on all markets. 

■ Consumers and producers are faced with two different price systems, 
denoted as in the preceding subsection 11 = (ng ,7r), P ~ (p^ , p).(T — (tg , /) 
and R = (R^Rj) denote taxes and incomes). 

Assuifiptions 3 and 4 are regularity assumptions concerning respectively 
demand and supply functions and the cost function of the price maker. 
Assumptions 5 and 6 are local regularity assumptions. 



428 


<;URSNKRtl AND I.AFKONT 


Assumption 3. The utility function «,(.), the indirect utility function 
r,(/y,/?,) and the demand functions /?,) of agent i, / - I,...,/, the 

supply functions T]ji(p) of the competitive producers / I,.--, -A the produc¬ 

tion function J{-) of the public sector, arc continuously ditferentiable in the 
interior of their domains. 

Let 

6(/A R) Y. / A - ^ 

I- I 

J 

'nAP) Y'‘hAp\ I I, .., L 

I 1 

Assumimion 4. Let q be the production level of commodity 0; the cost 
function of the price maker C{q,p) and his net demand on markets 1 to L, 
xAp< v) iire continuously dilferentiable in the interior of their domains. 


Assumption .'i. The (A. /,) matrix A dclined by 


is of rank L — \ , 


‘In- 


^ 'Pi. 


r V, \ / I. 

<Pi. ' A I. A 


AsstiMHTiON 6. The (A I I, A I I ) matrix 5 defined by 
'■'A- 2- I >2. ■ r f'A- l,o' ) 


V- / rf-r . c rf,/ 


PRi! 


which is the matrix of aggregate compensated price effects is of rank L. 

Given the institutional constraints we have just mentioned d feasible state 
of the model considered in this paper consists of consumption plans Xi , 
/ • I,..., A production plans v,,), Vj, j associated 

with (II, P, R) such that: 


'nAp') i- y^i - iAn, R) — x^ > o (i.3) 

x„,^xAp,q) (1.4) 

<I - ^yAP« -f- t«, ir, /?) = 0 (1.5) 

p„sdPfip,T,R) (1.6) 

(1.7) 


Eventually, in the models we will consider, additional constraints on T, 
y „, R will be considered corresponding to different assumptions on the set 
of policy tools which are available to the Government. 
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• If there is no other significant constraint than (1.3) to (1.7), the Govern¬ 
ment can disconnect freely production and consumption prices, decide upon 
the production plans of the public sector and control the income of each 
individual through a program of lump sum transfers. This will be the model 
considered in sections 11 and III 

• In section IV we will assume a more restricted set of policy tools. Lump 
sum transfers will be supposed impossible in subsection IV. 1, i.e. /?, ^ 0, 

/ = I./. In subsections IV.2 and IV.3, non labor income will arise from 

the distribution of the price maker's profit. The assumption of unrestricted 
commodity taxation will be given up subsection IV.3. 


11. Taxing Price Makers When Lump Sum Transfers are Available: 
The Second Best Theory Point of View 

11.1. The Maximization Program 

We assume that the Government can realize any distribution of income 
(/?!,..., Rt) through a program of lump sum transfers. This restrictive assump¬ 
tion has been made implicitly in the whole literature on optimal taxation with 
monopolies. A priori it gives to the Government powerful policy tools for 
solving distributional problems; in particular the question raised by the 
pure profit of the monopolist. The Government may also completely dis¬ 
connect production and consumption prices with linear commodity taxes and 
control production in the public sector. 

Let us first consider a single price maker. Given a social welfare function 

defined by the weights «, > 0, / -- I./, the Government’s maximization 

problem can then be written': 

(I) max ^ \,K,(77,/?,) 

If/ 

s.t. 

Vi(P) + Tw - «) - c/) > 0, / - 1. L (2.1) 

9 - (n(Po -i fo. «) 0 (2.2) 

' The set of feasible states we are considering is such that all markets are cleared through 
price adjustments. We may also interpret the program as if the policy tools of the Govern¬ 
ment were p, T, R and y, and if he behaved as an auctioneer. We assume throughout the 
paper that the set defined by equations (2.t) to (2.5) is non empty and that program (0 
has solutions. We refer to the literature on existence proofs (see Roberts and Sonnenschein 
[18]) for sufficient conditions of existence when taxes are zero. Let us note only that the 
presence of taxes makes the existence question more tractable; for example, when the 
commodity produced by the monopoly is not a “necessary” good, the economy can be 
reduced to an economy without monopoly by using a large enough tax on this commodity. 
Looking at compactness is also outside the scope of this paper. 


642/19/8-14 
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Pd e -ACa T, R) 

(2.3) 

f (}■<,) > 0 

(2.4) 

P 0 TT 0 

(2.5) 


If the producer of good 0 was behaving competitively we know that the 
Government could then be able to achieve a first best optimum. With produc¬ 
tion prices it could control private production locally. With consumer 
prices and lump sum transfers it could control consumption locally. In the 
set of “physical” feasible allocations the Government could then ensure a 
displacement in any direction. Any solution of program (1) would then have 
to be a local optimum of the social welfare function in the set of feasible 
allocations. Moreover, in the convex economy we defined, such a local 
optimum would also be a global optimum, i.e., a first best optimum. 

The introduction of a price makci defined by the correspondence 
raises the question: under which conditions is a solution of program (I) 
still a first best optimum? Consider such a solution. First in the special case 
of a monopolist, we show geometrically and hopefully intuitively that if his 
reaction function is differentiable with respect to the instruments in a 
neighborhood of the solution, it is possible to control locally the production 
vector of the monopolist in addition to the behavior of any other agent. 
Consequently as above, we are at a first best optimum. However, because 
of a fundamental non concavity in the price maker’s profit function there 
are discontinuities in his responses to changes in the parameters. Therefore, 
at the .solution of program (1), the reaction function of the monopolist may 
not be differentiable. Then, such a solution is not in general a first best 
optimum. 

11.2. Local Controllability When the Price Maker Is a Monopolist: 

A ‘‘Geometric” Insight 

We consider in this section a simplified version of the economy presented 
above with one consumer (w, X), and one public firm (private firms are 
excluded). The price taker is a monopolist with the profit function given in 
section. 


0(ci, p, T, R) = [TTuCqr, rr, R) ~ tf,] q - C(q, p). 


The vector e -{p, T, R) defines the environment of the monopolist. We 
will see that the Government, using the available policy tools, is able to 
have local control of the economy on the relevant “physical” feasible set 
around initial situations where the production of the monopolist is regular. 

Let us first define precisely what is a regular production plan of the mono¬ 
polist. Let Tq be the boundary of the monopolist's production set. The set 
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A„ of attainable regular production plans of the monopolist is defined as 
follows: 

V(i " (<7, jfo) 3e = (p, T, R) such that: 

- Qo(.-) is single valued and continuous at (c). 

- q Qo(P,T,R\x„ x[p,q) 

• the profit function 0(., c') is differentiable for any e' in a neighborhood 
of c. 

Ao is the set of production plans which are optimal for the monopolist for 
some state of the environment and in which small perturbations of the 
environment induce smooth reactions of the monopolist. 

Consider then a state {yn , y, x) of the simplified economy such that: 

.V ■ i(n, R\ y„ -- (ij Qa(p, T. R ),.?« x(p, </)), posA ,,, 

X =-■ y,, i y„. 

Vo, y,,, x is a feasible state of the model associated with equations (2.1) to 
(2.5); it has the additional property that j?o e/l,,. 

The following lemma states that in this case, the Government, using 
adequately the policy tools, can induce the agents to choose any 3-uple 
Vo e S'* y,|, y, 6 Y„ ,xe X close to yo, y«. x and meeting the constraints .v - 
y„ 4 - y„. In other words, all agents can be induced to change their demands 
and supplies in any relevant direction compatible with technological and 
scarcity constraints. 

Lemma I. Let y„ ^ (9, .Vg),y„eyin associated with (p,T,R): let x-- 
f(77, R), yi,e Y,, such that x - y„ fJo- Under A) to A4 for any {.I'o - = 
Uh A'«). y« - x} £{Jf''(yo) -8''^,} X {/ (yg) n Y,} X {'t (x) n X] such that 

X 4 y'n 4 y,j {where T'( ) are appropriate neighborhoods of{.)) then there exist 
{p, T, n, R) close to (p, T,n, R) such that x - R), q - Qfp, T, R), 

An - .Vo(p, q). 

Proof. It is clear that there exist {IT, /?)cIose to(77. j?)such that.v- ^(77. R). 
Since yo^ T'^(yo) ^ B*Yo, there exists p close to p such that .y„ = x{p, q). 
Furthermore, considering the first order condition of maximization of 
profit (801 Bq) = 0 

to ^ (<?. TT, R) q -i ■7T„{q. w. R) - - {q, p) 

where the.right hand side defines, for (rr, R,) p close enough to (tt, R, p), the 
optimal tax r„-close to ?o since the right hand side of the above expression is 
continuous in all the variables-which induces the monopolist to produce 
g. Q.E.D, 
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Let US now consider "C," (a*, optimum of our one consumer 

economy with monopoly, associated with e* and such that a'* - R*). 


I’ROPOsiiiON. Let I* utt optimum of the one consumer 

economy ikjined by equations (2.1) to (2.5) and associated with a regular Vu*^. 
Then, under A 1 to /14, on the one hand A'(a*) {.y t X, x > a'*'] and Xo i - y*, 

and on the other hand Y„ yj and A'(a'*) are locally separated. 

Proof. Let us suppose for example that K„ : y,* and X(x*) are not 
locally separated. Then, there exist a' e A'(.y*) such that .y' y^ -1- y^ for 
some ,i',| close to y,f But the preceding lemma asserts that y^, yj, .y' is a 
feasible state of our model contradicting the optimality of A similar 
reasoning applies for T,, • y,f and T'(a*). Q.L.D. 

It follows that, if and )'„ are convex, we have in addition that: 

77' • y,' ■ 77 ‘ ■ y,, V r„ e K„, II* ■ JI* ■ y„ V Vn c: K,, 

and that is a first best optimum. 

These propositions are straightforward consequences of lemma 1. A state 
where the monopolist's production, public production and private consump¬ 
tion can be locally controlled in the sense of lemma I, can be improved upon 
in the sense of some social welfare function as soon as it is not a local maxi¬ 
mum of the first best problem, (i.c. as soon as it is not a first best optimum 
because we are in a convex problem). Hence second best optima occuring at 
regular production plans are first best optima. 

However, lemma 1 does not hold when yot this case the Govern¬ 

ment can only modify the monopolist’s production plans in some directions 
depending on the associated changes in consumption and incomes. Hence 
the second best allocation where yj will not be (generally) first best. 

We will see in the next subsection, that this analysis is general. Two different 
characterization theorems are obtained according to whether the production 
plan of the price taker is regular or not. In the first case, first best Pareto 
optimality is restored. In the second case, optimality conditions are more 
complicated and shadow prices to be given to public firms are no longer 
consumption prices. 

11.3. The Regular Case. Genera! Results 

We generalize in this subsection the above results to any type of price 
maker. We observe that a characterization of the maxima of program (I) can 
be obtained through standard techniques only when at the optimum the 
correspondence ‘s single valued and differentiable. Indeed we have: 
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Theorem J.® Let (/»?,/’*, T*, R*) be an optima! solution of program (1) 
with (/>o, />*) 0. Under A 1 — AA, if in a neighborhood of (p*, T*, R*), the 

correspondence .'^u reduces to a single valued and continuously differentiable 
function such that /uXp*» T*, R*) ^ — I, if AS, A6 arc satisjied at the 

optimal solution, then the corresponding state is first best Pareto optimal. 
Moreover T* can be normalized so that only commodity 0 is taxed. 

Proof. The Lagrangian of program (1) is: 

^ ^ Y. x,-yfP i T, R,) !- X p,Mp) ^ }■■«> - ii(Po + 

i€/ 

- ■T,(p, qr)] 1 Pol- ioiPo I fo’P 1 f?) i 

+ ^fPa - ■^o(P' i'- ^)] I- pfiy^ + '>P + 

where T, R) is a continuously differentiable function which coincides 
with in a neighborhood of (p*, T*, R*). 

Monotonicily of preferences and availability of lump sum transfers imply 
f(y*) -- 0, p* > 0, II* ^ 0. Hence, as p* 0. the Kuhn and Tucker condi¬ 
tions reduce to 




V /V V n* 4 A* 

iel ^Po (-0 ‘ "o 

= 0 


(2.6) 


Ul 

^^0 1 0 ^*0 ^*0 

. - 0 


(2.7) 






(2.8) 

ay, 

' (>Pk 

L 

-I 

_* v" -* / ] 

^Pt ,“i ' ^Pk ^Pk 1 

l-A* 

P^?0 

p'pk 

= 0 




k 

-1,. 

..,L (2.9) 

!«.• 
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8t,c 
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,L 
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ft 

y p* A* = 0 

8R, dR, 

i E, 

I 

(2.12) 


'Throughout the paper, the regularity conditions of the Kuhn-Tucker theorem are 
assumed to be valid. 
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Observing that cV, ip^, = f i$,!cpu - r|;/f /() and subtracting (2.7) 

from (2.6) wc obtain 

['' 

Therefore, if (' i^a'ila ~ !■> "'e get 

A* 0 (2.14) 


Observing that iVJ'fPk - and i'iilipi. -- , we subtract 

(2.10) from (2.9) and using (2.14) we have: 




k I. L 


(2.15) 


Krom the homogeneity of degree zero of and Xi(.\ I - I,..., L and the 
symmetry of the Jacobians of ij, and x, we have 

which implies with assumption <45; 

pf -kpf / I....,/. (2.16) 

Now, multiplying equation (2.12) by ^*k,iel and adding all these 
equations to the Ath equation of (2.10) wc obtain; 



Since, from Roy’s identity 


_ _ e* 

8tk SR, ’ 


(2.17) reduces to 
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But, since c^njSRi is by the Slutsky equations the derivative 

of the compensated demand function evaluated at 77*, we have 


then, from A6, 



k'n* ^ p* 7-0,),..../. 
which, with (2.16), implies: 



From (2.16), (2.20), (2.8) we have: 


'k 


Inr 


cq 


tc 

tq 




( 2 . 20 ) 


( 2 . 21 ) 


( 2 . 22 ) 


where C{q, p) is the cost function of the price maker firm. 

Therefore, the production plan of the price maker would be competitive 
with respect to the price system {(k'lk)-n^,pf,...,pl). 

Also (2.11) implies with A2 that the shadow prices of the controlled firm 
are p*, / • 14 and that p*y* ^ p*y„ for any >•„ such that/(y„) 0. 

It follows that the production sector behaves as if it were competitive with 
respect to the price vector 


P*--=ick<^PX . Pl) 

Similarly, consumers face the price system {'rra,(klk')pt . {klk')pf_) 

which is proportional to P*. 

Hence, the economic state [(^,(/7*, /??)), qi(p*), (y*), q*, (x,(p*, q*))] is 
an equilibrium and therefore (with Al)a Pareto optimum (cf. Debreu [6]). 

Since there is one degree of freedom in choosing the norms of the produc¬ 
tion price vector and consumption price vector, we can select k, k' such that: 

n* = pf, I 1. L 

The only taxed commodity is then commodity 0 and from (2.22) 

C - -Po* <2.23) 

Q.E.D. 

The theorem calls for several remarks: 

(a) Beyond the use of different techniques, the same ideas underly the 
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proof of theorem ) and the more intuitive analysis of the preceding subsec¬ 
tion: Assumption 6 together with # —1 assures that through the use 

of lump sum transfers consumers’ demands can be induced to move in any 
direction. Assumption 5 plays the same role for feasible directions of supply 
changes for all goods but good 0. Finally the assumption yoeA„ is here 
replaced by the existence of . single valued and continuously dilferen- 
tiable. 

(b) The assumption T*, R*) ^ —1 means that locally the 

Government has the power to influence the consumption price -n-,,; if 
(p*\ /*, R*) -= -I any move of is counteracted by an opposite move of 

Pi> ■ 

This assumption is sufficient to exclude some types of behavior which would 
here result in inefficient allocations whatever the economic policy, even in the 
regular case. Let us construct an example of such a behavior. Consider a 
model in which the price maker desires to achieve an a priori given level cj of 
commodity zero, whatever the environment. Suppose that there exists 
ttiXp, t. R) such that for any {/?, /, R): 

^ A L 

The price making behavior is characterized by; 


Pu ^ - ’TbC/j, /, R) — to 

Here — 1; such a case is excluded by our assumption (which is 

clearly not a necessary condition). 

Observe finally that in the case of the monopolist mentioned above, this 
assumption reduces to ^ 0. It is always satisfied because of the 

monopolist’s behavior who maximizes profits. 

(c) The first part of the analysis rests on the description of feasible 
states of the economy associated with (2.1)-(2.5). Program (I) does not make 
any assumption on the reaction function beyond the assumption that the 
demand for commodity 0 is satisfied by the price maker. This is the case if the 
price maker communicates his reaction function, whatever it may be, to a 
“referee” and in counterpart is constrained to satisfy the demand he is faced 
with. It is also the case if the state which finally occurs fulfills the price maker’s 
expectation, i.e., if the reaction function is “true” at the optimum, 

p* e T*, R*), q* e Qo{p*, T*, R*) 

In general, it is so if the reaction function is derived from the knowledge of 
the true demand function (see also the concluding comments). 
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11.4. More on the Monopolist Case. 

We will now focus the attention on the case just mentioned of a single 
monopolist who knows the true demand function. 

Theorem 2. Let us consider the same optimum and the same assumptions 
as in theorem 1. Then, the appropriate rate of subsidy on the monopolized 
commodity which restores Pareto efficiency, equals the inverse of its demand 
elasticity. 

Proof. 7 he first order condition associated with the monopoly problem is 
(see Section 1)^: 


R*) t p* (/ 7 *. R*) - ~ {q*, p*^ ( 77 *. R*) -- 0 ( 2 . 24 ) 

cpa r.q c.p^ 


Since i fal^Pa 0 is excluded we have: 


(2.25) 


remembering that the price elasticity of the demand for commodity zero is 




Po 

io ^Po 


and using (2.23), we finally obtain: = ie*y^p*. Hence the result if we 
define the rate of tax as (tolPa). Q.E.D. 

If the good is normal the tax is negative; it is a subsidy. If the good is not 
normal, the tax is positive. However, in that case it might be in the interest 
of the monopolist to quote a high price and satisfy only part of the demand. 
To stick to our model he should then be constrained to fulfill all the demand. 


Corollary 1 . Under the assumptions of theorem 1 , if taxing the good 
sold by the price maker is not allowed, appropriate taxes on the other goods 
restore Pareto efficiency. In the case of the monopolist, these taxes are given by. 


1 - ^ • 


* The reaction function of a monopolist around a point where it is univalent is locally 
defined by the first order condition (2.24). Moreover, in a neighborhood of such a point, 
profit is strictly positive; V' = 0 at a positive level of production is excluded by the differen¬ 
tiability assumption since we have in that case at least two optimal policies, another one 
corresponding to a zero production level. 
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Proof. The proof goes through to the last paragraph as in Theorem I, 
where a dill'erent normalization of prices is chosen, namely tt„ - p„ 

From (2.20), (2.16) 

tf -rp; / 

with 

k“ . (k - k'yik'. 

From (2.20), (2.16), (2.8) we have; 


(k" i I) £ =p*. 

/I * 


Using (2.25) we obtain: 

(r -i f; (.I;.)*' 



Q.E.D." 


Theorems 1, 2 generalize immediately to the case of several price makers, 
each one choosing the prices of his own subset of monopolized goods. 
However, corollary I clearly does not generalize. 

In the case of a price maker producing for intermediary as well as final 
demand, it is left to the reader to verify that if the monopolized commodity 
is sold at consumer prices to competitive firms, the same results as above 
obtain, where fo the demand for good 0 by consumers and com¬ 

petitive firms. However, if on the contrary it is sold at producer prices, 
Pareto efficiency cannot be usually restored by a tax-system. 

Coming back to the case of the monopolist producing for final demand, it 
is clear that if there is a single good (such as leisure) which cannot be taxed, 
the same results as in Theorems 1, 2 still obtain since we have one degree of 
freedom in the normalization of prices. Tf at the same time, a good, say good 1, 
cannot be taxed =- 0 and the monopolized good cannot be subsidized 
to ^ 0, Pareto optimality cannot be restored in general. 


* Since SClBg > 0, p, + (,j(8(J3p„)-^ > 0 from (2.24) hence I — l/^o > 0, i.e. at the 
optimal production level, the absolute value of the elasticity of demand is always larger 
or equal to one. Therefore it' > 0 (< 0) when the good is normal (not normal), paralleling 
the comment made on theorem 2. 
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We already discussed the fact that our formulation of the price making 
behavior was consistent with the existence of several firms deciding jointly 
on the price to be quoted. However, Theorem 1 assumes that there is only a 
single price maker producing efficiently: the reader will notice that this 
assumption is used for obtaining formula (2.22). When there are several 
price makers two cases have to be distinguished: 

— I n the first case, the supply of the group of price makers is efficient (rela¬ 
tively to the total production set of this group): This is the case for example 
when the price maker sector consists of identical firms—i.e. firms with 
identical production sets—forming an oligopoly “a la Cournot” and when 
only the symmetrical Nash equilibria—i.e. those corresponding to equal 
shares of the total production for all firms—are considered (see Ruffin [19]). 
In this case. Theorem I remains true and Pareto optimality can be restored; 
the set of price makers can be identified with a single fictitious price maker 
whose production set is the sum of the individual production sets and the 
argument of Theorem I applies. 

— In the second case, the supply of the group is not efficient; since policy 
tools do not discriminate among oligopolists, first best Pareto optimality 
cannot in general be restored. In addition, the K.uhn-Tucker multipliers of 
the associated program which are the shadow prices to be given to public 
firms for the production of commodities 1,..., L, are neither proportional to 
production prices nor proportional to consumer prices. 

11.5. What Coes Wrong in the Non Regular Case 

Consider first the case of a monopolist. Let C* =(/»o.P*. T*,R*) be a 
maximum of program (I) where is not single valued. This means that at 
e* (p*. T*, R*), the maximization of profit by the monopolist yields 
several maxima among which (say 2 and let us call them pi* -= Po and 
We also suppose that in a neighborhood of e*, there are around 
pI*, two continuously differentiable branches denoted on which 

the necessary conditions for maxima of the monopolist's profit are satisfied, 
is necessarily an optimum of the following program: 

(II) max ^ ix,k',(/7, R,) 

»€/ 

TliCp) t-9) > 0 1-1 . L (2.26) 


9 - fo(Po‘ + h,n, R) ---- 0 (2.27) 

Po* = ^o*(P, T, R) (2.28) 

Po* i^o*(P. T, R) (2.29) 

nPo\ P. T, R) > p, T. R) (2.30) 

fiy,)>0 (2.31) 

^ 0,7T 0 (2.32) 
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Let (p ), A, I, A] . A™ , T, /A be the multipliers associated with (2.26) to (2.31) 
respectively. 

.Ml the functions written in this program are now supposed to be diHeren- 
tiablc, and the standard Kuhn and Tucker approach can be used. 

Comparing with subsection 11.3, one sees that the presence of the (generally) 
non zero multiplier t associated with the constraint (2.30) prevents A,, the 
multiplier associated with the constraint (2.28) to be zero. This expresses 
here the fact already noticed that the production of the monopolist is not 
locally controllable. Consequently none of the results mcniioned in subssection 
11.3 obtain. In particular, it must be emphasized that the shadow price to be 
given to public finm are neither the production prices (hence production 
elficicncy no longer necessarily holds) nor the consumption prices. 

In view of Guesnerie [12], where deviant price takers—whose supply 
functions depend only on production prices—are studied, the fact that 
production ellicicncy does not hold here is not surprising. Monopoli.sts when 
they are not fully controllable appear as generalized deviant agents. 
Production prices have two functions, allocation of production and control 
of deviants. Consequently it may be desirable in order to perform better the 
second function, to have production prices different from the shadow prices 
given to public firms. 

However, in Guesnerie [12], it remains desirable, even in genuine second 
best situations, to have the shadow prices given to public firms equal to the 
consumption prices. Intuitively, this difference can be seen as follows. Here, 
the “imperfect” controllability of the price maker can be improved by 
eventually introducing distortions within the consumers-public production 
sector, since, through the demand function the objective function of the 
price-maker depends on incomes and consumption prices. On the contrary, 
in Guesnerie [12] nothing can be gained from such distortions since the 
objective function of the price-taker depends only on the production prices 
which can be controlled independently of the instruments used to control the 
consumers-public production sector. 

Let us finally notice that the reasoning presented here from program (II) 
applies to any price maker which has a differentiable objective function. 


III. Taxing Price Makers When Lump Sum Transfers are Available: 
The Decentralization Point of View 

III.l. Decentralization of First Best Optima in an Economy with Monopoly. 
The Problem 

A superficial view of the preceding results could lead one to believe that in 
a given economy, the presence of monopolies does not prevent the attaine- 
ment of almost all first best optima. Such an assertion could be defended on 
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the following grounds: the situations where the monopoly's optimal deci¬ 
sions are multivalued-the fact that decisions are single valued and con¬ 
tinuous is the main requirement for proving theorem 1, differentiability being 
only a technical matter—are in some sense negligible; for most demand 
functions , case b of section 1 occurs only for values of {p, T, R) which are 
of Lebesgue measure zero. Hence, theorem 1 would apply almost always. 
Such a conclusion which is more or less implicitly supported in the literature 
is not correct. The first part of the argument is right but it does not imply the 
second part. 

In order to clarify this important point, vve shall take a complementary 
point of view, the decentralization point of view. Considering in a given 
economy a given first best Pareto optimal state, we ask: is it possible, with 
only linear taxes, to decentralize this Pareto optimal state when commodity 0 
(which is a final commodity) is produced by a monopoly? 

Let ? be a first best Pareto optimal state of the economy defined in Section II 
with a strictly positive production of commodity zero, and let (a',(^)). 
(3’;(0). .Vii( 0 be respectively the consumption vectors of consumer /, / - I,..., 
1, and the production vectors of the Government sector, the competitive sector 
and the firm producing commodity 0. Let us assume that this Pareto optimum 
can be decentralized with a unique price system P(l) - (Pi,(0>KC))> and 
consequently with a unique vector of incomes •. RAO- such that 

.v,(D ■ $AP(0-m)\ yAO nAfAO). yAO - v,(p(0\ yAO -vAP(0)-° 

If all firms, except the firm producing commodity zero, arc competitive, is 
it possible to decentralize this Pareto optimum through an appropriate 
taxation of the monopolized commodity? 

Let us consider the profit function defined in Section I: 

p, t, t„ , R) -■ 77-, R) - r„] q C{q, p) 

Since Pareto optimality requires the proportionality of consumer and 
producer prices tt, , pi for / I,--- T, it is enough to consider the taxation 

programs which tax only commodity 0. Clearly, a necessary and sufficient 
condition for ^ to be decentralized, despite the presence of the monopoly 
is that there exists /„*' such that 0(f/, p(0,0, rj,/?(0) reaches a positive 
maximum at q t/n(C). If we call 4) the profit maximizing production 
levels of the monopoly when the tax is r„ and with demand and price condi¬ 
tions associated with ^ is decentralizable when f/„(0 belongs to the range of 
the correspondence QAt-, to)-* 

The possible non decentralization of ^,,(0 seems intuitively to be linked to 
the non concavity, with the possibility of jumping from one level of produc- 

‘ As denotes the competitive supply function of competitive firm y, ij,, % respectively 
denote the competitive supply functions associated with Y, and V,, , the production sets 
of the public sector and of the monopoly. 

* Obviously </,(£) 6 0„(C, O is impossible for /„ < —Po({). 
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tion to another level when varies, never choosing intermediary values 
(sec 111.2). from this point of view, the possibility of being unable to de¬ 
centralize a given Pareto optimum does not appear any longer to be patho¬ 
logical (see III.3). 

111.2. Sufficient Conditions for Decentralization 

In the next theorem, we give conditions on the characteristics of the given 
Pareto optimum which make it decentralizable. 

Tm.ORr.M .3. Let C he a Pareto optimum for which the production q* = 
t/o(0 of good 0 is positii'c and such that: 

a) The profit function 0(q, /„) exists, is strictly concave and dif- 

fercntiahle with respect to q c ]0, oop, 

b) {iC!i;q)(q*, p(c)) q* — C{q*\ p(l)) — (iiTjt'q)(q*, R(.C)) ■ 

q*~ 0 . Then C is decentralizable. 

When there are several decentralization prices, this result must hold for one 
production correspondence constructed from one decentralization price. 

Proof. Given a) a necessary and sufficient condition for q* to be chosen 
by the monopolist is: 

0{q\ 1. O ' 0 

(q\ I, O 0 

But {i ^ldqffq*, /,,) = (c7Tj(q)(q*, n. R) q* 4 7T„{q*. tt. R) — t,, - (cCli'q) 
(q*, p) 0 where w, p, R are /»({)> 

Let us choose: 

C («/*. </* * ^ («/*. P) 

This t* is admissible if moreoverto) 0, i.e. [7ro(^*, n. R) — ?□ ] 
q* — C(q*, p) ''' 0 or 

- f Ul*- /»)<?*- C(q*, p) - (q*, n. R) q*^ 4 0" Q.E.D. 

('q 

• The profit function is written here as a function of q, t„ and i which summarizes the 
other characteristics of the given Pareto optimum. Its existence relies on the invertibility 
of wo(‘). Observe also that a profit function strictly concave in q for a value of /„ is strictly 
concave for any /o. 

" The same result obtains more generally if dQa‘bt„ -f- 0 since 
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Remark. The condition b) is particularly simple if the production set of 
the monopolist is convex. Then, 

~'oq ~ - ^ 

so that a sufficient condition for decentralization is (besides a): 

{q*. TT, R) 0 
oq 

i.e. that the monopolized commodity be a normal good at the given Pareto 
optimum. 

111 . 3 . Examples of Non DecentralizaMe Pareto Optima 

(1) An example of a unique Pareto optimum which is not decentralizable. 
Let us consider a positive number q* and a function ^f^q) (which is to be 
interpreted as the inverse demand function) with the following property: 

For 

'iV*. Mdi) - 8^o(^*) 

Observe that: 


-- 'o] 3^* - iq* > Wy,(q*) - ti>] q* - q* 


is equivalent to: 


l^oUl*) > 4fo ~ 4 


[8^o(^*) - 'o] - jQ l^aiq*) - '»] q* - q* 


is equivalent to: 

^„lq*) < 4.5f„ 4- 4.5 

In view of these inequalities, whatever 4, a monopoly faced with such an 
inverse demand function ^aiq) ^tid having a linear cost function, will prefer 
either </i or (or both) to q*. Consequently, he will never choose q*. 

Now, let us consider the following simple economy: there are two com¬ 
modities labeled 0 and 1; 0 is a consumption good, 1 is labor. There is one 
firm producing commodity 0 from commodity 1, with constant returns to 
scale (the transformation curve isy„ ) j’l 0). 

There is a single consumer with preferences such that the only optimum 
of the economy corresponds to the production plan =- 1, i f == — 1; the 
demand for commodity 0 when the consumer is faced with the price system 
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[.5, I] is 3 and the demand for commodity 0 when the consumer is faced with 
the price system [8, I ] is -j’u- 

(In Fig. 2. a family of indifference curves meeting these conditions is 
constructed). 

In such an economy, if the firm is a monopoly, there exists no tax scheme 
which enables the decentralization of the unique optimum, since from the 
discussion above the producer will never want to produce the plan [._}]. 

The indifference curves are constructed so that: 

■ The slopes of the right hand side of the indifference curves passing 
through A, B, C are identical and take a value between - and 0; 

■ the left hand sides of the indifference curves passing through B, A, C 
haves lopes which are respectively between --,V and —1, —1 and —2, —2 
and — 00 . 

The.se indifference curves can be appropriately completed to repre.sent a 
continuous quasi-concave function. Also, a differentiable quasi-concave 
utility function could easily be constructed to give A, B, C as tangency 
points. 

(2) Example where no Pareto optimum is decentralizable. Consider an 
economy with 1 consumers, two commodities (commodity 0 and commodity 
1) and one firm. All consumers have the same utility function: 

(/(.Vu, .V,) .v„.Vi if .Yg 

-- .v„ if .Vg < 


L.dmiodily D 



FiGURI: 2 
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The endowment of the economy in commodity I is 1 and the technology 
is such that>’o r yi -= 0. 

Let (tt, 1) be the normalized consumption price vector. Good 0 is sold by a 
monopolist, (tt identifies here with w# of general notation.) 

In this economy, all Pareto optima are associated with a production of 
commodity 0 at the level The decentralization price vector is (I, 1) so that 
total as.sociated income is always I. 

Let (Ri . Ri) be the vector of income in the economy. The demand func¬ 

tions for commodity 0 are easily derived as: 

I) - ^ if TT < 2 

- ifTT '2./ 1./ 

2 r TT 

At any Pareto optimum, X! i Ri R -- I and the profit function of the 
monopolist can then be written as: 

^ - ■ I — ( 1(1 4 - 1) ^ if TT < 2 or f/ > i 
1 — (t„ j 3) if TT : j 2 or </ ^ ]■ 

From the profit function pictured in Fig. 3, it is clear that there exists no 
tax system such that the monopoly agrees to produce q - .L Hence, the 
result. 

Note that, with a lower bound e on the production set of the firm, there 
would exist in this economy a monopolistic equilibrium at </* e for any 
tax ta ’ —3. 



Figure 3 


642/19/2-15 
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Let US comment somewhat on this example. If there is no subsidy or if the 
subsidy is too small, the monopolist wants to produce a minimal amount to 
exploit the fact that commodity zero is a necessary good. The Center then 
tries to have the monopolist produce more by increasing the subsidy (here 
without success) and at some level of subsidy the monopolist would like to 
produce an infinite amount. 

In designing the optimal tax there is clearly a tendency to stop the increase 
of subsidy at a point where further increase would involve a jump in behavior. 
The monopolist does not produce enough; one attempts to have him produce 
more and stop the level of subsidy at a point at which he is ready to jump to 
an excessive production. 

Hence, in this case, the optimal taxation always puts the monopolist at a 
“catastrophic” level of production (the catastrophy is not due to special 
values of exogenous variables, but is the result of the optimal choice of the 
control variables). The study of the generality of this result would certainly 
deserve further work. 

(3) f/rsr conclusions in the case where lump sum transfers are available, (i) 
In the “good” regular case, first best Pareto optimality can be restored with 
linear taxes. In the “bad” case (not regular), maximization of a social welfare 
function leads to a genuine second best. Furthermore, the production of the 
price maker in such a state is highly unstable with respect to small changes of 
the environment or of the control variables. No simple results concerning 
optimal taxation and optimal public production can be exhibited. 

(ii) When the profit function of the monopolist is not concave, the 
“bad” case cannot be viewed as pathological. It will be often the case that by 
varying the weights of the social welfare function, bad case and good case 
will successively appear i.e. from the decentralization point of view that a 
subset of first best Pareto optima will not be reachable. 

These conclusions can be illustrated through the following diagram in a 2 
consumer, 3 good economy (Fig. 4) 

■ In Fig. 4, we represent in the space of utilities on the one hand the at¬ 
tainable levels of utilities in the physical model, the upper frontier of which 
is the solid curve OO' (corresponding then to first best Pareto optima); on the 
other hand, the attainable levels of utilities when linear taxes can be used in 
an economy with a price maker, the upper frontier of which is the dotted curve 
ABCDEFO'. 

The solid curve and the dotted curve coincide on CD and FO': the cor¬ 
responding first best optima are decentralizable in the model with a price 
maker. The solid curve and the dotted curve differ on ABC, DEF. Social 
welfare functions leading to such optima in the utility space give second best 
situations. 
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• Figure 5 visualizes on the production frontier of the monopolist the 
path of the monopolist’s optimal production plans associated with the optima 
ABCDEFO' of Fig. 4. 


448 


OUKSNtRIE AND LAFFONT 


The solid lineOO' associated with OO' in Fig. 4 represents production plans 
associated with first best allocations: under standard assumptions it is a 
continuous line. 

On the contrary the dotted line ABCDEFO' corresponding to the mono¬ 
polist's optimal production plans in the model with linear taxes is dis¬ 
continuous: on the figure it jumps at B and K which correspond either to 
discontinuities in the control variables or in the responses of the monopolist. 

This dotted line coincides with OO' on CD and FO' where the monopoly 
response is stable, while it is unstable on ABC, DEF. 

Let us finally notice that the topological properties of the line ABCDEFO' 
suggested in Fig. 5 have to be considered as illustrative. A more precise 
study of discontinuity points would be needed. 


JV. lAxiNti Prici Maklrs: Thf Intfraction of Ai.i ocationai and 

OisTRinuTioNAi. Issues 

1 he developments of the preceding sections rested on the assumption that 
lump sum transfers were feasible. This assumption, which allowed us to put 
aside distributional issues and to concentrate on the corrective role of taxation 
in the allocation of resources, is now given up. 

IV.I. A "Diamond-Mirrlees" Economy 

We first consider an economy “a la Diamond-Mirrlces" [8] in which 
there is a price maker producing for final demand. 

The feasible states of the economy are defined by the following system of 
inequalities: 


’?!(/>) i 0) .V,(p, c/) ; -0 / I. L (4.1) 

<7-|,(/f,0) 0 (4.2) 

Pa c 'F, 0) (4.3) 

fiy.) P 0 (4.4) 

p 0,5T j • 0 (4.5) 


where 0 is the vector (0.0) of non labor incomes. 

A system of indirect linear taxes enables the Government to disconnect 
the production and consumption price systems. Profits of competitive firms 
and of the price maker are 100% taxed so that consumers have no other 
income than their labor income, i.e., i?, = 0, / = 1,..., I. This latter hypo¬ 
thesis rules out part of the distributional problems created by the existence 
of a monopoly which are related with the distribution of its profits to share¬ 
holders. Therefore, the model of this section must be considered a step in the 
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process of understanding the more realistic but more complicated model of 
subsections IV.2, IV..1 in which profits are distributed. 

Let us consider the two following maximization programs: 



max}] \.,y,(ll,0) 

IP) 

under (4.1) to (4.5) 




max }] n, yfU, 0) 

(P') 

under (4.1), (4.4), (4.5) and 




UIL 0) <- ,„(/>) (4.6) 


where is the competitive supply of commodity 0 when the production 
price system is P, i.c., the supply of a competitive firm which would have the 
same production possibilities as the price maker. 

(P) is the program to consider in an economy “a la Diamond-Mirrlees" 
when commodity 0 is produced by a price maker and (P’) is the analogous 
program when the supply of commodity 0 is competitive. 

A partial characterization of the maxima of program (P) is given by: 

Theorem 5. Let (P*, r*, v*) he an optima! solution of program (P) with 
P* ^ 0. Under A I to AA, and under regularity conditions on demand [of the 
Diamond-Mirrlees type)", if in a neighborhood of that optimal solution the 
correspondence .Pg reduces to a single valued and continuously differentiable 
function such that (<':^ol('t„)(p*, T*, R*) r/. _i, and if A5 is satisfied at the 
optimum, then: 

(a) The shadow prices associated with the optimal production plan of 
the public firm coincide with the production prices. 

(b) The optimum of program (P) satisfies the Kuhn and Tucker condi¬ 
tions of program fP'). 

Proof. It is easy to see that the necessary conditions associated with 
program (P) are formally identical to conditions (2.6) to (2.11) of Section 11. 
p* ' ■ 0 is here assured by the Diamond-Mirrlees demand conditions. It 
follows that the dual variable A'*' associated with constraint (4.3) equals zero. 
The argument leading to formula (2.16) can be repeated. Hence: 

p* kpT. /==!. L 

” Su(;h« condilion requires that there is one consumption prices move which would be 
agreed upon by all consumers; it is fulfilled if for example each consumer has a po.sitivc 
net demand for one good, and it assures here that efficiency in the production sector alone 
is desirable. Sec Weymark [27]. 
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From (2.8). vve have: 


where 


Po ■' ^P« 


P« 





is the marginal cost of producing commodity zero. 

Let (pi, . pi) be a vector of dual variables associated with an optimal 

solution of program (P'). It is immediately seen that the optimal solution of 
program (P) satisfies the Kuhn and Tucker conditions of (P') by choosing 
p\ /)f, / - 0,..., L, as defined above. Q.E.D. 

1 heorcm 5 states that at an optimum where the response function of the 
price maker is dilTerentiable, production must be efficient (a) and the op¬ 
timum is a local maximum “a la Diamond-Mirrlees” (b). 

I'he optimal tax on commodity 0, t * — irf - • pj, equals now the sum of a 
“corrective” tax pj and a distribution tax (ttJ - p„) “a la Diamond- 
Mirrlees” on which nothing general and independent of the normalization 
rule can he said. 

If the differentiability assumption on docs not hold at the optimum of 
the program, the necessary conditions must be derived along the lines 
investigated in subsection II.5. The reader can easily see that, generally in this 
case, production efficiency is no longer desirable, the response of the price 
maker is unstable with respect to the value of policy tools and the tax formula 
arc no more of the same form as the tax formula “a la Diamond-Mirrlees” 
obtained in theorem 5. 

There are no grounds for asserting that an optimum of program (P) in 
theorem 5 is a jflobal optimum of program (P'). It was only proved that it 
satisfies the Kuhn and Tucker conditions of program (P'). Contrary to what 
happened in section II, necessary conditions are not sufficient for obtaining 
a global optimum. 

Given a second best Pareto optimum solution of program (P') one may 
ask, as in section III, if it can be decentralized when firm 0 is a monopoly. 
A sufficient condition for decentralization similar to the one derived in 
theorem 3, is easily obtained. However, the similarity with sections II, III 
should make clearly non pathological the fact that some second best Pareto 
optima corresponding to the Diamond-Mirrlees assumptions are not de- 
centralizable when commodity zero is produced by a monopoly. 

The reader will find useful to illustrate these conclusions with diagrams 
similar to the ones presented in section III. 
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IV.2. Distribution of Profits with a Complete System of Taxes 

The next step is to give up the assumption that profits of the price maker 
are taxed 100%. We consider now the case where the profit of the mono¬ 
poly, B, is distributed to consumers according to fixed shares = 1) 

and where consumption prices and production prices can still be disconnected 
with a system of linear indirect taxes. 

A feasible state of the economy is then defined by a vector (77, P,R, B, 
(/, y„) which satisfies 


Vi(p) + .v«t - un, R)-x,(p,q)- 0 / - 1..... L (4.7) 

ijll, R)-q - 0 (4.8) 

p„e;P^(p,T,R) (4.9) 

f(yfi>0 (4.10) 

B-p„Un,R) \ C{q,p-) -^Q (4.11) 

R; = 0iB i=\ . I (4.12) 

B - 0,p„ r.0,p >.0 (4.13) 


Consider a feasible state of (4.7) to (4.13); the price quoted by the monO' 
poly satisfies (see subsection 11.4) 


i- 4 - 
^0 Po 


(4.14) 


where Cu is the price elasticity of the demand for commodity zero and the 
profit of the monopoly is B ■p„$f^n,R) - C{q.p). To the same feasible 
state we can associate a dilferent normalization of prices, for example, 
multiply p by A. From (4.14) we know that Pa is then multiplied also by A. 
The associated profit of the firm is now B' -- Afl which can be made as 
desired by choosing an appropriate A. 

Consequently, the constraint (4.11) can be ignored, B is now a decision 
variable and (4.12) is equivalent to having positive lump sum transfers in 
fixed proportions. In the differentiable case, the first order conditions of the 
above maximization problem are closely similar to those obtained by 
Diamond [7] in his model with a poll tax. In particular, production efficiency 
holds by the monotonicity of preferences and a tax formula of the many 
person Ramsey type is obtained. 

However, this first approach to the distributional questions raised by the 
distribution of the monopolist’s profits is quite unsatisfactory; it leads to a 
crucial role being played by the highly unrealistic assumption of an indepen¬ 
dent cfioice of normalization for consumer and producer prices. 

The case B has been excluded in the above analysis because it is a 
non differentiable case: if we consider a non zero production level with such 
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a profit, we know' that there exists another maximum of the profit function 
for the zero production level. 

This brief analysis shows that if one wants to capture the purely redistribu¬ 
tive problems raised by the existence of monopolies, the complete diseonnec 
tion of production and consumption prices must be given up. 

IV.3, Distribution of ProJits without a Complete Disconnection of Consump¬ 
tion and Production Prices 

In the above subsection although profits were not explicitly taxable, they 
could be controlled through an appropriate normalization of production 
prices. To rule out this phenomenon, we introduce a new rigidity by assuming 
that commodity one is not taxed, i.e., t, -- 0. 

(a) ProJits are taxable. Let e be the rate of profit taxation, e e [0. 1 ]. 

The feasible states of the model are now defined by 


r .iVi —r/) ;0 /- 1,...,/. (4.15) 

q-Un.R) 0 (4.16) 

p„e .^,,(p, r,/?) (4.17) 

/(>■„) :. 0 (4.18) 

B =^(p„,p,T.R) (4.19) 

R, diiB, /=1. 1 (4.20) 

11 0 (4.21) 

p 0, n V- 0, B '; 0 (4.22) 


Let us consider a second best Pareto optimum for which is differentiable, 

« e ]0. l[ and let j3, v, . / 1. I be the Kuhn and Tucker multipliers 

associated with (4.19), (4.20). 

The Kuhn and Tucker conditions as.sociated with B. e. are 

^ - X -- 0 (4.23) 

i 

- X vfiiB = 0 (4.24) 


which imply -- 0. 

The other Kuhn and Tucker conditions are then similar to those obtained 
in the previous section. As in Section II one obtains A = 0, i.e., the only 
effective constraints in addition to (4.15),(4.16),(4.18), (4.22) are (4.20).(4.21). 

To sum up we have: 

Theorem 6. Let (P*, T*. y*) be a second best Pareto optimum 
solution under the constraints (4.15) to (4.22). Under A 1 -AA and the differen- 
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tiahility and regularity conditions analogous to those of Theorem 5, and if in 
addition e* f ]0, 1[, satisfies the Kuhn and Tucker conditions associated 
with the constraints (4.15), (4.16), (4.18), (4.20), (4.21), (4.22). 

In particular the necessary Kuhn and Tucker conditions are the same as 
those obtained in a program where the Government can fix independently 
the production level of the monopolist and the level of the monopolist's 
profit while still being constrained by the cost minimization behavior of the 
monopolist. Because of (4.21) production efliciency is not generally desirable. 

When the differentiability assumption is no longer .satisfied, the above 
results do not hold anymore. In addition, we obtain then the usual “in¬ 
stability” of the monopolist's behavior. 

(b) Monopoly profits are not taxable. In this case, the feasible states are 
defined by (4.15) to (4.22) with c - I in (4.20). 

F.ven in the differentiable case, one does not get /S - - 0 and A 0. The 
two objectives of the Government achieved in (a), namely the “control” of 
the production level of the monopoly and of the level of profits of the mono¬ 
poly arc no longer jointly attainable; they become conflicting objectives. In 
the non differentiable case we obtain in addition the instability mentioned 
above. 


Concluding Comments 

The theory of optimal taxation of a price maker developed in this paper 
has made a number of very strong informational assumptions concerning the 
Government and the economic agents that we can now discuss. 

Our direction is to assume that the Government and the price makers 
know the true demand functions. This assumption of perfect knowledge of 
demand conditions has been found unrealistic in the literature because of the 
complexities of the general equilibrium computations which are implicit in it. 
However this well taken criticism has led through the use of perceived demand 
function to an unsound reasoning in taxation theory. 

Let f„(i7, R) be the demand function perceived by the price maker.This 
function which must be true at the equilibrium is therefore indexed by e* - = 
(77*, /?*) (equilibrium values which are assumed to be unique), and is denoted 
io{n, R). Let us consider the economy of Section IV without taxes and let us 
assume that there exists a unique equilibrium e*. Then let us consider a per¬ 
ceived demand function ioiTl, R). In order to define the optimal taxation 
problem, we must not only assume that the Center knows this perceived 
demand function, but also the way this function changes with the different 

10 i>jegishi [17] was the first to introduce in a difierent context the concept of perceived 
demand function with the only requirement that the function be correct at the equilibrium. 
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equilibria associated with diiTerent tax schemes. If this perceived function 
was fixed during a long period, one could argue that by observing the behavior 
of the monopolist, the Government could discover this function at least 
locally (even then one would probably have to assume that the production 
possibilities of the price maker are known to the Center; otherwise there 
would be an identilication problem). However, if this function is substan¬ 
tially different from the true one it is obvious that there will be some learning 
over time; then, it is clearly impossible to assume that the Government also 
knows the way the price maker learns. The informational i.ssue is clearly at 
the heart of the matter and a theory of optimal taxation with perceived 
demand functions must face it. 

Another possibility, as a first step in the study of optimal taxation with 
price makers, is to assume that the perceived demand functions are close 
enough to the true ones to be stable. Then, one must face another difficulty, 
the non concavity of profit functions; it was essentially the topic of this paper 
which can be to some extent interpreted with such perceived demand func¬ 
tions instead of true ones. 

The .second main assumption of our approach has been to consider price 
makers with a Nash behavior with respect to the whole environment except 
the price of their own output. It is a strong informational hypothesis and to 
assume a more strategic behavior would have been unwise in a first step. It 
is clear that more realistic assumptions can be made, in particular in the case 
of oligopoli.sts, and this should be the object of further work. Note however, 
that it is easy to see that if the monopolist takes into account the effect of his 
price change over the distribution of income through the change in his own 
profit, the results would be unchanged. The reason is that by the first order 
condition, the derivative of his profits with respect to his price is zero. 

Finally, it is important to observe that we did not touch the question of 
strategic behavior of the monop<ilist with respect to the Government. The 
monopolist knowing that he will be taxed may attempt to distort his behavior 
in order to conceal his true characteristics and obtain a more favorable tax. 
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The concept of trust is fonnalizcd by the “sequential core." The absence of 
trust induces a sequential structure on an economy, even if markets are complete 
at the first day. The use of money (securities) can replace trust. 


There is no room for money (as a store of value) in an Arrow-Dcbreii 
economy. It is often thought that this has something to do with the presence 
of a complete set of markets. In this paper 1 shall argue that it has virtually 
nothing to do with the completeness of markets. A store of value is only 
needed when there is a sequence of budget constraints,' and a sequence of 
budget constraints is no less necessary when there arc complete markets 
than when there are incomplete markets. One rationale for a sequence of 
budget constraints is the absence of trust. This provides a rationale for the 
use of money (as a store of value) and may also cause us to revise some of our 
ideas about sequence economies. This paper is. briefly, about trust, money 
and sequences of budget constraints. In Sections I and 2 the problem and 
various concepts arc informally introduced. Section 3 contains a formal 
description of an exchange economy with many, individually insignificant 
agents and uncertainty in the form of several .states of nature. Sections 4 
through 6 are devoted to defining three important concepts and Section 7 
contains three theorems which form the substance of the paper. The proofs 
are relegated to the Appendix. In Section 8 some connections with the litera¬ 
ture are indicated. 


* I would like to thank Oliver Hart, Frank Hahn, and Lou Makowski for helpful con¬ 
versations. 

' The importance of a sequence of budget constraints has been studied most thoroughly 
by Hahn [8]. See also Starrett [19]. Both these writers show that the central dilference 
between an Arrow-Debreu economy and a sequence economy is that in the former each 
agent is confronted by a single budget constraint. 
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1. The Problem oe Trust 

U is well known that one of the crucial assumptions of the Arrow-Debreu 
model of Walrasian equilibrium is that there is a complete set of markets at 
the first moment when trading begins. This means that all transactions for the 
duration of the economy can be arranged at one time. Commodities are 
distinguished by the date and location at which they arc to be delivered.'^ For 
example, goods with the same physical characteristics which are sold for 
delivery on different dates are treated as different commodities and are 
traded on separate markets. One can also define contingent commodities, 
that is, contracts for delivery of goods contingent on the occurrence of an 
event.“ Here too goods are distinguished by the event in which they are to be 
delivered. By defining commodities in this way and correspondingly 
expanding the set of markets, it is possible to introduce space, lime and 
uncertainty as different dimensions of the commodity space. There is no 
formal distinction between an Arrow-Debreu model in which time, space 
and uncertainty appear among the differentiae of the commodities and one in 
which they do not. For this reason, people have been led to say that the 
Arrow-Debreu world is timeless and certain. In a sense they are right. But 
even if one accepts that the introduction of time and uncertainty does not 
change ihu form of the Arrow-Debreu model it is still clear that it changes 
the interpretation. In particular, the assumption that there exists a complete 
set of markets at the first date becomes, from a descriptive point of view, 
untenable. This fact is so well known that it need not detain us here. 

There is another aspect of the interpretation of the model which has 
received less attention and which hides an implicit assumption quite as 
important as the assumption of complete markets. In the Arrow-Debreu 
model the description of the trading process runs in terms of the exchange of 
commodities. In an economy in which there is no uncertainty and all goods 
are delivered at the same place on the same date, it is possible to imagine 
economic agents actually handing goods back and forth. When commodities 
by definition have different delivery dates etc. agents are really writing con¬ 
tracts at the first date, the terms of which are to be fulfilled later. To retain 
the language of exchange, imagine that at the first date agents actually 
exchange pieces of paper bearing the words “1 promise to give the bearer one 
unit of X if Y” where X denotes some physical good and Y denotes a place, 
time and event. If one thinks of the pieces of paper as “commodities”, there 
is nothing inconsistent in saying that all “commodities” are exchanged at the 
first date. This much is trivial and makes no difference to the formal theory. 

’ I have in mind here the discussion in Debreu, I9S9, pp. 28-32. 

* Debreu, 1959, pp. 98-102. 
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In terms of interpretation it is quite important because it is only permissible 
to identify commodities with pieces of paper if it is assumed that the contracts 
will be carried out. The Arrow-Debreu model conc’ems itself with trading at 
the lirst date only, because it implicitly assumes that a promise to deliver a 
commodity is as good as the thing itself. For want of a better expression I 
shall describe this state of affairs by saying that in an Arrow-Debreu model 
agents trust each other (to keep their promises). In an equilibrium charac¬ 
terized by trust there is no reason to di.stinguish between contracts, agree¬ 
ments, etc. and their execution. The fact that contracts are fulfilled through 
time and contingent on uncertain events is irrelevant when there is complete 
trust, but not otherwise. So, like the assumption of complete markets, the 
assumption that agents trust one another is necessary if the Arrow-Debreu 
treatment of time and uncertainty is to make sense. 

This little observation is not very interesting in itself but it suggests an 
interesting question. What happens in the absence of trust? To fix ideas 
consider the following simple example of an exchange economy. There are 
two agents, a and b. There are two dates and one state of nature (i.e. no 
uncertainty). At each date there is one commodity available, a consumption 
good. Each agent s preferences are described by a Cobb-Douglas utility 
function with equal weights. Suppose that agent a's endowment is represented 
by the vector (1 - e, «), where € is a .small, positive number, and agent b\ 
endowment is represented by (t, I - e).* To reach any allocation on the 
contract curve of this economy agent a must give agent b a positive amount 
of the consumption good at the first date and agent b must give agent a a 
positive amount of the consumption good at the second date.® Suppose the 
two agents agree, at the first date, on an allegation lying on the contract 
curve. Then at the second date, agent b, having already consumed part of a’s 
endowment, will have an incentive to break the agreement he made at the 
first date, i.e. he will be better off if he breaks his promise and keeps his entire 
endowment of the consumption good at the second date.® 

In the absence of trust the fact that commodities arc delivered sequentially 
becomes all-important. The problem is simply this; If I exchange a unit of 
consumption today for a unit of consumption tomorrow, 1 am giving up an 
actual unit of consumption goods and receiving the mere promise of one in 
return. There is no reason for me to expect an agent who is only interested in 

* That is, agent a has (1 — c) units of the consumption good at the first date and e at the 
second. Agent b has the opposite distribution. 

' Efficiency requires that the final allocation should have the form (r, z), (1 — z, 1 — z), 
i.e. each agent has a constant level of consumption. Since each agent must be at least 
as well off as he would be if he consumed his endowment it follows that 2log z > log e -I- 
log(l — e) and 2log(l — z) > log e -|- log(l — c). For sufficiently small t this implies 
that z > t and z < 1 — e as claimed. 

• Then instead of having consumption (I — z, 1 — z) he would have (1 — z, 1). 
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maximizing utility to keep his promise. For this reason I may be unwilling 
to use forward markets even when these markets exist and are costless. The 
real problem though is to give a formal account of how agents behave in the 
absence of trust and this is more difficult than making critical remarks about 
the conventional theory. There may be several solutions to the problem and 
at this stage one can do no more than investigate one of them. 

The rationale for studying the Walrasian equilibrium is found in the 
theory of the core, more precisely, in the classical theorems on the equivalence 
between the core and the set of Walras allocations of a non-atomic economy. 
The definition of the core itself embodies an assumption of trust. The strategy 
adopted here is to characterize the ab.sence of trust in terms of a concept like 
the core, and then to find a corresponding equilibrium concept. Consider 
once again the simple example mentioned above. Since there are only two 
agents in the economy the core coincides with the contract curve. In this 
very simple case the core is the set of attainable allocations such that (a) 
neither agent can make himself better off by remaining self-sufficient and(b)the 
two agents cannot both be made better off by any feasible redistribution of 
their joint endowment. In other words, each is at least as well off as he would 
be consuming only his initial endowment and the allocation is Pareto effi¬ 
cient. In general terms, the core consists of attainable allocations which 
cannot be improved upon by any coalition. In the earlier discussion of this 
example, it was pointed out that agent b could improve on his core allocation 
by agreeing to the core allocation at the first date and then, breaking the 
agreement, remain self-sufficient at the second date. The classical definition 
of the core ignores certain opportunities for improving coalitions to form 
because it ignores the essentially sequential nature of consumption and the 
absence of trust. This suggests a revision of the classical concept of the core. 
We can define the sequential core to be the set of attainable allocations that 
cannot be improved on by any coalition either in the classical sense or in the 
new sense of accepting an allocation to start with but improving on it at a later 
date. Objections can be raised to this concept, as they can to the classical 
core, and some of these will be discussed later, but it will be argued below 
that this notion of the sequential core is, in a precise sense, at least as reason¬ 
able as the classical core and represents the natural extension of that concept 
to deal with the absence of trust. These ideas are not easy to grasp so it may 
be helpful to describe some of them more formally. 

Consider a simple exchange economy (more general cases are dealt with 
in the sequel) consisting of a finite number m of consumers. There is no 
uncertainty and time is divided into two intervals or dates indexed / = 0, 1. 
At each date there is a finite number / of commodities available for delivery 
so the 'commodity space is R®'. The /-th consumer is characterized by a 
consumption set an endowment e R** and a preference relation >, on 
R*‘. An allocation for is an m-tuple (x<) of vectors x< e R®* and an allocation 
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is attainable if Y. Z ■' A coalition is a non-empty subset S of the set 
of all agents {1...., m\. A coalition S can improre on an allocation (.vf) if there 
exists an attainable allocation fjr,), say, such that 

(a) ,v,, - ,■ for every i in ,S' and 

(b) ^ .Y, - Y. <'<■ ■ 

les isS 

Part (b) of the definition is crucial: it requires an improving coalition to be 
self-suflicient at every date. The classical core is defined as the set of attainable 
allocations which cannot be improved on by any coalition. It is denoted by 

In defining the sequential core it is nccc.ssary to allow for the formation of 
coalitions which do not satisfy condition (b), because in the absence of trust 
a coalition may decide to form at the second date, having already traded with 
the rest of the economy at date 1. The following notation is helpful: if z is a 
vector in we write z (z(0), z(l)) where z(t)c. R' for / 0, 1. A second 

period allocation is an /»-tuple (.y,(I)) where .y,(I) f R,' for each ; = I,..., m. 
A second period allocation is attainable if Z! avCl) * Z The coalition S 
can improve on the allocation (.xf) at date I if there exists an attainable second 
period allocation {.v,(l)) such that 

(c) [.vf(0), .v,(l)] ; - , ,y,* for every i in S. and 

(ci) I VXD - I e,(l). 

ie.V 

Condition (d) says that if coalition S does not form until date 1 then it is only 
required«to be self-sutTicient at date I. The .sequential core of ^ is defined to be 
the .set of attainable allocations which cannot be improved on by any coali¬ 
tion either in the classical sense (conditions (a) and (b)) or at date 1 (condi¬ 
tions (c) and (d)). It is denoted by C’(£). An allocation can be said to be 
trustworthy only if it belongs to the sequential core. If the allocation does not 
belong to the sequential core then even if all agents agree to it at the outset 
some coalition has an incentive to break the agreement later on. So the 
sequential core formalizes the notion of trust-worthiness and gives a precise, 
though tentative, picture of an economy without trust. 

The sequential core is, in a precise sense, the natural extension of the classical 
core to deal with the absence of trust. The definition of the sequential core 
is just the application of the classical definition of the core to the situations 

’ IR‘' denotes 2/-dimensional, real. Euclidean space. denotes the non-negative orthant 
of R*'. A preference relation >, is a transitive, irreflexive binary relation. In expressions 
like , where the range of summation is not shown, it is understood that the summation 
is from 1 to m. 
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in which agents find themselves at successive dates. In fact, once consumption 
at date 0 has occurred, it is possible to define a “subeconomy” at date 1 
which is formally an exchange economy in its own right. Suppose the alloca¬ 
tion (.vf) is chosen at date 0 and the /-th agent consumes xf(0). At the begin¬ 
ning of date 1 he finds himself with a consumption set R,' (instead of Rif), an 
endowment e,(l) (instead of e,) and a preference ordering on R,.* induced by 
>,■ and Yf(0) according to the following definition; 

.V is preferred to _)• if and only if (.v,*(0), .v) >, 

(-v*(0), y) for any .v, _i’ e R J. 

Now if the classical core is the appropriate solution concept for the original 
economy then it is also the appropriate solution concept for the subecono¬ 
my defined at date I. For the only difference between the two economies is 
the dimensionality of the commodity space—which obviously should not 
influence the choice of a solution concept—and the fact that at the beginning 
of date 1 there exist agreements reached at date 0. But these agreements do 
not influence agents’ behavior at date 1; in fact, this is precisely what is 
meant by the absence of trust. If one accepts the classical core as the appro¬ 
priate solution concept for an exchange economy then in the absence of trust 
an allocation should belong both to the (classical) core of the original 
economy and to the (classical) core of the “subeconomy” at date 1. This is 
exactly what the sequential core requires. In this sense the sequential core 
must be held to be at least as reasonable, as a solution concept, as the classical 
core.** 

Of course, there remain objections to the sequential core as a solution 
concept. In the first place, most objections to the classical core would apply 
equally well to the sequential core. For example, the core can be interpreted 
rather literally as implying that if a non-core allocation is proposed then an 
improving coalition actually forms to “block” it. In this case, the definition of 
an improving coalition seems unrea.sonable. The fact that there exists an 
allocation which is attainable for the coalition, and makes its members 
better off. does not guarantee that they will achieve that allocation. Indeed, 
some of the members of the coalition may be worse off at a core allocation. 
For this reason, potential members of an improving coalition may prefer the 
status quo. This criticism applies a fortiori to the sequential core. In the 
absence of trust an improving coalition ought to take into account the fact 
that a sub-coalition may be improving at a later date.* 

* This idea of applying the classical core as a solution concept to each “subeconomy” 
is like thp game-theoretic notion of a “perfect solution." A solution is perfect if it is a 
solution of every subgame. 

* A referee has suggested the following definition of an improving coalition. A coalition 
is improving in his sense if it is improving in my sense and no subcoalition is improving 


642/19/2-16 
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In defence of ihc core il can be argued that it should not be taken literally 
as a description of the allocation process. Instead, il should be treated as a 
criicrion of .stability. But this simply begs the question of how a corealloca¬ 
tion is chosen. A better argument would be that the core is an interesting 
concept because it characterizes the Walrasian equilibrium in an atomless 
economy. The competitive model is a useful vehicle for studying many 
problems, not because of its realism, but because of its simplicity and attrac¬ 
tive normative properties. In other words, it serves as a “benchmark”. By 
extension, the core may be a useful starting point for the study of trust, 
despite its flaws as a descriptive model. The problems mentioned should be 
the subject of future research. In the present paper they will be overlooked. 

An immediate problem which cannot be avoided is the possibility that the 
sequential core may be empty. This is certainly the case in the two-person 
example mentioned earlier. The coalition consisting of agent b alone can 
improve at date I on any allocation in the classical core. Since the sequential 
core is always contained in the classical core, it must be empty in this example. 
If the sequential core is so easily shown to be empty it may be doubted 
whether it is a useful solution concept. This view is unduly pessimi.stic, 
however. If trust disappeared overnight and if it were not replaced by another 
institution, one would not be surprised if the allocation process broke down. 
In practice, however, institutions do develop to meet such needs and it can 
be shown that the institution of money can act as a substitute for trust. 
Precisely, if money is introduced in an appropriate way, then the sequential 
core (appropriately defined) is non-empty. This is where the twin concepts of 
trust and the sequential core become fruitful in producing theorems. 


2. An Economy with Money 

The exchange economy described above can be turned into a monetary 
economy by giving each agent an endowment of money at the beginning of 
the first date and assuming that each has to pay a tax of an equal amount of 
money at the end of the second date. The money introduced here is fiat 
money, pieces of paper issued by the Government and having no intrinsic 
worth. The artificial device of imposing taxes to soak up the money at the 


at a later date. It is not clear from his suggestion whether the subcoalition is to be improving 
in my sense or in his sense. If the latter, then the subcoalition must not contain an improv¬ 
ing sub-subcoalition and so on. Since the referee’s suggestion was intended to increase the 
size of the sequential core, which is sometimes empty, I presume he wanted the subcoalition 
to be improving in my sense. In that case, there are substantially fewer coalitions. It seems 
rather arbitrary to stop after considering one subcoalition, however. Moreover, it is not 
clear whether interesting theorems follow from this definition. 
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end of date 1 is often used in models of monetary equilibrium.’” It ensures 
that money has a positive terminal value. Consider the two person example 
of the last section. The two agents are eventually required by the tax con¬ 
straint to return to the Government the amount of money they started with, 
but in the interim they can exchange it among themselves. An allocation 
must specify not only the consumption of each agent at each date but also 
his money holdings at the end of the first date. Thus, in the example, if 
agent b gives part of his money endowment to agent a at the first date he 
must somehow retrieve it at the second date. The sequential core as pre¬ 
viously defined was empty because agent a, having given some of his endow¬ 
ment to agent b. had no way of persuading agent b to keep his promise. In 
particular, he could not retaliate if agent b broke their agreement. But if, in 
exchange for consumption at date 0, agent b gives agent a some money, this 
provides agent b with an incentive to co-operatc with agent a at dale I. i.e. to 
deliver the consumption goods as promised. Otherwise he w'ill not receive 
the money he needs to pay his taxes. It is not obvious what will happen at 
date 1; agent a may use his newfound power to extort more than the agreed 
amount of consumption from agent b at date I. This is a complex bargaining 
problem. But there is a fairly natural way of extending the definition of the 
sequential core to a monetary economy. An improving coalition is allowed 
to form only if its current money endowment is sufficient to cover the second 
period taxes of all its members. The introduction of money thus reduces the 
number of coalitions that can form and hence enlarges the sequential core. 
The sequential core in this example is now non-empty. These ideas are 
easily formalized. 

A monetary economy f-"' is defined just like except that each agent 
/ = 1,..., m is given a positive endowment of money w, . At the end of date 0 

the /-Ih agent holds a non-negative amount /«, of money and at the end of 
date I he holds at least m,. An attainable allocation is now an «i-tuple 

{(.V, , m,)] such that for every i 1.m, .v, 6 and m, ' 0 and such that 

5I(.v,. W/) -- 51 (c; ,in,). At date 0 every agent holds the exact amount of 
money he needs to pay his taxes so the improving coalitions are the same as 
before. At date 1 a coalition S can improve on an allocation (.v,*. m^) if and 
only if there exists an allocation (.v,(l)) at date 1 such that (c) and (d) are 
satisfied, that is, (X(*(0), .v,(l)) >, (.v,*(0), -v*(l)) for all i t S and X/-.r 'AO - 
Z-v.i t'Alfi anti in addition, 

(e) X '• I • 

JC.S* .V 

The sequential core of the monetary economy <5"' is the set of attainable 
allocations which cannot be improved on by any coalition, either in the 


Cf. Hahn [8], Starr [18], Heller [10], and Kurz [12]. 
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classical sense at date 0 (conditions (a) and (b)) or at date 1 (conditions (c)-(e)) 
as defined above. An interesting property emerges immediately. Recall that a 
Walras allocation for the exchange economy is an attainable allocation (a*) 
such that for some price vector p and every / ^ I,..., m, xf is maximal with 
respect to in the budget set {.vc- ' p ■ x , p ■ e,'. 

Proposiiion. If {xf) is a Walras allocation for /i then for some m-tuple 
(mf), the allocation {xf, m*) belongs to the sequential core of fi'"'. 

Proof. Let p be the equilibrium price vector corresponding to the alloca¬ 
tion (.v,*). Then define 

mf m, - p{{)) ■ (.V,"■(()) — <>,(0)) for / ^ 1 ,..., in. 

Since {.\ J) is attainable, Y. tttf Furthermore, since »!/> 0, by 

choosing p small enough we can ensure that mf * 0. Hence (.vf, mf) is 

attainable. Since (.vf) is attainable it belongs to the classical core of if so no 
coalition is improving at date 0. At date 1, suppose S' is an improving coali¬ 
tion. Then there exists an allocation (.v,(l)) at date 1 such that (.vf(0), aXO) >,■ 
(.\f(0), .vf(l)) for each i S. Then for each / e S', p • (.vf (0), a,(I)) > p ■ 

(.\f{()), .\f (I)) or p(l) • .v,( I) ' p( I) • .vf (1). Summing over S we have 

/>(!)• I.v,(l)..>p(l)X.Yr(l). 

/I .S* /' .V 


Condition (d) requires that I) ■-= X/c.s so 

Ml) • I e,{\) :-p(l) ■ X -v/d). 

)<= 4 ' /' .V 

Uy delinilion. 


in' m,- - —p(0) • (.vf(0) — e,(0)) 
p(l)(.vf(l)-c,(l)) 

and therefore 


^ (mf — m,) p(l) ■ £ (.vf(l) - e,(l)) 0 

/ C .S' »€ i 

contradicting condition (e). Thus, {.xf, mf) belongs to the sequential core as 
required. | 

The significance of this result is obvious: the allocation (xf), which was 
untrustworthy in the non-monetary economy, is trustworthy in the monetary 
economy for an appropriate distribution of money, in this case (mf), at the 
end of date 0. A number of points should be noted. 
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First, it is not the invention of paper money which restores trustworthiness. 
The Walras allocations are trustworthy in the monetary economy only 
because there is, in the background, a government which can enforce, evi¬ 
dently at no cost, the payment of taxes. Thus, we have introduced not just a 
new commodity (money) but a new social institution. In reality this institu¬ 
tion would probably be costly, in which case there is a real loss of utility when 
trust disappears and has to be replaced. 

Second, the role of money may seem rather artificial since it can be argued 
that the government, which enforces the payment of taxes, could just as 
easily have enforced the original commodity contracts, i.e. intervened 
directly in the market to make sure that agents kept their promises, without 
introducing “the social contrivance of money”. But money has a number of 
advantges in the general case. First of all, there may be many goods, many 
dates and many slates of nature. Since there are correspondingly many 
transactions the use of money (or securities) reduces the number of obliga¬ 
tions the government has to enforce. Second, by using money the government 
avoids the need to gather information about the transactions carried out in 
the economy. It merely sets taxes equal to endowments of money, thus 
economizing on information costs. In short, the advantage of money is that 
it allows transactions to be made trustworthy in a decentralized way. 

A third point is that the model is based on the extreme assumption that 
agents never renege on tax obligations. Jf the penalties are sufficiently grue¬ 
some this may seem reasonable but it would be better to tell a less fanciful 
story. Of course, the assumption that agents never keep their promises unless 
it is in their interest to do so is also extreme. These assumptions are adopted 
here for lack of better ones, but they obviously require further, critical study. 

To sum up, the monetary arrangement described in the proposition works 
because it is a social institution, i.e. it is backed up by the power of govern¬ 
ment to enforce taxes. This may be costly but it does economize on the cost 
of enforcing transactions because money decentralizes enforcement. 

The proof of the proposition implicitly makes use of a notion of equili¬ 
brium. Before turning to the formal analysis of the relationship between the 
core and this equilibrium concept it may be helpful to compare it briefly 
with another definition of equilibrium. Consider a sequence economy, that 
is, an economy with the same set of characteristics (e; , >-,•, IFS+) as the 
exchange economy but with an incomplete set of markets at date 0. For¬ 
mally, it is assumed that at each date / 0, 1 there is a linear subspace of 

R*', denoted by Z(r), representing the commodities which can be traded at 
that date. At date t, an agent chooses a trade vector z(t) e Z(t) and the result 
of this trade plan z — (z(0), 2 ( 1 )), as it is called, is a consumption vector 
X = ei + z(0) -1 z(l). At each date there is a price system /(f)eZ(r) at 
which trades are carried out. The budget set of the /-th agent given the price 
system^ = (/(0),/(l)) is defined to be the set of trade plans z such that 
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(i) r(/)tZ(/) 

(ii) p{t):(t) Q 

(iii) f, fz(0) , r(0 0 

The important condition from the point of view of this paper is (ii). It is the 
trades arranged at date t which are subject to constraint. A sequence equili¬ 
brium is then a price system p* together with an w-tuple (r*) of trade plans 
such that maximizes preferences over the budget set and X = 0- 

If money is introduced by giving each agent an endowment m, and de¬ 
manding it back at the end of date 1, the budget set is changed to the set of 
plans (r, m) such that (i) and (iii) hold and 

(ii)' /(O) •;(()) ! m irii - O 
f>(l) • r( I) -j- in, — ni < 0 

(iv) m .%■ 0. 

This kind of formulation has been used in several papers dealing with 
sequence economies which arc regarded as being extensions of the Arrow- 
Debreu model. The crucial feature of these models is the definition of the 
budget constraints. In the first place, if there were a single budget constraint 
of the form X Hi)' -(i) ' 0 then, as long as there existed a market for each 
commodity at some date, the model would be indistinguishable from an 
.^rrow-Dcbrcu model in spite of the incompleteness of markets. And yet 
there is nothing in the structure of the model that requires separate budget 
constraints for each date. In the second place, without separate budget 
constraints there is certainly no need, in an equilibrium theory, for a store of 
value. Now it would not be surprising if the absence of trust provided a 
rationale for a sequence of budget constraints. The budget constraint in the 
Walrasian equilibrium is justified by reference to the core of an atomless 
economy. Similarly one might expect that the sequential core corresponds, 
in an atomless economy, to a concept of equilibrium in which there is a 
sequence of budget constraints. This turns out to be true, but the constraints 
are not like the ones defined by (ii) or (ii)' above. 

In the proof of the proposition, the holdings of money at the end of date 0, 
i.e. m*, satisfied 


p(l) • (.Y,*(l) - e,(l)) -1 m, — mt - 0.” 


“ There is a slight abuse of notation in using ‘p' as a generic symbol for prices at date t 
in both the “sequence equilibrium” and the "sequential equilibrium.” In the former, 
^(/) e ZiO represents the prices of goods traded at dale /. In the latter p(r) e OJ' represents 
the prices of commodities available for delivery at date r, irrespective of the date at which 
the trade .was arranged. 
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Since (.vf) was by hypothesis a Walras allocation, x'f satisfied the equation 

pxT =p- e, 

and in fact was maximal in the budget set {x e • ;c -</> ■ e,}. Further¬ 

more, it is easy to see that x*(l) is maximal in the second period budget set 
{.V e K,.'! /?(I) • x + m,- < p(l)' CilO+wn-'^Thc allocation(.vf, mf), together 
with the price system p, constitutes a sequential equilibrium for the monetary 
economy. 

It is also possible to define a sequential equilibrium without money. It is an 
attainable allocation (.xf) together with a price system p such that 

(a) xf is maximal in the budget set {x e IR^' i p • .y p ■ e,} 

(b) .vffl) is maximal in the budget set {x e | ;>(!)• x />(!) • 
e,(l)}. 

Without the intervention of money a sequential equilibrium will not in 
general exist, even under the usual convexity assumptions}^ With money, 
existence is generally guaranteed under traditional assumptions. 

In the usual definition of a sequence equilibrium, the transactions arranged 
at a given date must satisfy the budget constraint. In the sequential equili¬ 
brium the allocation must be both a Walras allocation for the original 
economy (condition a) and a Walras allocation for the subeconomy at 
date 1 (condition b). Combining (a) and (b) shows that actual deliveries at 
each date, i.e. x,(t) — e,(f), must satisfy a budget constraint. This is quite 
intuitive in view of the lack of trust. It is not clear what the rationale for the 
other constraint is. 

The rest of this paper is devoted to developing a formal analysis of a 
monetary exchange economy. In general, it can be shown that if a consump¬ 
tion allocation belongs to the classical core of a (non-monetary) economy, 
then there is an allocation in the corresponding monetary economy which 
belongs to the sequential core and assigns the same consumption to each 
agent. Corresponding to the notion of the .sequential core is a definition of 
sequential equilibrium. The relation between the two is rather messy in a 
finite economy but in an atomless economy the sequential core is equal to 
the set of equilibrium allocations, appropriately defined. Thus in large 
economies the absence of trust implies that agents must satisfy a sequence of 
budget constraints. However, the form of the constraints differs from the one 
frequently assumed. Finally, these results can be generalized to give an 
analogue of a classical theorem of welfare economics. Every Pareto efficient 

” x*(l) is maximal in the sense that x* is maximal for over the set of vectors (x*(0), x) 

where x’belongs to the second period budget set. 

“ The reason is fairly obvious. If (x*) is a Walras allocation and p is the equilibrium 
vector then one does not, in general, expect p(t) • (v,(f) — ei(t)) --= 0 to obtain. However, 
this is what the sequential equilibrium requires. 



468 


DOUGLAS GALL 


allocation corresponds to an equilibrium of a monetary economy with an 
appropriate distribution of taxes and hence belongs to the sequential core of 
that economy. In this case, taxes do not in general equal initial endowments 
so there are implicit, lump-sum transfers. Conversely, the sequential core of 
a monetary economy (in which taxes differ from endowments) corresponds 
to the set of equilibrium allocations (where equilibrium is appropriately 
defined to take account of the net tax burden). 

The concepts and theorems sketched above accomplish three things. They 
formalize the notion of trust, provide a rationale for a sequence of budget 
constraints and illu.strate the role of money in replacing trust. Indeed they 
provide a rationale for money. 


3. The Sequential Economy 
3.1 Commodities and Markets 

The commodities in an exchange economy are ordered in a natural way by 
time and uncertainty. This ordering can be represented by the set of date- 
event pairs, that is, an ordered pair {U, >) where C is a finite set and > is an 
ordering on U. 

Time is assumed to consist of a finite number of elementary time intervals 
called dates and indexed by t :-■ 0,1,..., T. There is a finite set S of states of 
nature representing the stochastic nature of the environment. The observable 
events at t are represented by a partition of S. The sequence of partitions 

, yi. % is assumed to be monotone nondecreasing in fineness and wc 

assume - {5). A date-event pair is an ordered pair (r, E) where t -- 0, 
1,..., T and £ e yj . The set of such pairs is denoted by U. u,vbU,u ---- 
(t, E) and v - (T, £') then « < r if and only t <t' and E' C E. Then ((/,>) 
is the required structure. A more detailed discussion is contained in Radner 
[17]. In the rest of the paper it is only necessary to refer to the set {U, >) of 
date-event pairs and in particular the symbols t, S, T will be used in different 
senses from those introduced in this section. 

The pair (0, S) is denoted by 0. If m e (/and u / 0 then 0 <u.\iu, vs U 
then u V means u>v or m ^ v. For any us U if u fO there exists a 
unique element e U, called the predecessor of u, such that if m = (/, £') then 
w- = (f- l,£)and£'C£. 

Commodities are distinguished by the date-event pair at which they are to 
be delivered. At each date-event pair usU there is a finite number /“ of 
commodities to be delivered. The total number of commodities available for 
delivery in the economy is denoted by / := ^usu The commodity space 
is identified with R'. 

The notation : = indicates that the expression on the left hand side is defined by the 
expression on the right. 
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Typically, if A' £ R' then x” denotes the sub-vector corresponding to the 
date-event pair ue U. 

In order to give a complete description of the market structure it is neces¬ 
sary to specify which commodities can be traded at each date-event pair. 
Various assumptions are made throughout the paper, depending on the 
type of equilibrium under consideration. 

3.2 Securities 

There is a finite set of securities in the economy. A security is just a piece 
of paper, issued by the government, which can be used for paying taxes. 
Securities can be traded at each date-event pair and thus represent a source 
of credit in the economy. In general there may be any number of securities but 
there is one case that is of special interest, namely, the one in which there is a 
security for each terminal date-event pair. If ue U then « is a terminal date- 
event pair if there exists no veU such that v > u. Define m : — #{7 and 
« : m ■ #U where U denotes the set of terminal date-event pairs. 

Every agent a is given an endowment of securities a{a) at the date-event 
pair 0, where tj(a) c R+’'*. The agent also has a tax liability rfa) e R+™. The 
vector t(o) is an array {rjla)) of non-negative numbers, one for each ueV, 
representing the number of securities of each type he must pay the govern¬ 
ment. However, he is only liable to pay the tax in u-securities at the date- 
event pair ueJJ. \n other words, if ueU the agent’s liability to the govern¬ 
ment is represented by an array t'‘(a) e R” where tf(a) - - rfa) if u -- r and 
— 0 otherwise, for all veV. Generally, for any ueU the actual tax liability 
of agent a is represented by /“(a) e R™ where the array (/,,“(«)) is defined by 

(— Tr(a) if ve U and k < u or m = r; 

I - - 0 for all u e i7 otherwise. 

A security plan is a specification of the amount of each security an agent 
wants to hold at the end of each date-event pair. It can be represented by a 
vector s e R^,". At the beginning of any date-event pair an agent’s holdings of 
securities are simply those carried forward from the predecessor, or in the 
case of 0 the initial endowment. The possible security plans for an agent a are 
those which allow him to meet his tax obligations. Define the security set of 
agent a by 

5a := {j e R+" I j" t’‘(a) for all u e V). 

Notation. If a adopts the security plan s then at any date-event pair 
UE U, his initial holdings are where i/" is the predecessor of « and, by 
convention, = ar(a) if m = 0. It is convenient to introduce a shift operator 
Ta on R” to R" defined by 


(Tai)" = 
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for all .V e M", where it is understood that s" a(a) if u 0. Then for an 
•v e IR", 7„.y is the array of initial holdings at each date-event pair correspond¬ 
ing to the plan .t, and (.v - T„s) is the corresponding array of net trades. 

3.3. Preference Relations 

The possible consumption plans for agent a are represented by his consump¬ 
tion .set . To simplify matters it will be assumed that X„ : IR 4 ,'. The 

tastes and preferences of agent a are represented by a preference relation 
on IR.Jthat is, is an open subset of R+' X R.,' representing an irreflexive 
and transitive binary relation on R 4 .'. Let -P denote the set of monotonic 
preference relations on R.,.'.’* .P is endowed with the topology of closed 
convergence and becomes a metrizable space (see Hildenbrand [11,1.1, 
Theorem 1, p. 96]). 

3.4 Sequential Economies 

The set of agents in an economy is represented by a measure space (A, Ot. v) 
where A is a metric space, d the Borel o-field and v a probability measure on 

(A. m. 

The characteristics of an agent ac. A are represented by 

, e{a), a{a\ T(a)) 

where is his preference relation, eia) his commodity endowment, a(a) his 
.security endowment and T(a) his tax obligations. Formally, a sequential 
economy is a triple U, >) where {U, ' -) is a set of date-event pairs and 

: (A, a, X Uf X R,”' :< R,.’’* 

is a measurable function such that je dv is finite and j a dv ^ t dv is also 
finite. (The functions e, <7 and r are defined precisely at the end of the section.) 

A commodity (resp. security) allocation for a sequential economy U, >) 
is a measurable function /(resp. g) on A to R,.* (resp. R+") such that, a.e. in 
A, f(a) (resp. g(a)) belongs to the consumption set (resp. security set) of 
agent a. A commodity (resp. security) allocation for (tT’, U, >) is attainable 
if Ifdv jedv (resp. fg^dv^ i<rdv for all me U). An allocation for 
{£\ U, >) is a pair (/, g) where / (resp. g) is a commodity (resp. security) 
allocation for (<? *, U, ’). The allocation (/, g) is attainable if/and g are both 
attainable. Since the set of date-event pairs is fixed in what follows, the 
sequential economy (d"’, U, >) will be referred to as (f*. 

Notation. Let e, a, t represent respectively the projections of x R‘ x 
R™ X R"* into the second, third and fourth factor spaces. Then e := t o (f*. 
a r == CT o and t : = -v ° £‘. 


“ That is, X >-,g implies x ^ y and jc >-o >, r implies x >„ z, where x, yc R+'. 
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4. Subeconomies 

For every u e U define the set by 

F“ ; {(• e t/1 r = « or u > «}. 

If r ^ F“ then either v corresponds to a date earlier than us or it corresponds 
to an event which is impossible at u. Thus, F“ represents the present and 
possible future of the economy, once u has been reached. If r ^ F" then 
decisions concerning r cannot be changed once u is reached; hence only 
date-event pairs in F" arc relevant to decision-making at u. Let ■F' IF" ; 
ue U], 

Suppose that 1 ^'“ is a sequential economy, (f. g) an attainable allocation 
for F an element of F and u the first element in F (i.e. reF implies 
r . • u). We define the F-siiheconomy relative to (<5", /, g) as follows. For each 
a e A put 

//'’(a) : (,V/, e''(a), a''(a), 

where 

X/:-{xeU,'\x- -./‘’(u), r F| 

e'’(a) is defined by 

f'(a) ifr it F 
! u- e'la) otherwise 

o'^ia) : -g" (a) 

T^(,a): t"{a). 

The definition means the following. The consumption set X/ is defined to 
include only those consumption plans which agree with f(d) outside F. In 
other words, consumption can differ from f{a) only at date-event pairs in F. 
The new preference ordering is simply the restriction of the original one to 
the new consumption set X/. The new endowment e'’(a) is defined to equal 
the original endowment on Fand /(a) outside F. This ensures that g 
F inally, the initial endowment of securities is equal to the value of g(a) at the 
predecessor of u, i.e. the amount thatg(a) implies a will hold at the beginning 
of H, and is set equal to the tax obligations of a at u. The definition may 
seem slightly artificial but it is necessary (for the sake of the proofs) to 
define the consumption set and security set to be subsets of the corresponding 
sets in the original economy. This is why a certain amount of awkwardness 
is unavoidable. 
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Clearly is a measurable function on (/I, (M, v) to x R' ,• R'" x R™, 
where is the same as except for having a smaller-dimensional commo¬ 
dity space. Then (/)'', F, ■) is a sequential economy according to the defini¬ 
tion given in Section 5. Strictly speaking we ought to write ^ 

but when there is no risk of confusion we refer to the f-subeconomy relative 
to {("‘\f,g) as rfC 

The security set for agent a must also be redefined as part of the definition 
of the subeconomy. The security set for agent a relative to g is denoted by 
(■S’!/, g) or, if there is no ambiguity, simply by Sf. It is defined by 

-S’,/ ; = {.V e R /* i .s" g'{a), v ^ F, .v" - ■ t "(a), veF n,lj\. 

The interpretation of the concept of the f-subeconomy is obvious. It is a 
model of the economic activity in the date-event pairs in F, taking as given 
agents' actions in U\F since these cannot be changed once u is reached. 

Notation. For each F f -F define the shift operator T/ from R" to R” 
(relative to g) by putting 

(7’„^.v)' g'(a) ifp^F 

g^fa) if V = u is first in F 
-- s”' otherwise. 

Two points should be noted about this definition. First, agrees with g(a) 
outside Fand has the usual definition inside F, bearing in mind that iT^(a) = 
g'''“(a). Second, no “shifting” occurs outside F so the initial and final holdings 
at date-event pairs outside F are equal. 


5. Sequential Core 

An allocation (/, g) for can be improved upon if there is a coalition E&Ot 
and an allocation (/*, g*) such that 

(i) /*(a) >„/(</) a.e. in £ 

(ii) v{E) > 0, Je/* dv Je e dv and Je o- ^ t dv. 

The crucial difference between the usual definition of “improving” and this 
one is that here a coalition can only form if it has a sufficiently large endow¬ 
ment of securities to meet its tax obligations. 

The core of a sequential economy is defined to be the set of attainable 
allocations for which cannot be improved upon. It is denoted by C(^'). 
This concept is of no interest in itself but allows us to define the sequential 
core rather neatly. The sequential core of is defined to be the set of attain¬ 
able allocations (/, g) for such that for every Fe.F, (/, g) g 



TRUST AND MONEY 


473 


where is defined relative to {£‘,J,g), of course. The sequential 

core is denoted by C^S”). 

An allocation in the sequential core is completely trustworthy since it 
cannot be improved upon at any subsequent date-event pair. Indeed, the 
concept of the sequential core can be taken to characterize trustworthiness 
in a .sequential economy because an attainable allocation which is not in the 
sequential core can be improved upon at a date-event pair it r- 0 ; and this 
means either the allocation does not belong to the core (« 0) or there is an 

incentive for some coalition to agree to the allocation at 0 and then break 
their agreement at m - 0. Hence we define an attainable allocation (/, g) for 

* to be trustworthy if and only if (f, g) e C‘(<?*). 


6. Sequentiai. Equilibrium 

A set/ueiitia/ equilibrium for /i-' is an attainable allocation (/, g) and a price 
vector ip, q) R* y R" such that for every Fe 

a.e. in .4. ( /{a), g(a)) is maximal for ^ in the budget set 

{(.V. s) € X/ >: S/ 'px ; q-s -r P • e>‘{a) -f q ■ T/s]. 

Notice that the price vector ( p, q) is independent of F. An equilibrium alloca¬ 
tion is an attainable allocation (/, g) such that for some price vector (p, q), (/ 
g,p,q) is a sequential equilibrium. denotes the set of equilibrium 

allocations for I'i”. 

Remark I. Implicit in the definition of a sequential equilibrium is an 
assumption about the set of tradable commodities at each date-event pair; 
specifically, that at any date-event pair u U agents can exchange commodi¬ 
ties for delivery at any date-event pair r u F". By way of contrast, in the 
definition of the Walras equilibrium it was implicitly assumed that there 
existed a unitary market at 0, that is, all trading was carried out at the initial 
date-event pair. 

The definition of a sequential equilibrium is obviously motivated by the 
definition of the sequentiai core, bearing in mind the classical theorem on 
the equivalence of the core and the Walras allocations of a large economy. 
From the point of view of equilibrium theory, however, the definition seems 
a bit odd since most of the markets assumed to exist are superfluous. But the 
sequential equilibrium is a special case of a quite natural equilibrium concept, 
the equilibrium of plans, prices and price expectations of Radner, 1972. 
Assume that at each date-event pair only spot trading is allowed.”* Then at 

This assumption does not appear to be essential. It is made here just to tix ideas and 
simplify the notation. If all trades are made on spot markets there is no need to distinguish 
between transactions and deliveries as far as notation is concerned. 
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any date-event pair i/e U. for any agent a t /4. the budget constraint k 

pU . -yli , . pU . .. . ,« 

Now if {f,g,p, (/) is a sequential equilibrium then at each «c L', for every 
(/ e / 4 , 

p fia) - q ■ g(a) p ■ e‘'(a) — q ■ T/g(a). 

that is, 

^ p‘ J'id) q‘ ■ g'ia) - Y. P' ■ e'(fl) i q‘ - .if' («). 

'' » r\>H 

Since this equation holds for all m e L' it clearly implies that 

pu ■ f“(a) : q<' ■ g"(a) p“ ■ e"(a) !- q" ■ 

for every u t. U. Hence a sequential equilibrium is formally a special case of 
the Radner equilibrium (but the converse is obviously false).'" The difference 
in interpretation hinges on the assumptions made about the existence of 
forward markets. In the sequential equilibrium interpretation we assume at 
each date-event pair a f (7 there exist forward markets for commodities 
deliverable at any v u. In the Radner equilibrium interpretation only spot 
markets exist. For analytical purposes, the sequential equilibrium is more 
convenient but the Radner equilibrium is the more economically interesting 
concept. For this reason theorems stated in terms of the sequential equili¬ 
brium may be interpreted in terms of the Radner equilibrium. 


7. ThRPF. THEORtMS 

The following two theorems describe the relationship between the sequen¬ 
tial core and the set of equilibrium allocations. They mimic the classical 
theorems on the core and set Walras allocations of a exchange economy (sec 
Hildenbrand [11, 2.1, Proposition I. p. 131 and Theorem 1, p. 133]). They 
are stated and proved for the case in which the number of securities is 
m but this assumption is inessential; the theorems remain true if there 

were fewer or none at all, though in that case the sequential core might be 
empty. 

” The model presented in Radner, 1972, does not have securities of the sort used here. 
If the securities were removed the sequential equilibrium would be formally a special case 
of the Radner equilibrium but it would probably not exist. The treatment of securities is 
entirely in the spirit of Radnor's model, however, particularly the way in which he handles 
stock markets, so there seems no harm in using the phrase “Radner equilibrium" in this 
slightly extended sense. 
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Theorem I. If/)" is a sequential economy then ') C 

Theorem 2. If 6 ^ -.(A, iV. y. R' x R" X R" is an atamless 

sequential economy such that f e dv 0 and ^ a dv 0 then Cf/i ’’) C WiA '). 

The proofs are gathered in the Appendix. 

Theorem 2 is the more interesting result. It says that in the case of an 
atomicss economy, (fg) is trustworthy only if for some price vector (/>, q) 
and any F & the budget constraint 

P fio) r q-gia) p- e’'{a) r q ■ T/g(a) 

is satisfied. Thus, even if markets are complete at every date-event pair, the 
absence of trust induces a sequential structure on the economy. In a finite 
economy there are two opposing forces at work. A man who has promised to 
deliver a commodity would rather renege but on the other hand there may 
be “gains from trade" with his creditor. The gains from trade may be more 
important than the forward contract in which case he will keep his promise, 
even if there is no corresponding money transfer. In an atomless economy 
there are no gains from trade with an individual so every forward contract 
must be covered by money. This is just the “no surplus” condition at work. 

Before stating the final theorem some new notation is needed. Let <5 denote 
an exchange economy, that is. a measurable function from (A, (F, v) to 

X R,.' such that J e dv is finite. A sequential economy could equally well 
be denoted S'" or (S', a, t). An exchange economy is said to be coni ex if for 
any a e A, if {«j is an atom (i.e. v({«)) 0) then >„ is convex. 

Theorem 3. Let 6: (A, 01, v) * -tP x R,' be a coniex exchange economy 
and / an efficient consumption allocation for O. Suppose f e dv 0. Then 
there exist functions <j, t and an attainable security allocution g for : -= 
(rf, cr, r) such that (i) <7" is a sequential economy (ii) (/. g) c C'(<f ”)■ 

It is essential for the validity of this theorem that there be at least m ffV 
securities. 

This theorem is proved by showing that for some triple (g. a, t), (/, g) is 
an equilibrium allocation for {6% a, t) and then invoking Theorem l./can 
be any efficient allocation. This is reminiscent of the classical theorem that 
with suitable transfers of income any efficient allocation is a Walras alloca¬ 
tion for a convex economy. In this case, the “income transfers" are 
represented by the net taxes T(a) ~ a{a). We are most interested in the case 
in which r(a) — a(a) — 0, a.e. in A. In this case, since the actual values of 
afa) art unimportant, the government requires no information. The process 
of generating trustworthiness can be completely decentralized. If / is a 
Walras allocation then there is no loss of generality in supposing cr(a) 
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T(a), a.e. in A. Let (resp. C(^f)) denote the set of Walras allocations 

fresp. the classical core) of an exchange economy A. Then we have the 
following simple result. 

Corollary to Theorem 3. Ix‘t A and f be as in Theorem'S. Then if 
fa we can, without loss of generality, assume that a t. The same is 
true iff a C(d') and is an atomless exchange economy. 


8. Applications 

There is a great variety of models of sequence economies in the literature. 
A small and possibly unrepre.sentative sample might include models of 
pairwise trade ([13, 14, 15, 16]), models of equilibrium with incomplete 
market structures ([17], further studied in [5,6,9]), models of equilibrium 
with transaction costs ([7, 8, 10, 12,18, 19]), and models of temporary equili¬ 
brium ([2, 3,4] and many others). What all these have in common is a 
“.sequence of budget constraints". The presence of these constraints is usually 
taken as axiomatic but it is not always clear whether their imposition is 
justified. As was pointed out in the introductory remarks to this paper, one 
of the purposes of analysing economies without trust is to develop a theory 
which may justify the presence of a sequence of budget constraints. It 
appears now that the form of the constraints which arise as “equilibrium 
conditions" from the theory of the sequential core dilTers from that found in 
models of equilibrium in sequence economies. The interesting question of 
whether the theory developed in preceding sections provides a rationale for 
these models, or more precisely for the preferred definition of equilibrium, 
must be tentatively answered in the negative, at least in some cases. In other 
cases the correspondence is more satisfactory but even where no rationale 
has been provided an important lesson may be learned—that some theories 
are in serious need of revision. There are considerable problems in applying 
the precise results developed in earlier sections to most of these models, for 
the simple reason that they are structurally quite different from the sequential 
economy described in Section 3. Nonetheless, the general concepts described 
in this paper can be used to gain insights into the meaning and validity of 
the models. In this section, three models, those of Ostroy-Starr [16], Hahn 
[7, 8], and Radner [17] are studied in this way. The remarks that follow are 
not intended to do more than loosely indicate the connections. 

Ostroy-Starr 

Ostroy and Starr study the problem of reaching a Walras allocation by 
means of pairwise trades. Unlike the sequential economy the Ostroy-Starr 
model has only one time period (in my sense) but within this single time 
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period agents trade sequentially with each other. It is a model with one 
Hicksian week divided into several trading days. There is a finite number of 

commodities and agents, the latter indexed / - 1,2. m. During each day of 

the week each agent meets another agent, except possibly for an odd-man-out 
who does not meet anyone. The agents trade commodities which they carry 
forward from day to day. There are given an equilibrium price vector p and 
an m-tuple (z,) of Walrasian excess demands, one for each agent i. Each 
agent i has an endowment vector e,. The problem is how to get each agent 
from e,- to (c,- I- z,) by means of pairwise exchanges. This problem is rather 
different from the problem of trust studied earlier. In this case it is not a 
question of agents failing to keep agreements once some trades have been 
carried out; instead the problem is that agents must decide how much to 
trade before they have met all other agents. The problem is essentially one 
of “speculation”. 

There is assumed to be a finite number of trading periods indexed t 
I,..., T. The order of meetings is represented by a T-tuple of permutations 
{tt'I on the set of agents {I,..., m}, satisfying 

(a) Td o TT* id for each / 1.T; 

(b) V/,,/ = 1,..., m, i / /, 1,..., T, 7r'(/) =-■ 

(c) 3 at most one / such that i 7r'{/), for each t - I,..., m. 

The interpretation is that agent i meets agent yon date t if and only ifw'f /) -- 
/. Let e,' denote the bundle of commodities held by agent / at the beginning 
of day /. Ostroy-Starr are interested in the informational requirements of 
pairwise exchange. To formalize the idea of “informational requirements” 
they introduce the concept of a trading rule, a function mapping past and 
present excess demands and the pairing sequence {tt'} onto today’s actual 
(pairwise) trades. A centralized trading rule is one which uses all of this 
information. Ostroy-Starr show that if T is the minimum number of periods 
required for every pair to meet at least once then there exists a centralized, 
pairwise trading rule such that 

(i) Cj* = <?i and ej" -- c,- | z-, for all i I,..., /n; 

(ii) p • e/ = p ■ for each / = I...., m and t - ■ I,..., T; 

(iii) Ci' 0 for all / ^ I,..., m and t - I,..., T. 

The question that interests us is why should (ii) be satisfied? Without (ii) the 
problem is trivial. If agents trust one another there is no reason to impose 
(ii) but in the absence of trust it is easy to see why it must be satisfied. 

The Walras allocation obviously belongs to the (classical) core when agents 
have the endowments (e,). What is needed is some condition that will also 
ensure it belongs to the (classical) core when the endowments are (e,'). for 
each t = I,..., T. Clearly (ii) is just such a condition. To see this, notice that 
if ((Xi), p) is a Walrasian equilibrium, where x, := {e/ + Zj), when agents hold 


64z/i9'2.i7 
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endowments (ej, then it is a Walrasian equilibrium for any other distribution 
of endowments, (e|) say, such that each agent's wealth is unchanged, i.e. 
p ■ e, p ■ i’'i- Hence, for every t I,..., T if (ii) is satisfied then (e,- f c,) is 
a Walras allocation relative to the endowments (f',')- Since a Walras allo¬ 
cation belongs to the core this means that the sequence of trades is, in an 
obvious sense, trustworthy. 

To show the converse, that trustworthiness implies condition (ii), one 
would have to assume that the economy is atomless, but it is not difficult to 
see how standard arguments could be deployed to this end. Ostroy-Starr also 
discuss cases in which a decentralized rule will allow agents to reach a Walras 
allocation by means of pairwise exchanges satisfying conditions similar to 
(i) (iii) above. One of these involves the use of money. These cases could be 
analysed in a similar way. 

There is a difficulty with the Ostroy-Starr model. Although trade is carried 
out pairwise, agents somehow come to know the equilibrium price vector 
before trade has even begun. A similar problem arises from the interpretation 
of (ii) as reflecting lack of trust. Lack of trust was previously identified with 
the feeling that (other) agents would break their promises if it was to their 
advantage. Hut here agents trade only once with any particular partner. It 
is not clear what could or should count as a broken agreement. 

Both aspects of the model require a certain amount of sympathy to make 
sense of them. It must be assumed that the “auctioneer” is able to call out 
correct, equilibrium prices from his knowledge of aggregate excess demands, 
but unable to co-ordinate individual, pairwise exchanges. Similarly, in 
applying a concept similar to the sequential core it is assumed, on any day t, 
that any coalition can decide, without meeting, to seek a different set of 
excess demands (different, that is, from those corresponding to the original 
Walrasian equilibrium) as long as it remains self-sufficient. And this ignores 
the problem of reaching the desired allocation by means of pairwise 
exchanges. For example, some members of the coalition may not meet, 
according to the original order of meeting represented by {tt*}, after the date 
on which the coalition “forms”. It seems to be asking a lot to appeal to the 
“auctioneer” to provide the necessary information, bearing in mind the fact 
that the model is essentially about an economy in which agents have very 
limited ability to communicate. These problems are inherent in the model’s 
dichotomy between the choice of the final allocation (Walrasian equilibrium) 
and the trading process by which it is reached. Subject to this qualification 
the absence of trust does seem to provide some sort of rationale for condi¬ 
tion (ii). 

Hahn [7, 8], Radner [17] 

When we come to models of equilibrium with transaction costs it is more 
difficult to relate the present theory to the literature. The main reason is that. 
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by construction, an allocation in the sequential core is Pareto efficient, whereas 
equilibrium allocations are rarely efficient in sequence economies. An 
exception is the model of Starrett [19], He gives an example of an equilibrium 
with transaction costs which is not merely Pareto inefficient but inefficient 
among allocations which are attainable through the transaction technology, 
i.e. constrained inefficient. He then shows that the inefficiency results from 
the presence of budget constraints at each date and that if each agent has 
access to costless credit facilities (so that there is effectively only one budget 
constraint) then equilibrium is always constrained efficient. Clearly, the 
same will be true if agents have sufficiently large holdings of money which 
they must return to the government at the last date. In that case, if spot 
markets are costless, the Starrett model is a special case of the model of this 
paper. Only spot markets are used as long as agents have sufficient credit 
facilities or money balances, so there is no need to worry about the trans¬ 
action costs of using forward markets. What the Starrett model does not 
explain, of course, is why the budget constraints should be there in the first 
place. The absence of trust explains this feature of the model, as we have 
seen, but it should be noticed that there is a difference between money and 
credit here. If the government enforces the payment of taxes but not the 
payment of debts, only money will guarantee trustworthiness. 

The Starrett model has an attractive simplicity. The general case is not so 
pretty. In general, the set of attainable allocations is limited by the trans¬ 
action technology. The model described in this paper has an attainable set 
unrestricted by any constraints other than the size of the total resource 
endowment but even if we introduced costs of coalition formation there is no 
reason to think this would yield a comparable attainable set. “Market 
trading” and “coalition formation” are two quite different methods of 
allocating resources and there is, in general, no reason why the respective sets 
of attainable allocations should coincide. For this reason 1 believe it would 
be misguided to attack the problem by looking for a definition of the se¬ 
quential core that will coincide with the set of equilibrium allocations of the 
Hahn model, for instance. 

Nonetheless, I think there arc insights to be gleaned from the present 
model, in which we ignore the costs of getting information, forming coali¬ 
tions and so on, which can be applied to descriptive models with incomplete 
markets [17] or transactions co.sts [8]. The most important insight comes from 
the recognition that trustworthiness (in the present model) requires that the 
budget constraint at any date-event pair u applies to net trades and covers all 
date-event pairs in In the two papers referred to above it is assumed that 
the budget constraint at a date-event pair applies to the gross trades arranged 
at that date-event pair. 

The distinction between what 1 have called net and gross trades can be 
made clearer by looking at a simple example of an exchange economy of the 
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Radner-type. There are two dates / ^ 0, I and no uncertainty. Each agent 
/ 1. ni chooses a trade plan z, ^ (r,(0), r,(l)) subject to the constraints 

(i) zMe/Xt) 

(ii) c, i l^zXt) 0 

I 

(iii) />(0 ■ zXt) 0 

where c, is the /-th agent's endowment, Z(t) is the subspace of commodities 
which can be traded at date t and j^i) is the vector of prices for commodities 
traded at date r. The planned consumption corresponding to the trade plan c 
is simply [e, ^ -,(0] x, . The net trades here are represented by the 

vector (.V, e,). The gross trades at date t are denoted by Writing 

.V, (.v,(0), .v.( I)) and (c,(0), <’,(!)) the net trades at date f are — 

<'/(/)) and the budget constraints suggested by the sequential core have the 
form 

(iii)' ^p(l) {.K,U) eXD) - 0.p(\) {xX\) c,(l) .0 

where p : (p(0),/>(!)) c M'. The vectors (pU)) must be distinguished from 

(/(O); p(f) is a vector of prices of commodifies delivered at date t whereas fXt) 
is a vector of prices of commodities traded at date t. An equilibrium subject 
to these new constraints is inessential (in the sense of Hahn [8]) by definition. 
The constraints (iii)' imply 

(iii)" p{t) • (.r,(t) e,(t)) ' 0(/ - 0. 1). 

If constraints of the form (iii)” are accepted as part of the definition of equili¬ 
brium in place of (iii)' then there is a natural extension of the equilibrium 
concept to include essential sequence equilibria. Suppose there is a complete 
set of spot markets at each date and some futures markets exist at date 0. Let 
q denote a vector of futures prices and y, the /-th agent’s vector of trades in 
futures markets. Then the /-th agent’s budget constraints can be written 

(iii)"' p(0) • (^,(0) - Ci(0)) ■=; 0 

/>(•)■ (x.d) -- e,(l)) -t- (p* — q) ■ yi 0 

where p' is the vector of date 1 prices of commodities which could be traded 
on a futures market at date 0. Obviously, p^ is a “subvector” of p(l). In this 
case we can identify (p(0), q) with ^0) and p(l) with p(l). A comparison of 
(iii) and (iii)" gives the flavour of the distinction, alluded to above, between 
constraints on gross and net trades. 

It is harder to relate the present theory to Hahn’s model of equilibrium 




TRUST AND MONEY 


481 


with transaction costs because he introduces dilTerent buying and selling 
prices for the same commodities. But Hahn’s constraints are very much in the 
Radner spirit and subject to similar remarks. 

In other words, if an agent buys wheat on Monday for delivery on Thursday 
and then sells the same wheat on Tuesday, these two transactions cannot be 
used to offset one another. This seems odd on two counts. First, it assumes 
the presence of trust to the extent that forward sales today can be set against 
spot purchases today. Second, it does not allow apparently trustworthy 
arrangements such as the following: on Monday an agent purchases a 
quantity of wheat for delivery Thursday without making any corresponding 
sale; on Tuesday he sells an appropriate quantity of rye for delivery on 
Thursday without making a corresponding purchase. In this way the tradi¬ 
tional assumption seems to go too far and not far enough in trying to ensure 
trustworthiness. And a side glance at reality (e.g. commodity futures markets) 
shows that the constraint is not .strictly accurate empirically either. 

It could be argued that every forward purchase automatically entails a 
commitment to sell money forward (this applies only to the Hahn model 
since Radner's does not contain money) and that in this sense the constraint 
is both natural and implied by the absence of trust. But such an argument is 
fallacious because it ignores the distinction between selling money forward 
and delivering money at a later date. For example, if I make a forward 
purchase I do not necessarily have to sell money forward to pay for it; I may 
simply agree to pay cash on delivery. In the Hahn model this could be done 
costlessly in one of two ways: either by carrying cash balances forward from 
one period to the next or by selling another commodity on a spot market 
(if there existed a costless one) on the date the first commodity was to be 
delivered. But the budget constraint rules out either of these two procedures. 
Suppose that an agent wishes to purchase wheat on Monday for delivery on 
Thursday. He cannot pay for it in cash on Thursday using cash balances 
carried forward costlessly from Monday: he must make a .sale, e.g. sell 
Thursday money forward, even though this is costly and the first procedure 
is evidently trustworthy. 

These remarks cannot be conclusive, of course, in the absence of formal 
results, but they ought to give pause for thought especially since, as Starrett 
[19] shows, the form of the constraints is crucial to the inefficiency results 
of Hahn [8]. 

One implication of the constraints suggested in this paper is that bond 
markets (forward markets in money) would never be needed. This is because 
the constraints do not allow the transfer of wealth between periods except by 
means of securities. But a more sophisticated model would allow for the en¬ 
forcement of contracts by other means. If it were costly to enforce forward 
trades in money this would provide a rationale for [8. Theorem 6], which 
shows that if forward money markets are costly but spot markets are not. 
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then equilibrium (in hi. sense) is inetYicieni if any forward market i. 

The theorem does not appear to depend on the precise form of the bi,da-t 
constraints. 


Appendix 


This appendix contains proofs of the theorems stated in Section 9. The 
techniques used to prove Theorems I and 2 arc extensions of the standard 
methods used in the analysis of the classical core (cf. Hildenbrand [11, 2.1]). 
The only mathematical novelties arise from the treatment of security prices. 
As far as possible I have tried to follow Hildenbrand [II] in notation and 
have in several places referred the reader to arguments or definitions in his 
book rather than reproduce them here. Theorem 3 is a diflferent kind of result 
but again uses an extension of standard arguments. 

Tiieorfm I. Let £“ be a .sequential e.xchan^e economy. Then l■T''(<^")C 

Proof. Let (f,g)E- and (p,q)eW Y R" be the associated price 

vector. F or every Fe define the A-subeconomies (<5^) in the usual way. If 
(f, g) i then for some Fc .-F, { f, g) ^ €(/)''). There exists a coalition 

F G n with v(F) : • 0 and a consumption allocation h such that 

/;(«)>-„/'(n) for all oG F, f h dv I e'' dv 

'e 

and if u is the minimal element of Fthen 

I (t"{a) — .?"~(a)) f/v ■ ' 0 

Then for every aeE, p ■ h{a)p ■ f(a) and since 
P ^E.fdp p ■ ji; e’’dv. By definition, however, P'(f{a) - e''(a)) !- 
q ■ (g(a) - T/g(< 7 )) 0 so 


q ■ f (g(a) — T„^g(fl)) de > 0, 

•'e 

contradicting the hypothesis that E is self-sufficient in securities. To see this, 
note that for any .v e S,/, a e A, 

q ■ (g(a) - T/gfa)) < g • (j - T/s) 
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because otherwise the pair (/(u),g(a)) would not be maximal. In particular, 
if ,s is defined by s e. S,/, s' - t'\ for all, r t F then 

O'” ■ (r(a) — g^-ia)) ■ q ■ (g(a) — T,/g(a)) 

whence 


0 :> I f/“ • (f "(fl) — .?"• (a)) cJv I q ■ {g{a) - T/g{a)) dv. | 

An attainable allocation {f,g) for rJ* is called degenerate if there exists a 
price vector q e R", ^ - 0 such that for every Fe F 

a.c. 'm A,q- g(a) = q ■ T/g(a) and q ■ s 
q ■ TJg(d) for any i e S/. 

Otherwise an allocation is called non-degenerate. 

Let Z'" denote the /’-subspace of R' x R": Z'’ is the linear subspace of 
R‘ X R" carrying vectors z e R' x R" such that if z (.v, .v) then .v" = 0 
for any w # F and s" 0 for any m ^ F. If R' x R" is thought of as the vector 
space carrying the actions^^ of agents in fi, then Z’' can be thought of as the 
vector space carrying the actions of the agents in the sub-economy 6^. 

THiiOREM 2. If : (A,(M,v) F X M' X R" X R" is an atomless 
sequential economy such that j edv'^0 and jodv f t dv 0 then 

cx^-) c 

Proof. Suppose that (fg)eC’(Ai’) is a non-degenerate allocation. For 
every agent ae A and every component Fe.F define 

>/{f) ■ - {.V G X/ i .V >„7(fl)] 

and 

X''(a) ; = >,/(/) — 

For every agent ae A and component Fe-F define 

S/-- {T,fg(a)} 

where T,f is the shift operator defined in Section 6 and S,f is the security set 
of agent a in the F-subeconomy. For every aeA, put i/>''(a) (y''(a) X 

C'’(a)) U {OJ for each Fe .F. Notice that if z is a vector belonging to i/i''(a) and 
z ■— (.V, .v) e R* X R”, then ar" = 0 and s" -- 0 for all u f. F, that is, i/i\a) is 
contained in the linear subspace of R' x R".‘" 

" Actions here may be identified with excess demands for commodities and securities. 
*• This follows from the definition of a subeconomy. Cf. Section 4. 
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Let a \ {r F R' x R" ! z Oj and let 

r: co[j\\rd.r' 

We need to show that C r\ Q . Suppose not. Then there exi.sts an array 
{X‘‘\Fc.^\ of non-negative numbers such that X 1 tttid a vector 
ze Q such that 

rr X A" f 

F*-\p ^ 


There exists a set G c .W such that f e F and FC G, F G, imply A'' - 0. 
Let G be a maximal set of this kind, so that A'’’ /- 0. Let (iF \ G) denote the 
subfamily of defined by 

(.>^jO): {Fc .'A \FCG\. 

The sequential structure of (i/ •) ensures that if Fc (.^ \ G) then either 
FnG £} or G C F. Let proj^, denote the natural projection from R' x R" 
into 7F. Then 


prqi,; 


CO U CO projr; (J (>p''c/v\ 

CO U proj.y j r/v 

= CO y Cproic 

Lft J 

C CO J (Jv - I" Jv 


The first three equations follow from the definitions, the inclusion relationship 
follows from the construction, since for any f e \ C) 

projf. i/r'^(a) C 

for every aeA, and the last equation is a theorem since (A, 01, v) is 
an atomless economy (Hildenbrand, 1974, D.I1.4, Theorem 3, p. 62) 
and by construction for any fe(.#'|C) projc 0^(a)C for every 

aeA. Then projr, (c)e / 4'^ dv. Let A be a measurable selection from 4^^ 
such that I h dv = projc.(c) and let £■.= {a s A \ h{a) ^ 0}. Then 


^ For any subset T of a Euclidean space the notation co Y denotes the convex hull of Y. 
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v(E) 0 and ^Eg'‘ ~ dv r" where u is the initial element of 
Corresponding to A is a measurable function h* : A R' such that a.e. in 
E, h*(a) 6 >,/’(/) - {c^'(a)} and Jt A* c/v < 0. Putting 

/’*(«) h*(a) i e^(a) - f h* ilvlv(E) 

•E 

we have an attainable allocation ( such that f*(a) 'r-„^'f(a) for aeE, 

contradicting the hypothesis that (/, g) c C(<f‘^). 

Hence, ro[yf | i/i^'t/v] n 1^3 0 . Also, for all so 

J •P^ dv] -/ ti. By the Minkowski theorem there exists a hyperplane 
separating the two sets. Precisely there exists a price vector (/), ^)f K,' x 
R such that (/j, < 7 ) / 0 and 

( 1 ) 0 ■inf{(/>. • Cj 

where C : co[U/.- J i/r'' cA<]. 

The graph of the correspondence is measurable for every Fe.-F. 
Clearly it is sufficient to show that the correspondences itnd I’’ have 
measurable graphs. The first follows from an argument in Hildenbrand 
[I I, 2.1, Theorem I, bottom of p. 134]. The graph of is the set 

{(o, .V) e /I X R« 1 e S/ - {T/g(a))]. 

Since T/ is continuous for fixed ac A and g is measurable T,/g(a) defines a 
measurable function on A to R”. By Hildenbrand [11, D.II.3, Proposition 1, 
p. 59] it is sufficient to show that S„'’, regarded as a correspondence from A to 
R" has a measurable graph. Now S/ <p = A(o) where A is a function from 
/< to R" X R'" defined by h{a) (g(a\ t{a)) for every a’S A, and 90 is the 

Let A(tf) denote the security holdings of agent a e £ which correspond to the aggregate 
vector z. By hypothesis, jfa) e5,''. Since zeQ it follows that 

j" [s'* .v““] dv • '■ 0, if a c C>, 

and 

f (s" — r") dv 0, if iJ G f7 fT F. 

Je 

Also, if u is first in G then 

I s'‘~dv ~ j g" dr. 

•'e ~e 

Fronn-these relationships it easily follows that 

r > r t". 

•’e -e 
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correspondence from R" x R"' to R" defined by <p(j, /) = {>■ t' j j,’’' 5” 

if/' i /'■and>’“ r“(a) if « e I/). A is measurable and <p has a closed (and hence 

measurable) graph so 9 ? > A has a measurable graph [II, D.II. 3, Proposition I, 
p. 59], 

f'rom (I) it obviously follows that 

(2) 0 inf (/j, </) • for each /'l 

Since <//'" has a measurable graph it follows [I I, D.II.4, Proposition 6 , p. 63] 
that 


inf (.p,q) ■ I'l/r'' dv - j inr(p, q) ■ dv 

so from (2): O f inf( p, q) ■ dv. By definition 0 e ijs''[a) for every ae A so 
0 inf(p, q) ■ a.e. in A. Thus 

(3) a.e. in A, {p, q) • IVgia)) :(p,q)- (x, s) for any pair (a-, i) 

such that .V ; -,/ /(«), s t S/. 

From (3) it follows that a.e. \n A, p • c'^(a) + q ■ T/g{a) • ' p ■ f{a) 
i <!' .?{«)■ Now suppose that the inequality is strict for a set of agents with 
positive measure. Then p ■ f e'’ dv -\- q ■ f T/g dv • ffdv V q ■ fgdv, 
contradicting the hypothesis that (/, g) is attainable. Then a.e. in A,p ■ £?^(a) 

\ q T/g(a) p-fia) \ q ■ g(a). 

Suppose that p 0 and q 0. Then q ■ g{a) — q ■ T/gia) for every 
Fe. F and q-s q ■ T/g{a) for all i e S/ for every Fe F, a.e. in A. But 
this means (,/|g) is degenerate, a contradiction, so p : 0. Since fedv X' 0, 
p '' 0 implies that v{a(^ A \ p • c-(a) > 0} : 0. By a well-known argument 
(see [11,2.1, Theorem l,p. 135]) for any agent a such that p ■ e{a) > 0, 
property (3) implies that (/(a), g{a)) is maximal for >„ in the budget set 

{(.V, .v) e R,' X S„\p ■ X + q ■ s < p ■ ?(«) + <7 ' F„s] 

and this, together with monotony of preferences, implies that p ^ 0. Then 
for any F e .-F, (3) implies that (/(a), g(«)) is maximal in the budget set 

{(.X, .y) c; XJ X S/ , p ■ X -{ q ■ s <: p ■ e%a) + q ■ T/j}. 

If for some Fe -F and some pair (x,s) in the budget set xy-/ f {a) then 
clearly ly ■ (.v — T/s) q ■ (g(a) ~ T/g(a\) since p ■ (/(a) — e^(a)) -f q 
(g(a) — T/g{a)) == inf(p, q) ■ ijj^d) = 0. This implies that p - x ^p /(a). 
Since x it must be the case that p ■ x ^ p /(a) - infp ■ X^''. Then 

p > 0 implies x - f (a), a contradiction. 
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This completes the proof that {J, e under the assumption that 

i/jg) is non-degenerate. Suppose now that (/,g) is degenerate and let 
q e R’S q ' 0 be the price vector referred to in the definition. For some 
u eU and « e (7, > 0 and there is no loss of generality in supposing that 

M < il or w — u. Indeed, if we define H" — {u e U \ u < Ci or u u} for each 
U e U, then if u ^ H" there is no tax constraint for ii-securities in the definition 
of .S,/, where F F". Let « be a maximal date-event pair not in H" such that 
qa" 0. Define s e S/ by i,- - gc%a) if v U or if v — ii and r < u and by 

=- 0 otherwise. Let £ = {a e A I gg“(a) > 0}. Then it is clear that s e 

where F ^ F“ and ae E and that q • x <q ■ g(a), a contradiction. So suppose 
instead that ii c. H“, indeed let u be a maximal ii e H" such that qe'‘ 0. If 
u /■ u then by the previous argument it is possible to find a set of agents 
£ e n with positive measure such that for each n e £ there is a point x e S/, 
where F — F", such that q ■ s <q ■ g{a) (if ii-securities are a free good at ii 
then the lax constraint is irrelevant to the problem “minimize q ■ x subject to 
seSa"). But if ,-0 then for any ueU“, ,-0. For if « e//“ and 
qg" 0. define x nS,,'', where F = F", by x/ -= for any v ^ u or if 

V ■ ■ ii, for any r < u, by s,-/ - gg^'M + e for v = u or u < v < u and Xg" — 

gg‘'(a), for any og A. Obviously q ■ x <: q ■ g{a) for all a e A. 

The preceding argument proves that for ii e 1/ either qg" 0 for all 
u c or qg" 0 for all u e H''‘. Let q have a maximal set of positive prices, 
that is, there is no other separating price vector q with a strictly larger set of 
.securities il e U such that qg" ' 0 for all u e //“. Let U* ■ ■ {u e V \ qg" - 0, 
UE H"]. Let L be the linear subspacc of R' ,< R" defined by the condition 
(p, q) c /. if and only if (p, q) c IR‘ x R" and qg" --- 0 if ii ft U* for any 
u 6 U. Now apply the argument used in the non-degenerate case''* but apply 
the separating hyperplane theorem to the linear subspace L. Then there 
exists a price vector (p,q)EU' X R" such that (p, q) > 0 and if ii ^ I/* then 
qg" 0 for all ii 6 U. Suppose p 0. Tlten for any Fe f and a.e. in A, 

q ■ s q- g(a) ^ q ■ lVg{a) 

but then it is easy to see that q is not maximal since q + q will have a larger 
set of securities u eV such that {qg“ t qg") >0 for ii c- H". So p • 0. 
Furthermore, it is not difficult to show that 

(1)' 0 ' inf{(p, ^ f ^) ■ Cj 

where C -- co[Uf J '/''' dv]. The rest of the proof proceeds as before with 
(p,q ; • i/) in place of (p, ^). This completes the proof of the theorem. | 

Thkorem 3. Let : (A, FI, v)-* iiP X R' he a convex exchange economy 
such that j e dv^ 0 and let f be an efficient consumption allocation for £. 

“i.e. show that Cn O = 0 where C: -- projz. [co Ur J 0''</•']■ 
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There exist iiitegrable functions a, t; (A, (V., v) IR ,and a security allocation 
^ : [A, <•?, I') ffS:" such that (i) (<5. <t, t) is a sequential economy and 

(ii)(/,.?)FO(^»). 

Proof. In the statement of the theorem it is understood that there is a set 
of date-event pairs {U. ) associatetl with <S. that n : m ■ #V and that there 

are /7J : ffV securities. 

I.et T be a r-integrable function on A to R,'" such that for all a e A. T(a) 

( I). That is, each agent has an obligation to pay one unit of security u in the 
(terminal) date-event pair u c. U. Define a set S in D?" by putting 

S : (.V L R," ■ .v„" ■ 1 for all u f t/J 


and define the shift operator 7'on R" to R" by putting 


(T.0” 


is"' if H , • 0 
(I) ifM 0 


for every .? c R". Now (.S' 7'S) ri £2" r- where IJ" : {.v-'. 'O!. because 

the definition of S requires .v„" ,; 1 if m e t7 and the definition of T requires 
(7'.v)'’ ■ - (1). Also, S is obviously convex. 

Next define 


-„(/): {.vr A',, 1 .V ^•../(a)] 

and 

X(a) : ’ >-,,(/) - {Ha)i- 

Since the economy is convex, J y <7»< is convex. Further, fis efficient, preferen¬ 
ces are monotonic, so 


(Jx </*') Tt Q' = C'l 

where ;= {.v e R' j .v 0}. In summary, (J, dv) x (S — TS) is convex and 
disjoint from £2 : {.v e R' X R” | .x 0}. Applying the Minkowski theorem, 

there exists a price system (p,q)eW x R" and (/?, q) -/ 0 such that 

(1) 0 " inf (p, q) ■ If fxde) x (S — TS^j . 

Suppose that p 0. This corresponds to the “degenerate” case in the proof 
of the previous theorem. By construction R," C(S — TS) and this proves 
that ^ > 0 , for if q^'" < 0 the vector with c > 0 in the corresponding place 
and 0 elsewhere belongs to (S — TS) and for sufficiently large e its value 
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would be negative, contradicting (I). Similarly, if uiH“ then ^ 0 
otherwise the security plan s defined by 

(0 if V u and f u 
‘" 11 otherwise. 

has a negative value, i.e. q • s <0, contradicting (1). By an argument used in 
the previous theorem's proof one can show that for any i7 e U either > 0 
for ail u e H" or — 0 for all u f //“. Let ^ be a price vector with a maximal 
set of positive prices, that is, there is no other separating price vector q with 
a strictly larger set of securities u eU such that qa'‘ - 0 for all u f //". Let 
U* ; {i( fc L I Qg" = 0, MF //“!. Let L be the linear subspace of R' x R’' 

defined by the condition (p, q)p L if and only if q^" 0 for any ue U if 

ii f V*. By the Minkowski theorem there exists a price syslem (/j, < 7)1 L, 
(p, q) ■' 0, such that (1) is satisfied. Then (/>, q 7 if) also satisfies (1), that is, 

(I)' 0 inf{{/»,</+-^) • C} 

where C (Jx dv)'i<(S — TS). Since q is “maximal” it follows that p 0. 
Since 0 f (S — TS), (1)' implies that 

0 < inf I/> • J X 

so by a well known argument p p>0. In what follows 1 shall write (p, q) in 
place of (p,q i-q) and assume p’^O.q > 0 and assume that q is “maximal” 
in the sense defined above. There is no loss of generality in this. 

Consider a security allocation g such that jgB'‘dv - 1 for all ueU, 
U € V. Then J (g — Tg) dv 0. Suppose that tr is a security endowment and 
g, (T are chosen so that, for every Fb 

P fia) I q ■ g(a) - p ■ e'-(a) I q ■ T/gia) 

for every ae A, where the operator T/ is defined in terms of g and a in the 
usual way. Now define by putting 

Vie) ■ X ?'(«) where : >,/( f) - 

>/(/) := {X e I .V >//(a)} S-'Ca) : -: S/ - {r/g{a)} 

for each Fe^ and a e A.\f F — U write for i/r''(a). From the definition 
of g and tj it is clear that 


0 < inf (p, q) ■ ^tpdv 
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Also, for each Ft i/r''(fl) is contained in the closure of so it easily 
follows that 

(2) 0 - inf J(/7, q) ■ Ji/i'" dv\^ 

for every F f-. The rest of the proof follows the lines of the proof of 
Theorem 2. First it is shown that has a measurable graph. Then it follows 
from a result of Hildenbrand [11, D.II.4. Proposition 6 , p. 63] that 

inf(/>, q) ' j r/i' Jinf( p, q) ■ dv 

so from (2) : 0 • J'inf(p. q) ■ ip'' dv. By definition of g and a 

{p.q)- (c^fa), T/g(a)) (p, q) ■ ( f(o). g(a)) 

so 0 inf(/j, q) ■ i/d{a) for each « r- A. Hence, 0 inf(p, q) ■ and this 
means that, for each /'e.jF, 

(3) a.c. in /I, f/J, </)• 7'„^g(fl)) •;(/), 9 ) • (.r, s) for any pair 

(.V, .v) such that v .-,//(«), a: e 5’,/'. 

Then, as in the proof of Theorem 2 one can show for almost all a in 
(/(a). g(a)) is maximal for in the budget set 

{(.V, .t) e X/ X S',/' \ p ■ .X \ q ' p ■ e‘’{a) + q • T/s'] 

for each Fe .'W. This establishes that (/, g) e ^V‘‘(d'‘) and Theorem 1 implies 
that (/, g) e when rf* : (<?, cr, t) and ct and t are defined as above. | 
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Traditional measure of inequality (the Gini coefficient, Atkinson measure, 
for example) are designed to produce a measure of the degree of inequality 
in the distribution of a single commodity-income or wealth. These measures 
are useful for capturing concern about the inequality of consumption op¬ 
portunities conferred by the possession of different amounts of disposable 
income. However if we are concerned with the effect on inequality of various 
policies which will influence the way in which the income is generated, then 
the single-commodity framework isstrictly only applicable if we assume either 
that all individuals face the same wage rate (so that differences in income 
arise solely through differences in unearned income) or that for some reason 
everyone works the same fixed number of hours. Neither of these cases is 
very interesting and there have been a number of proposals recently as to 
how inequality should be measured when there are differences in earning 
ability and labour supply is freely variable (Allingham [1], Stiglitz [7]). In 
particular, Stiglitz has argued that when appropriate account is taken of 
labour supply, then the resulting measure will typically be lower than the 
traditional measures and indeed could sometimes be negative.^ 

Now, as f shall show in the paper, it is important to distinguish the case 
in which redistribution occurs through a redistribution of the initial endow¬ 
ments of the unearned income and labour skills in the economy, from the 
case in which the endowments of labour skills are fixed and all that society 
can do is to reallocate the individual consumption bundles (of income and 
leisure). While the Stiglitz measure was developed in the former context, 
it can also be applied in the latter. What I shall show is that when the Stiglitz 
measure is interpreted in the latter context then the negativity of his measure 
arises from the confusion of an efficiency loss with a distributional loss. I 
propose an alternative measure which removes this efficiency loss and which 
is consequently ajways non-negative. I then show that while this alternative 
measure need not always be greater than the traditional measure, for the 

* For comments on an earlier draft of this paper J am grateful to A. B. Atkinson, P. C. 
Hare, J. Ashworth, C. V. Brown and an anonymous referee. 

‘ Hie measure proposed by Allingham is very similar to that proposed by Stiglitz and in 
particular will be negative whenever the Stiglitz measure is negative. 1 shall point out in the 
text where Allingham’s proof that his measure is always positive goes wrong. 
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empirical estimates of labour supply which have been typically found, it will 
indeed be greater. 

Turning to the context in which labour endowments can be redistributed, 
I show that here both the Stigiitz measure and the Allingham measure can 
be negative and that when this is the case it is because the benchmark of 
equality they select is again not efficient. Here the problem is more complex 
because in these cases there is no fair and efficient allocation, a result which 
extends some recent work by Varian [9] and Pazner and Schmeidler [5] on 
fair allocations. Moreover, when one adopts a fairly natural procedure to 
avoid this non-existence problem, it is found that the resulting feasible set is 
not convex, and that only under the extreme inequality aversion of the 
Rawlsian maximin criterion will the fair and efficient allocation be welfare 
maximising. Thus even comparing efficient allocations it can turn out that 
welfare based measures of inequality arc negative. I show however that these 
findings are a consequence of the assumption employed by Allingham and 
Stigiitz that an individual's skill endowment is indivisible. When perfect 
divisibility of skills is allowed, the resulting welfare measure of inequality is 
again non-negative. 

The plan of the paper is that after setting out the basic model in the next 
section, I shall then, in the next two sections, consider in turn the analysis 
of the case in which endowments of labour skills are fixed and the case in 
which they are variable. The less important details of proofs are confined 
to an Appendix. 


1. The Model 


There is a single produced good, called income, which serves solely for 
consumption, the only input to production being labour. There is, however, 
an infinite variety of labour skills. Production takes place under an infinite 
elasticity of substitution constant returns to scale production function, so 
that the wage for each skill level is independent of the amounts of all types 
of labour employed. We can therefore let the single variable, «, measure 
both skill level and the wage rate which that skill commands. Each individual 
has the same strictly concace utility function which depends only on the 
amount of income and the number of hours of leisure he consumes (so 
individuals do not care about the type of job they do). Both consumption 
and leisure are assumed to be normal. 

Faced with a wage rate, n, an individual will choose his hours of work 
so as to 


Max u(c, 1} s.t. c ; nl n 
c.oo ' 


(I) 


642/19/2-18 
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and wilJ consequently enjoy utility !•(«, 0), where v{ ) is the indirect utility 
function 


(•(/;, .v) r . Max M(f,/) s.t. c ] ///:j; ;j-] .v 
For future purposes it will be useful to distinguish 
a) the elasticity of the marginal utility of income, (i, defined by 


p(<'. 1 ) 


c ■ u. 


and 


bj the elasticity of the marginal utility of full income, v, defined by 

(n ■ - 

v(ii, .v) - 


( 2 ) 


(3) 


(4) 


Given the concavity of »(•), both v and n are positive. 

If H{n, s) is the labour supply function arising from (2), I will deline the 
price, income and substitution elasticities by 


Vi 


iiHi (n i .vj/^a " nHf 

-ff-. Vi- fj . r,, 


(5) 


where H' is the compensated supply function. 

If skills are distributed in the population according to the density function 
/(«), then in the initial position social welfare is 

V li{v{n, 0)) - [ r(/i, 0) J(n) dn (6) 

In this initial position, income distribution is given by the function 

c(n) -- nH(n, 0) (7) 

with mean 

c = E(c(n)) c{n) = nH(n, 0) (8) 

Following Stiglitz, I will give the following interpretation to the Atkinson 
measure of inequality for the income distribution c{n). f will take it that the 
Atkinson measure implicitly assumes that everyone works the same number 
of hours H ^ H(n, 0). Under this assumption, social welfare is 

U = £{M(c(rt), 1 — H)] (9) 

‘ An alternative means of defining an elasticity of marginal utility of income would 
have been v' == v,,lv, s. But this runs into diRicuUies when r is zero or negative. 

* The justification for this definition is the same as in Footnote 2. 
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Given the concavity of «(•). then if we to give everyone the same income c 
(holding hours of work at H) there would be an increase in social welfare. 
We can then deduct a certain amount of income, T, from everyone and bring 
social welfare back to its original level. The standard Atkinson measure 
then expresses T as a percentage of c. However, when we turn to other 
measures of inequality, we will allow income to vary under redistribution, 
and so to be able to make valid comparisons, it will be better to measure 
inequality as a percentage of the value of initial endowments, n. which will, 
given our assumptions, remain constant under all rearrangements of the 
economy's resources. 

Formally, then, the Atkinson measure, t, is given by 

M(t“ - - a;7, I H) - il (10) 


Later in the paper 1 will want to compare the Atkinson measure with 
other measures of inequality, and since direct comparison is difficult, I will 
follow Stiglitz in making the comparisons by means of approximation formula 
for the various measures. In particular, I will use the approximation for 
a which Stiglitz derives and which is given by 


•X ss 



( 11 ) 


where = p.(f, 1 — H), and, here, and throughout the paper I will use the 
notation 


, £((a(/i) - m 

-.v^-- 


( 12 ) 


where .v{-) is some function of n. 

It is obvious from the way in which I set up the Atkinson measure that 
it is rather contrived, and this for two reasons. Firstly the initial value of 
social welfare u, will not, in general, correspond to the true value of social 
welfare p. Secondly, there is no justification given for taking the position 
in which everyone has income and leisure c, 1 — H respectively as the 
benchmark of perfect equality. We simply held hours of work artibrarily 
at U and given the constraint could only really mean by equality a position 
in which everyone gets the same income c. 

In the next two sections I will explore a number of ways of meeting these 
objections. 

2.^ Redistribution with Fixed Endowments or Labour Skills 

As mentioned in the introduction it is important to recognise that when 
trying to measure inequality in the context of the model outlined in the 
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previous section, there are two distinct types of comparison that the measure 
could be designed to capture. Under the first, one is trying to form a judge¬ 
ment about how unequally society’s initial endowments are distributed 
relative to some norm or benchmark of a perfectly equal distribution. 
However even if the distribution of endowments is held fixed, there are a 
variety of different allocations of consumption and leisure to different 
individuals which are compatible with this given distribution of endowments, 
and one can ask how unequally a given allocation is distributed relative to 
some benchmark allocation of perfect equality. This benchmark will of course 
itself have to be feasible relative to the given distribution of endowments. 
It is with comparisons of this type that the present section will be concerned.'* 

1 hroughout this section, therefore, I will take the set of feasible allocations 
to be defined us follows. An allocation is a pair of functions c: R ^ R, 
/; R * R. with c{n) ■ 0 all n, 0 /(n) I all n. The feasible set, is 

then defined as 

|(c,/) ('(rf/i) : /i/(/i) -n)/(;/)r/n 0] (13) 

The initial allocation (iiH(n, 0), I //(w, 0)) is clearly feasible, and we 
now have to decide which other feasible allocation to choose as the benchmark 
of perfect equality. 

One benchmark which one might think of trying is a position in which 
everyone has the .same income c, and the .same leisure I (and consequently 
the same utility u(c. 1)). Given the feasibility requirement of (13), the choice 
of c, I is constrained by the budget constraint 

c + n!<n, (14) 

It is then natural to choose that particular combination of (c,l) which 
maximises «(■) subject to (14). Thus in the benchmark position social welfare 
is Just tin, 0). We could then measure inequality as the percentage of initial 
endowments which would have to be imposed as a lump-sum tax to bring 
social welfare from the benchmark level to the initial level i\ Formally, then, 
this measure of inequality, which I denote by is given by 

V liii, - pn) ( 15 ) 

Now as defined by (15), is precisely the measure of inequality proposed 
by Stiglitz, though, as we shall see in the next section he gave it a different 
interpretation. 

^ It should bu noted that it is precisely within the context of a fixed distribution of labour 
skills that most of the literature on optimal income taxation has been developed. The 
framework for measuring inequality employed in this section may therefore be the most 
appropriate for comparing the distributional effects of different income tax schedules. 
Such an approach is developed more fully in a subsequent paper (Uiph [8]). 
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As Stiglitz shows, ^ can be negative, and it is easy to see technically why 
this is so: for, from (15), 

^ 0 as lift, 0) ?.;■ J i (n, 0) /(/i) lilt, (16) 

and while w( ) is strictly concave, there is nothing to guarantee that l( ) is 
concave in tlic wage rate. Indeed, from the well-known relation 

Pi ^ VoH (17) 

it follows that 

Pll ” "I" (18) 

and although is negative under the assumptions made about «(•) in 
Section 1, if the price elasticity of labour supply is sufficiently large and po¬ 
sitive then Vj, > 0 and r(-) will be convex (at least over a region). In his 
counter-example, Stiglitz employs a utility function with infinite elasticity 
of substitution, and since this generates (locally) an infinite price elasticity 
of labour supply we can see, from (18), that this can certainly produce a 
negative value of 

On the other hand, it is clear from the interpretation given to in this 
section why the measure is inadequate, for the benchmark position is not 
Pareto-efficient while the initial position certainly is. Thus the move from 
the initial position to the benchmark involves an efficiency loss as well as a 
distributional gain, and both of these arc being combined in /S. The negativity 
of jS simply reflects the fact that the efficiency loss outweighs the distributional 
gain. However, even if r(0 is concave and ^ is positive, there is still an effi¬ 
ciency loss, and j8 is undermeasuring the degree of inequality. 

This suggests that the correct procedure for measuring inequality is as 
follows. From the initial position impose a scries of lump-sum taxes and 
subsidies so as to move to the point on the efficiency frontier at which everyone 
has the same utility. The aggregate tax revenue so raised will be zero and, 
as long as the initial position was one of inequality, social welfare will 
increase. (For reasons to be discussed below, this latter statement requires 
proof, which is given in the proof of Theorem 1). Now impose taxes on 
everyone to bring them from this position of equality to the position in 
which everyone has utility level v. Unlike the Atkinson and Stiglitz measures, 
these taxes will be different for individuals of different abilities, but never¬ 
theless we can still express the measure of inequality as the ratio of the total 
tax raised to the value of initial endowments. 

Formally, then define the function t(n, by 

v(n, -e(n, s))^ z (19) 

f( ) is thus the lump-sum tax (subsidy if r is negative) required to take an 
individual of ability n to utility level z. 
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The measure of inequality proposed above, which I will denote by y, 
is therefore delined by 

yn ^ t(ii, i) f{n) dn (20) 

I now want to prove that y .■ 0, with y 0 if and only if in the initial 
position everyone has the same utility. The latter result follows obviously 
from (2) and the definition of /(■) in (19), while to prove the former it is 
clearly necessary and sufficient to prove that if in the initial position there 
is some inequality then a movement along the elflciency frontier to the point 
of perfect equality will increase social welfare. Now it is well-known that 
with a feasible set as defined by (13), when social welfare is maximized the 
more able are made worse off than the less able, so consequently there are 
many points on the efficiency frontier from which a move to the point of 
perfect equality will entail a reduction in social welfare.® It is therefore 
necessary to prove that the initial position is not such a point. A key result 
in proving (his is contained in the following. 

Li-.mma 1. /.e/ t(«) be a diff'erentiahle serie.s oj lump-siini taxes (subsidies 

for negative r) such that a(«) t>(w. —t(«)) is non-decreasing in n. Then 

~ ra(/i, — T{n)) sS 0 (21) 

]eith equality if and only if <x' = 0 and -- 0. 

Proof 

'(L ' ^ *’*1 ~ fii2r'(/() (22) 

since n{n) is non-decreasing 

<x'(n) - I'l — V 2 T'(n) -> 0 (23) 

Using (17), (23) becomes 

An) < H. (24) 

Substituting (24) into (22) yields 

v^in, —Tin)) < - I’aaW (25) 

Differentiating (17) gives 

^21 

^ The lack of symmetry of the utility-possibility frontier makes the measure y inapplicable 
in the more general case where there is measured income and where, in principle, the 
initial allocation can lie anywhere on the utility possibility frontier. A procedure for 
generalising the measure to circumvent this difficulty is discussed in Ulph [8]. 
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Hence 

^ r.>(n, ~t(i7)) ■, v-Mi 0 (26) 

Since , • 0, the lemma is proved. 

Theorem I. y 0 with y = Q if and only if v{n, 0) C all n. 

Proof. The proof of this theorem is neater for the case of all finite popula¬ 
tion than for a continuous distribution though exactly the same structure 
of proof will go through in both cases. Accordingly let there be N individuals 
indexed i — 1,... N in such a way that is non-decreasing. 

If (!(«,, 0) = C all /, then /(«, ,5) =0 all ; and y - 0. Accordingly 
assume there is a r„ , K such that 

!’(/;,, 0) i>o , / 1,... K, tin ,, 0) ■ n, / -= K • ■ 1,... N 

In particular, this implies that , 0) ■ 0. For if //(/?*■ , 0) - 0, 

H{ni,0) 0 /■ : 1,... K and , 0) ■—m( 0, 1)--a contradiction. 

Furthermore, //(wr+i , 0) ; • 0 implies 0) < 0. 

Impose a lump-sum tax of A' > 0 on individual K + 1 and use the proceeds 
to make lump-sum subides X,Xk to the first K individuals in such a 
way that 

YXi = X, tin ,, X,) ■ ^ tin ,. X,) i. j -■ 1. K. 

Let tV(X) = if.i v{n ,-, X,) - , X) 

Then 

iV'W - Z ' ' , -X) 

i I ^ ' 

Apply Lemma 1 and we find that 

IV'(X) r.,(n,, X,) f , -,T) 

rj(/(i,.V,) -cf/iK-t. -X) 

Apply Lemma 1 again and we find fV'IO) 0, and fV'(X) >0 as long as 
1, -X) tin ,, Jf,). 

Thus increasing X steadily from zero to the point of perfect equality 
between the first K f 1 individuals will strictly increase social welfare. Now 
simply repeat the argument until K = N, and at each stage the redistribution 
will be non-decreasing in social welfare. Since all these moves involve pure 
redistribution they all take place across the efficiency frontier. This proves that 
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as long as there is inequality initially then moving to the point of perfect 
equality on the efficiency frontier is strictly welfare improving. The rest of 
the proof of the theorem is obvious. As argued above, the fact that the Stiglitz 
measure does not use a Pareto-efficient point as benchmark will mean that 
even when the .Stiglitz measure is positive it will still under-measure the degree 
of inequality. This is now proved in 

TmiORFiM 2. Y p Willi y ~ ^ if and only // y = yS = 0. 

Proof. If we compare (15) and (19) we see that 


= tin, v) 


(27) 


Differentiate (19) w.r.t. « and we find r, -- v^t^ = 0 i.e.. 


t, = /Pin, z) (28) 

Differentiate (28) again w.r.t. « and we find 

hi = tff > 0 

with equality only if -- 0. Hence t is strictly convex in n as long as //'"(«, z) 
is positive. Thus l(n, ii) J t(n, v) f(n) dn with equality if and only if either 
everyone has the same ability (and so the same utility) or those with lower 
ability do no work, so once again everyone has the same utility. 

1 turn now to the claim by Stiglitz that the traditional Atkinson measure 
overstates the degree of inequality. Since the Atkinson measure .a, is con¬ 
structed in a rather different way from the measures y and /3,1 have not been 
able to obtain simple comparisons and results such as those contained in 
Theorem 2, and so have adopted two other approaches to making the 
comparisons. 

The first is that employed by Stiglitz of using approximation formulae 
for each of the measures. An approximation formula for a has already been 
given in (11). As Stiglitz shows, we can obtain in an exactly anologous way 
the following approximation for )3 

(29) 

To show how this relates to a it is necessary to relate the standard deviation 
in the wage rate to the standard deviation in consumption, and the elasticity 
of the marginal (indirect) utility of the wage to the elasticity of the marginal 
utility of consumption. 

It is intuitively obvious, (and can be easily proved formally) that that 

+ lilf 
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SO that the standard deviation in consumption is greater equal or less than 
that in the wage according as those with the higher wage work harder, just 
as hard, less hard than those with a lower wage. Comparing the elasticities 
of marginal utility is a more technical matter, and I show in the Appendix 
that when the relevant substitutions are made (29) becomes 


o ^ _W / _5i_^ 

■ (1 + 7 ,,)^ '2 \\ 


(30) 


This formula suggests that if tjj - 0 then p == i*. At first sight this may seem 
to be a correct result, since if rji 0 the assumption implicitly made in 
constructing the Atkinson measure (that everyone works the same number 
of hours) is valid. However, while it is certainly true that when t/i ^ 0 both 
measures employ the same benchmark position (c - c(n), U = //(h)), and 
impose taxes to bring social welfare back to the same level (ii == v), under 
the Atkinson measure the individual is not allowed to adjust his hours of 
work, so it should require a smaller lump-sum tax to reduce average welfare 
to its original level than is the case with the Stiglitz measure. Thus the Stiglitz 
measure ought to be greater than the Atkinson measure for this case. 

(30) also suggests that if i;, "> 0 then j 8 < a. As most empirical estimates 
suggest 771 < 0 , it is particularly interesting to see what happens for this 
case, and this is most usefully done by re-writing (30) to obtain 



Thus j 8 > « iff 


-i 

Vi 


<0 



(31) 


Now if consumption is a normal good a rise in the wage rate will increase 
consumption, that is 

^ (n//(n, j)) > 0 


which implies tjj > — 1. Thus, when tj, < 0 


and (31) can be written 


—2 

- 1 > 0 , 

(32) 

1 

(33) 


so that jS > tt as long as inequality aversion is not too small. 
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To see concretely what (33) implies, let us substitute some empirical 
estimates of and tj, . I will use those given in Brown, Levin and Ulph (2). 
These show estimates ranging from % ^ 0.107, - 0.204 to 

- 0.308 r)/ ^ 0.405. In the first case (33) becomes /a > 0.277 while in the 
second it becomes /x ,> 0.449. This suggests that for these labour supply 
estimates almost any reasonably egalitarian ethic would make the Stiglitz 
measure greater than the Atkinson measure. 

Turning now to y, it can be shown that 


y ^ P 


(1 _’ll'' ( 

1 * ^ 1 


V (1 i r;,)-4 

Vi 

/XT7,'' // 


(34) confirms that y ^ and suggests that the size of the difference 
depends on the mean hours of work, the substitution elasticity and the size 
of the spread in the wage rates. This is just what we would have expected. 
We sec from (35) that 


y 'X as 


si i-.I 


Now if iji '> 0, 1 17 , 1I r)/ I so < 0 so 

.. ,.,c „. JslIL 
y M j. 2fr,^) 


That is the Atkinson measure undermeasures inequality only for “small” 
values of inequality aversion. 

If 771 < 0 , there are two cases to consider. 

(a) I Tji I < 1 Tji'' I in which case y > oc for all values of [i. 

(b) 1 Tji 1 • 1 771 '' I in which case y > n except for “small” values of /x. 

Going back to the empirical estimates referred to above, we see that they 
are consistent with case (a) which suggests that the traditional measure does 
underestimate the degree of inequality. 

Now we saw above that the approximation formulae can go wrong in at 
least one case, so as a check on results T performed some direct calculations 
of the various measures for a variety of cases. Thus I have taken for /(«) 
the lognormal distribution used by Mirrlees [3J in his calculations of optimal 
income tax schedules. 1 used a variety of utility functions of the C.E.S. type. 
Thus I set 

u ^— (ac“'* -r (1 — a)/-'')-" 

1 — TT 
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and chose three different values for the elasticity of substitution e I/I f A, 
namely e - 0.5, 1.0, 1.5. These were cho.sen to generate the three ca.ses 

Vi "= 0, t;, 0 respectively. Similarly, given the results emerging from the 

approximation formulae, it seemed important to try a range of values for tt, 
and the three selected were n ■ -- 2.0, 3.0, 10.0. The first two were selected as 
being in line with the values of inequality aversion found by Stern [6], while 
the latter value was chosen more or le.ss at random to see if it would pick 
up any of the reversals of ranking of the measures discovered by approxima¬ 
tion formulae. Finally a was set at 0.25 so that in the case e = 1 people 
could be working for a quarter of the week. It would probably have been 
more realistic to set a so that people were working an average of 42 hours 
a week when e 0.5. The results are presented in Table 1. All the measures 
are presented as percentages of the value of initial endowments. If it helps 
to think of these as percentages of GNP then the figures should be multiplied 
by the values of /7/c given in the bottom row of the Table. 


TABLE I 

(Measures Are in Percentages) 




0.5 



1.0 



1.5 



2.0 

3.0 

10.0 

2.0 

3.0 

10.0 

2.0 

3.0 

10.0 


2.8 

4.1 

n .6 

1.4 

2.2 

5.2 

0.6 

l.l 

2.4 

(3 

5.2 

7.3 

20.9 

8.3 

9.0 

12.1 

- 0.2 

0.2 

1.0 

Y 

6.4 

8.5 

21.9 

9.7 

10.5 

13.6 

0.9 

1.4 

2.2 

flic 


2.1 



4.0 



8.5 



The results conlirni the findings of the approximation formulae very well, 
apart from the one case noted already in which 0 {e I). Thus when 
€ 0.5 (iji 0) j3 ■ ix for all values of tt, though it may be that for much 

lower values we would have found fi Similarly when e 1.5 (tj, : > 0) 
then /3 < a for all values of ir. Indeed, even with this value of e it is possible 
to generate a negative value for f}. On the other hand when e 1.0, |S > i\ 
as we would have expected, though this is the case where the approximation 
formula goes wrong. 

y ^ ^ throughout as we know to be case from Theorem 1 and (34). 
Notice also that for any given € the difference between y and /3 is pretty 
well independent of tt — which is what the approximation formula (34) 
predicts. The difference is also constant across the Table, and if this seems 
odd at first sight, notice that in doubling the elasticity of substitution in 
going from the first to the second part of the Table the average hours of 
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work have at the same time approximately halved. Hence Hrji' has stayed 
more or less constant and this, according to the formula (34) should result 
in y - - i? staying constant. Had 1 allowed a to vary across the Table to 
keep hjv constant then in the first part of the Table the difierencc between y 
and fi would have approximately doubled. 

y , (V throughout the Table except for the very last entry where > 0 
and TT is large. Again this confirms the discussion above. For what is probably 
the most interesting case, t -- 0.5, it appears that the traditional measure 
gives only about half the correct figure for inequality, though this order of 
magnitude of difference could be very sensitive to the assumptions made. 

To conclude, the measure proposed by Stiglitz, in the interpretation given 
here, confuses efficiency losses with distributional losses. When these efficiency 
losses are removed the resulting measure is non-negative and, while not 
always greater than the traditional Atkinson measure, it is so for many of 
the cases that are of empirical interest. 


3. iNITIAt. EnDOWMINI^ VARIABLE 

In the last section 1 considered the problem of constructing a measure 
to reflect judgements about how unequally a given allocation of consumption 
and leisure was distributed relative to a set of allocations constrained by 
the initial endowments of labour skills in the population. In this section 
1 will be concerned with the construction of a measure of how unequally 
these skills are distributed in the population. 

For expositional purposes, I will confine attention in this section to the 
case of a finite population. As in the previous section it is important to 
begin by specifying precisely what alternative allocations are open to society. 

A fairly natural set, employed by both Stiglitz and Allingham, is 


•^1 = j((ci, A) ••• (Cat , In))\ Ci - ntiHimi, 0), /, = 1 — //(/n., 0), 

N N 

X nu X 'fi¬ 
ll i---l 

That is, is it the set of allocations emerging as equilibria for the economy 

as individuals are given different skill levels but with the mean skill level 
remaining constant. 

It then seems natural to take as benchmark of perfect equality the point 
in which everyone has consumption ( and leisure I, where 

N 

t = nH{n, 0),l = 1 — H{n, 0) where n = 1/fV X! ”■ 
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One can then measure inequality by asking what percentage of the value 
of initial endowments could be taxed away to take social welfare from that 
prevailing in the benchmark position to that in the initial position. If this 
tax is imposed as a lump-sum tax, we have once again the Stiglitz measure jS 
defined by 

fin) -- r 

while if the tax is imposed as an ability tax we have the Allingham measure 
(which I denote by p') defined by 

r((l - ;e')/7,0) c (37) 

Now we saw in the last section that p could be negative because an efficiency 
loss was being confused with a distributional loss. Since the formal definition 
of P is exactly the same as before, it follows that p can be negative in the 
interpretation given here, and it turns out that although the reason for the 
negativity is similar, in this case it is harder to remove. 

The problem arises if there exists some n ' 0 such that H(n, 0) - 0 
(which implies H(n, 0) 0 for all n < n) and if /7 «. The first condition 

depends on the nature of the utility function, the second on the nature of the 
initial distribution. Suppose both of these conditions hold, and consider 
the point of perfect equality in which n,- • ii for all /. Now raise one person’s 
ability level above n making corresponding reductions in everyone else’s. 
Those who.se whose skill level has been reduced will be no worse off than 
before (they were doing no work and consuming no income before and 
continue to do so), while the person whose skill level has been raised will 
be better off. The benchmark of perfect equality is therefore not Pareto 
efficient, so moving to it may well cause a welfare loss, and hence a negative 
value of p. However, the problem is more serious than in the previous 
section, because what the above argument has shown is that for these cases 
there is no point of perfect equality on the utility possibility frontier. In 
other words the problem is that there is no fair and cllicient allocation. This 
is a different kind of non-existence result to tho.se already noted in the litera¬ 
ture*', where it is assumed that initial labour endowments are fixed, and where 
non-existence arises only in models where individuals have different pre¬ 
ferences. It should be noted that the non-existence result found here arises 
even though all individuals have identical preferences. 

Two points should be noted about this result. 

Firstly, since the reasons for P being negative in this case lie in the funda¬ 
mental nature of the efficiency frontier, it is clear that /3 < 0 if and only 
if P' < 0. So the Allingham measure can also be negative. This contradicts 


See, for example, Pazner [4], Pazner and Schmeidler [5], Varian [9], [10]. 
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A/iin£;iianr.s “proof" tJial his measure is always non-negutive. Allingluim\ 
mistake is in his assertion at the outset of his paper that the indirect utility 
function is always increasing in the wage. It will not he increasing if H is zero 
which is precisely the situation that arises in the example discussed above. 

Secondly, the assumptions lying behind the measures ^ and above are 
exactly the reverse of those employed in the previous section, in that while 
labour endowments are now assumed variable, it is implicit in the construc¬ 
tion that income cannot be redistributed. This suggests that one way out of 
the non-existence problem discovered above will be to allow income to be 
redistributed. 

Thus suppose we take as feasible set the set 

|(('i , /|) ••• (Cv, /,v): Of,./,, «i, , /, I, 

X (c, - wd, ■ /II,) ■ 0 X Z 

i i ^ 

■ is therefore the union of feasible sets of the kind considered in the 
previous section, but where we now allow any reallocation of the initial wage 
rates which gives the same average wage rate and no one a negative wage. 
Since for any given redistribution of the wage rates there is a fair and efheient 
allocation, and since the efliciency frontier of is the outer envelope of 
efticiency frontiers as we sweep over different wage distributions, it follows 
that there is a fair and efficient allocation in which we can use as a bench¬ 
mark of perfect equality with respect to which we can compare the initial 
distribution. 

Before considering how to make such a comparison, it is worth charac¬ 
terising the efficient allocations of . This is done through the following 
lemmas. 

l.FMMA 2. //■ (f, ./i) (cy^^iv) tin efficient allocation, then 'ii,j, 

i / ./ h -^ij => ij 1, mj 0 

Proof. Suppose not so, and there is i, j with I, < Ij < 1. If ihj — 0 we 
have a contradiction, since we can then raise f to 1 and obtain a Pareto- 
superior allocation. Hence Hj : - 0. But then we could set rhj to 0, increase 
?n, accordingly and (holding f,, I, constant) produce strictly more consump¬ 
tion, again a contradiction. Hence f — I and rhj = 0. 

Lumma 3. //(fi./i) ••• (c;v , fjv)e.^an</Z, - Ij =l,forsoniel,0 <1 < \, 
and for .some i, j, i # j, then the allocation i.s not efficient. 

Proof. Suppose the allocation is efficient and let m,, mj be the wages 
set for / and j. We must have >0, ntj > 0, since otherwise we could 
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increase welfare by increasing leisure with no loss to consumption. But now 
consider the alternative allocation which holds everything constant for 
k /, J, sets ntj 0, Ij ^ I, Cj - c,, nii ifij -f , c, -.= c ,. /,■ 7, . By 
construction this is still a feasible allocation, but is preferred by j and is 
just as good for i. 

Lemmas 2 and 3 demonstrate that all the efficient allocations in are 
generated by giving all the skills in society to one individual, have him do 
all the work and re-distribute the income so earned via a system of lump-sum 
subsidies. This is certainly not surprising given the assumption of infinite 
substitutability between labour skills. 

It is worth asking which individual in society does all the work. 

Llmma 4. Uv) point on the utility possibility frontier, and 

if individual k has the entire endowment of skills, then ii;,. f m,- for all i. 

Proof Suppose {Ui ■■■ u,,) is on the efficiency frontier (in utility space), 
and that individual k has the entire skill endowment. Then there are lump¬ 
sum taxes (subsidies for negative r,). 4 • such that 


Ui i(0, - 4 ) 

/ - A- 

M* - liM. -4) 

.V 

where M Y. 'i 


I - 0 

i-V 

If this is an efficient allocation, then it must be the case that no Pareto-gain 
can be made by transferring the skill endowment between individual k and 
individual i. This is true if and only if 


r(0. Hi) -I- t{M, uf) t(M, Ui) -I- r(0, 74 .) 
where t{-) is the tax function defined in (19). This is true if and only if 


m, uf) - f(0, «,.) >. t(M, Ui) - r(0, M,) (38) 

Now it is easily checked that f, H'^lyv, u) and ti 2 ~ cH''ldu < 0, so the 
inequality in (38) can hold if and only if «,•, which proves the lemma. 

Thus the individual who has the total endowment of skill is always worst 
off (though not necessarily uniquely so). The implications of this can be 
seen most sharply by considering the utility-possibility frontier in the two- 
person case. This is defined by 

0 

t{M, Wi) 1 r( 0 , W 2 ) == 0 

for Ux ^ Uj and by f(4/, m^) + r( 0 , Hj) ~ 0 for t/g uj. 


(39) 
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Differentiate (39) totally w.r.t. u, and we have 

til) - r„(0, Mj.) 0, 

i.e. ' 

c/u. t,(M, III) Q 

dll, t-iiO, u.,) 

while 

m „.) . (,,(«. : ,„(o, (-*■-)) 

Since • ; 0 and /aa '0 it follows that d'^u.Jdui^ < 0. 

The important point to note is that when u, ti-i then, bearing in mind 
that /a < 0, /,2 < 0, 



where this derivative is now to be interpreted as a left-hand derivative of the 
utility possibility frontier as it crosses the 45° line. By symmetry the right- 
hand derivative has | diijdu, [ < I, at this point. It follows then that no 
differentiable, symmetric social welfare function will treat the point of 
perfect equality as the point of maximum social welfare, and indeed this 
point will only be welfare maximising under something like a Rawlsian 
social welfare function. Put somewhat differently, for almost all social welfare 
functions, there will be utility distributions on the efficiency frontier such 
that moving from the.se distributions to the point of perfect equality will 
entail a loss in social welfare. Consequently any welfare-based measure of 
inequality will be negative for some initial distributions. 

Thus with this particular approach to measuring inequality when initial 
endowments can be redistributed the possibility of a negative measure of 
inequality seems to be far more deeply rooted than in the case when labour 
endowments were fixed. 

One way out of this difficulty comes by noticing that implicit in the con¬ 
struction of the measures used so far in this section, is the assumption that 
skills are “lumpy” in that any individual can have only one type of skill. 
While this may be a fairly natural description of individuals in certain 
circumstances, if we are thinking more of a lifecycle approach to the individual 
it is more natural to think of the individual as being able to work at different 
skill levels for different proportions of his life. 

Accordingly this suggests we use as benchmark position of equality that 
redistribution of initial endowments of labour skills in which each individual 
can work at each skill level for a proportion of his time allocation equal to 
the proportion of the total population endowed with that particular skill. 
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More formally, suppose that there are AT different skills and that individual 
i's endowment of labour skills is given by the vector tt, - (vnTr^g) 
where ir,*. is the proportion of time that individual / can devote to working 
at skill level k. This formulation of the individual endowments will include 
as special case the model used at the beginning of this section in which tt, 
was a unit vector for each i. The benchmark of equality proposed above would 
therefore be the vector if in which 




N 


i 1 


k - 


K 


if - \jN TTj 

Given a vector of prices (Hi n*-) for each of the skills, and an initial 
endowment vector tt, we can define the indirect utility function k'(Tr) by 


ff-rr) 


Max M 




s.t. f 


//, <77^. k -.K-A' 


X 


I 


It is easily checked that as long as u( ) is strictly concave, so too is y(-) and 
hence if (iriir>,) is an efficient and inegalilarian initial endowment vector, 
then the move to the point of perfect equality is welfare-improving. Hence 
any welfare-based measure of inequality using t? as benchmark will always 
be non-negative, and will be zero if and only if initially there is perfect 
equality. Rather than develop such a measure formally let me conclude this 
section with four remarks about this alternative approach to measuring 
inequality. 

Firstly this way of viewing labour endowments is now precisely analogous 
to the way one could handle endowments of other commodities, where it is 
natural to think of pursuing equality by giving everyone a small share in 
every commodity rather than one unit of some “average” commodity. 

Secondly what the measure stresses is that it is not the diversity of skills 
per se that generates inequality, but rather the concentration of these skills 
in a few individuals, and it is essentially this concentration that the measure 
is picking up. Put another way, this measure is not designed to tell whether 
one overall distribution of skills in a population is more equal than another, 
but rather whether one dispersion of a given overall allocation of skills 
amongst different individuals is more equal than another dispersion of the 
same skills. 

Thirdly, it is important to notice that any arbitrary dispersion of skills in 


643/19/2-19 
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a population need not be efficient. Consequently in comparing the initial 
position to the benchmark position, it is important to remove efficiency gains. 

Finally, it is important not to overplay the similarity between labour and 
other commodities. F'or while skills may not be as lumpy as the earlier model 
required, learning by doing and other factors suggest that there may be some 
minimum of lime people need to spend at particular skill levels to enable 
them to perform effectively at that level. Hence skill times may not be as 
infinitely divisible as this second measure has required. Moreover, while 
indivisibility of capital in production does not, in principle, prevent the 
ownership of capital being infinitely divisible, we accept that people cannot 
have a share in the labour skills of others. 

I conclude that it is still an open question as to how inequality in labour 
endowments is to be measured. One approach that could be explored is some 
combination of the two measures explored in this section. That is one could 
allow that skills could be split up amongst individuals subject to individuals 
having to spend some minimum proportion of time at a particular skill 
level if they are to have any endowment of that skill at all. Alternatively 
one could try to model more explicitly how individual skills could be altered 
through, for instance, education. In either case, it should be clear from the 
discussion of this section that it is important to consider carefully the nature 
of the feasible set before constructing the measure. 


Appendix 

I wish to relate the Stiglitz measure 

(A.l) 

to the Atkinson measure 

a fis/ 

(A.2) 

= -n ■Sc’‘ 

1 

I begin by substituting in (A.l) the following relationship (derived in Stiglitz 

( 6 )) 

I’ll = 1 ’ 22 /f* + «’2(^i + HtH) (A.3) 

to obtain 

P = + (A.4) 

I now use the following 
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Lemma 


^'22 I^rc I ^ 2 ^ 

7o 7, ^ Hi' 


Proof. We have 

«r ^ 1’2 

DilTerentiate (A.6) w.r.t. s to obtain 

-I- uj, = V..., 

while from the budget constraint 


Cs I «/, I 

Substitute (A.8) into (A.7) to obtain 

Mcc - (Me! - 'W„)//2 = 1*22 
Now differentiate (A.6) w.r.t. n to obtain 

«„// — (uh — wti„)Ht =■ i>i 2 ^ V2.JI + V2H2 

(A.IO) — H X (A.9) then gives 


-(U,, - WUccW = V 2 H 2 


(A.5) 

(A.6) 

(A.7) 

(A.8) 

(A.9) 

(A.IO) 

(A. 11) 


Substitute (A.l I) into (A.9) and we have (A.5). 
Now substitute (A.5) into (A.4) and we have 


/8 = - ^ nHW - ««V - 2 ^nVfi + H2H) 


*. ILi' . 7 // 2 c 2 

2 Me ” 

I Ucr. 


1 ni „='(////2 + //i')' 
2 " //.' 


(A. 12) 


1 _ 




22 


Now use the relationship, again derived in Stiglitz (2), 
Jc® = •yn-(l + ’?l)^ 

and we have 

ft - _ K iel 

^ (1 I lil)® 2 ( 1 + T^j/ T?i‘- 


which is (30) of the text. 
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I. Background 

There exists a well developed theory of "classical” or standard dynamic 
input-output models with uniform construction or gestation periods for all 
sectors and types of capital equipment, and with iniinite durability of capital. 
In practice different construction periods are very important, ranging from, 
say, one year up to some seven or eight years. Tor some sectors finite durabili¬ 
ty of capital equipment is also important, although, for many purposes, 
perhaps less so than the differences in constructions period. In practical 
planning dynamic input-output models with different construction periods 
seem to have been used mainly in Eastern Europe, but examples can also be 
found in some developing countries. Experience particularly in Eastern 
Europe suggests that the length of the construction periods is of considerable 
importance for the growth potential of an economy. In this paper we shall 
be concerned particularly with the growth aspect, although construction 
periods are obviously important also for the generation of possible cycles. 

In addition to the formulation of the dynamic system in terms of quantities 
of inputs and outputs, we shall also study the corresponding price system. 
In connection with the more complicated dynamic pattern in the present 
context, it will be elucidating to consider the price version of the input-output 
model as a system of equations repre.senting investment calculations rahter 
than equations representing price fixation on the basis of cost calculations. 

As far as possible we shall exploit results for the simplest case of a dynamic 
input-output model. For convenience we put down the equations for this 
model. 

Let there be n sectors, and let v,, and y,, represent total output and final 
demand for sector / in period t. Let ihj be the current input coefficients 

* I am greatly indebted to H. Persson and M. Aberg of the University of Gothenburg 
for their valuable comments and cooperation in the elaboration of this paper. 
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and bjj be the cocfTicientSi for capital stock produced in sector ; and used in 
sector j. The ordinary input-output equations are then 

n n 

■'■',7 -- X ■ L I - Xn) - V/, (/■ -- I,..., /!)■ (1.1) 

J I i 1 

In order to study the growth possibilities in such a system, it is useful to 
study first the corresponding homogeneous system, i.e. the system for which 
all y,, 0. For this system we have a balanced growth path with a growth 

rate A, i.e. a growth path at which 

.V,., - A)' (1.2) 

where the composition of output Xi .and the growth rate A must 

satisfy the following equations; 

.V, - ^ a,iXf - A X h,iXj 0 (/• 1 . n). (1.3) 

J-1 , I 

The value of A is determined as the real positive root of the equation 

\1 ■ A- XB\ - 0 (1.4) 

where / is the unit matrix, A is the matrix of a.-j and B is the matrix of b,j. 

The value of A represents the growth potential of the economy in the sense 
that it is the growth rate which is achievable if all outputs are used as inputs 
into production again (as current input and investment). If there is some 
non-proJuctive consumption, represented by > 0, then the growth rate 
will be some proportion of A determined by the savings ratio. 

The price equations corresponding to this system is 

n n 

p* = Pi^ii X /'Av *. 

} I j=i 

where pi are prices and r is the interest rate. The value of r is deter¬ 

mined by an equation similar to (1.4), and we have r A. This equality 
represents the fact that the rate of interest is equal to the rate at which 
capital is able to grow if all outputs are ploughed back as productive inputs. 

For some purposes it is useful to have the following formula for the change 
in A (and r) when the coefficients a,j and are changed: 

. I 


This formula can be derived very simply by differentiating the equations in 
(1.3), multiplying the resulting equations by /»,■, taking the sum over i. 
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and finally using Eq. (1.5). (A. Brddy [2] uses this formula for assessing the 
consequences for numerical computations of A of errors in the data for an 
and b,j. However, the formula also has important economic interpretations, 
giving directly the consequences for the growth rate — and the interest rate — 
of various sorts of combined changes in the coefficients of the input-output 
system.) 

Eq. (1.3) and (1.4) above were written down for the case of a closed model, 
i.e. the case in which the elements y,f in (1.1) are zero. If we interpret the 
elements in (l.l) as consumption, then we could again study the growth 
rate under proportional growth, i.e. growth in which all elements of output 
and consumption grow at the same rate. Then the growth rate will be equal to 
the investment or savings ratio multiplied by the intrinsic growth rate A deter¬ 
mined by (1.4), when the investment or savings ratio is calculated in terms 
of total income and total consumption evaluated by means of the equilibrium 
prices determined by the price equations (1.5). For an elaboration of this 
observation, see L. Johansen [6]. 

The equations of the model as written above do not specify labour ex¬ 
plicitly. The model could be conceived as a pure capital accumulation model, 
with labour abundance, or one may in a well-known way interpret one sector, 
say number n, as a labour sector, defining the coefficients on the rowa„i,.... a,,,, 
as labour input coefficients, and the column coefficients ai„ ,..., a„„ as 
consumption requirements per unit of work. The price p„ would then be the 
minimum wage rate necessary to cover the corresponding consumption 
expenditures. (If we interpret sector«in this way, and still have final demand 
items yit ,..., yni, then these items are final demand categories in excess of 
necessary consumption, for instance interpreted as consumption out of 
non-wage income.) 

This remark on the treatment of labour applies also to the more general 
model .set out in the following sections. 


2. The Model with Different Time Profiles for Capital Construction 
AND Finite Life-Time of Capital Equipment 

Let bjj represent the amount of capita! equipment produced in sector / 
and needed per unit of output in sector j, as before. However, we now 
decompose into elements b,ji, b^bar such that 

b/n H -F ■•• + bijT = bij • 

Here bnB 's input in capital construction which must be delivered 9 periods 
before the piece of production capacity, of which it is a part, is to be ready 
for use, for = 1. T. T is accordingly the longest gestation period, and 
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(he distribution of h,j over . b,jr gives the time profile of this particular 

input into capital construction. We could of course introduce T,j for the 
longest gestation period for deliveries belonging to /»,;. However, we get a 
simpler notation system by using T for the longest gestation period for the 
whole .system, implying that -= 0 for 0 • T^j . 

On the output side we let capacity created in sector / in a certain period 
last for Si periods. In other words, the capacity remains constant for Sf 
periods, and then suddenly drops to zero. It is possible to extend the model 
so as to cover also more general cases (and this has recently been done by 
M. Aberg and H. Persson [ 8 ]). 

In setting out the quantity equations for this model it is convenient to 
write down .separately equations for output and equations for changes in 
capacity. As above we let .v,-, represent output from sector i in period t. 
We let production capacity in the same sector in the same period be Kj ,, 
so that X,, ■ K,,. Furthermore, production capacity to be completed so as 

to be ready for use in period / will be denoted by k,,. This is a gross concept, 
representing net addition to capacity as well as replacement investment. 
Instead of (l.l) we now have the following equations for output; 

« T f» 

I ^ ,)> (i ■ 1 ,...,/t). ( 2 . 1 ) 

f.i » I j.-1 

The double sum in this formulation represents deliveries to capacity which 

is to be ready for use 1, 2. T periods ahead. 

Total capacity in period t is determined as total capacity in the preceding 
period, t ■ 1 , plus gross addition to capacity, kn , minus capacity which is 
becoming obsolete in period t, which is the same as capacity created ,9,- 
periods earlier, i.e. . This gives the following equation 

r kn — kjj .s^ (i — I.«). (2.2) 

We now want to study balanced growth paths with full capacity utilization, 
i.e. we assume 

.v„ = A:„ (/=1,...,/7) (2.3) 

so that 

•v,-( = -I kit — (' = I.--, «)- (2.4) 

Our system now consists of (2.1) and (2.4) with Xit and as variables. 

We again study the homogeneous system and consider especially the 
possibility of proportional growth in all sectors. This requires both output 
and capacity creation to grow at the same rate, i.e. 


Xi, = x,(l + A)*, ki, --= fc,(l + A)‘ (/ = 1,..., «). 


(2.5) 
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Inserting this in Eq. (2.1) and (2.4) we obtain, after cancellation of the factor 

(1 1 A)': 


- t -LI b.jokjO , A)" 0, 

(2.6) 

;.-l B-1 


.v,(l r A) 1 -k,l] ; A) \ 

(2.7) 


We can now use Eq. (2.7) to express k; in terms of .v,-. (We assume throughout 
that A - 0.) Inserting the resulting expression into (2.6) we have 


I a.jXi - A X 

7-1 j- I 




(1 

(I 


I A)- 


J.s, 10 1- 

Jrr_:ij-v. 


0 . 


( 2 . 8 ) 


This system of equations is comparable to (1..^) for the standard dynamic 
input-output model. It reduces to this form if T 1 and Sj ->■ oc. Then the 
sum in brackets in (2.8) contains only one element which tends to when 

5j- ->■ 00 . 

Tor the further consideration of system (2.8) it is convenient to introduce 
a sort of total capital coefficients defined (for A 0) by 

f>* - ^*(A) ■= ^ TT)<rr r • 

We write b,*(A) to signify that these are functions of the growth rate A. 
With these symbols introduced the system (2.8) can be written as 


■'7 - I a.7.v, - A £ ^*(A).v, 0. (2.10) 

;■ I j I 

Corresponding to the determination of A by (1.4) in the standard case A is 
now to be determined by 


\1 - A - ABMA); - 0 (2.11) 

where S*(A) is the matrix of the coefficients defined by (2.9) as functions of A. 

The introduction of the “coefficients" b%(X) is useful because it makes the 
system similar to the sy.stem for the standard case, the “only" difference being 
that the constant matrix B in the standard case is replaced by a matrix B*{X) 
whose elements depend on A. One step in the same direction is taken in 
papers by V. Z. Belenkii et al. [1] and by V. A. Volkonskii [7] who introduce 
similar coefficients which reflect the time profiles of capital construction. 
They are somewhat more general in that they assume different growth rates 
for different sectors, but less general in that they do not allow for different 
durabilities. On the other hand W. F. Gossling [3, 4] uses a similar type of 
“coefficients” to reflect replacement needs in the case of finite durabilities of 
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capital equipment, but does not allow for different time profiles of capital 
construction. 

Some further comments on the economic interpretation of the “coefficients” 
bfj{X) will be given in section 4. 

The system now described will determine a unique value of the growth 
rate A. If we are able to solve (1.4) numerically for A, then it will also be a 
simple matter to solve (2.11), at least approximately, by iteration or inter¬ 
polation. Some further observations on these aspects are given in the appendix 
notes. 

From the formulation just given one can see the direction of the effect of 
the time profiles introduced in the present formulation of the dynamic 
input-output model. Consider first the capital construction profile. Suppose 
that we have the correct solution for a special set of profiles. Then increase 
the production or gestation periods by shifting some parts of the total 
coefficients hn towards longer lags, keeping the totals fixed as given by 
bii '■ ban. If we calculate b^(X) for the new profile of construction periods, 
but with the old value of A, then it follows from (2.9) that the values of bfj(X) 
will increase, i.e. the elements of the matrix .fl*(A) in (2.11) will increase. 
The old value of A does then no longer satisfy Eq. (2.11), and the new correct 
value must be lower than the previous one. (The formal proof is given in 
section 5.) In other words, extentions of construction periods diminish 
the growth rate. 

Consider next the durabilities of capital equipment Sj. If some Si is 
increased, then all bf,(X) for this J decline, for the initially given value of A. 
Then this value of A does no longer satisfy (2.11), and the new solution for A 
will give a higher value than the previous one. in other words, increases in 
the durability of capital equipment increase the growth rate. 


3. Prices, Intere.st Rate, and Investment Promtability 

In the standard case the price of the dynamic input-output model can be 
written down in the form (1.5), simply as current input cost plus an interest 
rate applied to the value of capital stock in each sector. In the case of different 
construction periods and finite lifetime of capital equipment this cannot be 
done so simply, because we cannot write down a simple expression for the 
value of capital per unit of output as done by in (1.5). It seems better 

to approach the price problem via the investment profitability calculations. 
The equilibrium requirement now is that the present value of investment 
outlays and the present value of future revenue achieved by establishing a 
piece of production capacity in a sector should be in balance. 

Now consider sector /. For the comparison of present value of outlays 
with the present value of revenues it is immaterial to which point if time we 
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refer the various items by discounting. We consider the point of time at 
which a piece of capacity is being completed and ready for use. For establish¬ 
ing a capacity of one unit in sector i we must invest an amount Sj /’Aa 
period earlier, an amount Pi^m two periods earlier, etc. The value of this 
stream of investment outlays, calculated at the point of time when the 
capacity is completed, will be 


r n 


Y. Y I- rf- 

d^i i -I 


(3.1) 


When the capacity has been installed, it will produce one unit of output 
per period for S,- periods, beginning with the immediately commencing 
period. The revenue earned per period will be (/>, - YiPfiii)< so that the 
present value of the stream of revenues will be 



(1_+ r)s. - 1 

r(T -4- /■)«< ■' 





Equilibrium now requires that (3.1) and (3.2) be equal: 

I I -r- rf - ~ ullVi'' (^' ■■ i 


(3.2) 


(3.3) 


This formula can be reorganized so as to make it comparable with the formulas 
for the volume system. We obtain 


Pi - Y PAi -1" 


« r r 

I p>, Y - 

J I V-l 


(i 

(I 


>-1 


i- r)-'^f'_ 

r7)^<- 


0 . 


(3.4) 


This is comparable with (2.8). Introducing the notations from (2.9) we can 
write the equations as 

Pi - Y Pflii -^Y PKiir) - 0 (3-5) 

j-i j I 

corresponding to (2.10). For the determination of the rate of interest r this 
yields the same equation as for the determination of the growth rate A in 
the volume system, i.e. 

\I- A - rB*(f)\ - 0. (3.6) 


This means that we have the rate of interest equal to the growth rate, i.e. 
r ■- A, just as for the standard system set out in the introductory section. 
We may conclude as follows; By requiring present value calculations for 
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investments to be in balance, we have obtained a system of price equations 
which stand in relation to the volume equations in exactly the same way as 
for the price equations in the standard dynamic input-output model. We 
have also obtained a way of representing the generalized system, allowing 
for dilferent time profiles of capital construction and finite life-time of 
capital equipment, which is exactly the same as for the standard system, 
except for the fact that we have to replace the constant capital input coeffi¬ 
cients h,j by “coefficients" A*(A) or />*(/•) which are not constant, but depend 
on the growth rate or the rate of interest. 


4. Aiternativh Derivation of the Price Rqdations 

As already pointed out we do not have a simple measure of capital value, 
independent of the rate of interest, in the present model. Furthermore, if we 
consider a piece of production capacity through its history, it will begin to 
increase in value from the first investment; it will reach the maximal value 
at the point of time when it is ready for use, and from then on decline in 
value towards the expiration of its life-time. Under these circumstances we 
cannot build up a price equation from the cost side by taking costs into 
account simply by multiplying capital value by the rate of interest. This is 
why we preferred the investment calculation point of view used in preceding 
section. 

However, as an alternative it is possible to build up the price equations 
from cost considerations by using an annuity method of calculating interest 
charges and amortization. We then write the price equations in the form 

n 

P. Y. ^ (4.1) 

I 1 


where D, represents capital costs. 

We now interpret D, as a-constant amount every year over the life-time 
of the capacity such that its present value is equal to the investment made. 
The value of capital invested per unit of capacity in sector f, calculated at the 
point of time when the capacity is ready for use, is 

Ji II pM • '■)"• (4.2) 

8 1 j I 

Accordingly we get the following relation between D, and : 



(4.3) 
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which gives 


/■U \ 

(1 4 ry> - 1 


(4.4) 


If we combine this with (4.2) and insert in (4.1), then wc get precisely the 
price equations (3.4). 

If we add the amounts D, over the life-time of the equipment, then we 
get more than J;. We can consider /), as covering both amortization and 
interest charges. The essential thing is that the total annuity is worth 7,. 
but we might consider /), as made up of a declining interest charge and an 
increasing amortization amount, according to the "constant total annuity” 
principle of amortization (see e.g. J. Lcsourne [5, pp. 248 49]). 

We may conclude this section by giving yet another interpretation which 
is perhaps less convincing as a representation of cost accounting, but which 
may nevertheless be of interest becau.se of the light it sheds on the inter¬ 
pretation of the capital coefficients A*(A) or 6*(r). 

Consider first a breakdown of the investment J, defined by (4.2) according 
to sectors of origin /, i.e. consider 

Pi I A;„(l !- rf (4.5) 

9,1 


This is the value of capital produced in sector j which must be invested in 
sector / per unit of output from sector /. (As a minor deviation from (4.2) 
wc have here calculated the value of the investment at the point of time of the 
last input into the project, i.e. one period before it is actually used. This is the 
reason for the exponent 0-1 instead of 0. In the present context this 
provides a better connection with previous formulas.) However, the capacity 
created lasts only for .S,- periods. Thus, if we want to sustain the production 
of one unit of output from sector / for an indefinite time, then this investment 
must be repeated every 5, period. In this sense wc may say that the capital 
requirement for capital produced by sector j and used in sector i. per unit 
of output from sector i, will be 

9,EMI +(, 4r + (n?) 

The last equality follows by a simple reorganization of formula (2.9). 
According to this, total capital value per unit of output in sector i in the 
sense nOw given will be 

f Pih%r\ 


(4.6) 


(4.7) 
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and the last term in the price equation (3.5) can be interpreted as interest 
on this extended capital concept. 

Comparing the two approaches presented in this section, we may say 
that there is a choice between two viewpoints: We may consider capital 
co.sts as consisting of interest and amortization on existing capital equipment, 
or, we may consider capital costs as consisting of interest on the extended 
capital concept which is the present value of the stream of investments 
necessary to sustain a constant flow of output when an investment has to be 
repeated at certain intervals corresponding to the finite durability of capital 
equipment. 


5. Evaluation of Alternative Techniques 


For the standard dynamic input-output model we have formula (1.6) 
for the effects of changes in the technological coefficients on the growth rate. 
We now .seek a similar expression for the pre.sent case with different time 
profiles of capital construction and finite life-time of capital equipment. In 
connection with (1.6) we described how this formula could be derived by 
simple differentiation. If we apply the same procedure to formula (2.10) 
and use the price equations (3.5), then we get 

^ (5 1) 


In this formula the differential dbfj{\) must be evaluated so as to be expressed 
in terms of changes in the basic coefficients bag. We must then also take into 
account that db*(X) depends on dX. We have 


A*(A)- i-f^db,je + 


bX 


dX 


(5.2) 


where bj*(A) is defined by (2.9). (We use partial differentiation of bJ)(A) since 
bfj{X) is a function of all as well as of A, although we have for simplicity 
not indicated this explicitly in the notations.) 

The partial derivatives of b*(X) with respect to b^e are seen immediately 
from (2.9). The derivative with respect to A can also be written down on the 
basis of (2.9), but does not simplify in any very convenient way. We therefore 
retain it as db*/X)/dX. Then we get 

n Slj cla„ + Xp,x, TU [d + A)-^>"'’-V((l-f A)^< - \)]db,,g) 
Xu (Pibrm X, -f- Xp,{db*(X)ldX) X,) 


(5.3) 
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The denominator in this expression can be shown to be positive. For this 
purpose introduce 

A',/A) XhtjiX). (5.4) 

Using the definition (2.9) this can be written as 

T S,-l 

MA) - I -I X)0r£ (1 j A) ' (5.5) 

(I I ' T « 

from which it is easily seen that 


On the other hand, we have 


t'^/j(A) . 

cA 


(5.6) 


f'A 


m) 


(5.7) 


Then the positivity of the denominator in (5.3) follows. 

The direction of the change in the growth rate by changes in the coefficients 
will accordingly be determined by the sign of the numerator. Thus, if we 
have a technological change affecting the input coefficients in a certain sector 
j, then the effect on A is determined by the sign of 

X Pt dan + A J pt g dbn ,, (5.8) 

or, if we prefer, by the sign of 

^ I (' + 

ryi T rj J ^ ^ 

In this expression the first term is the present value (referring to the point 
of time when a piece of capacity is ready for use) of the changes in current 
input costs over the coming periods, and the second term is the present 
value of the changes in investment costs. If the expression is positive, the 
value of the growth rate A will decline, and vice versa. Thus, the effect of a 
change in technology on the growth rate can be indicated by a present value 
calculation of the implied cost changes, using the equilibrium prices and the 
equilibrium rate of interest. From this criterion it is clear, as pointed out 
before, that a change in the time profile of capital construction which shifts 
some cjipital input from a longer to a shorter gestation lag, while keeping 
the total capital input as defined by Xs constant, wilt increase the growth 
rate. However, for the exact numerical evaluation of the effect one must use 
the full expression (5.3). 
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6. The Moijel wiih Positive Consumption Demand. Savings and Growth 

We now return to the modei as given by (2.I)-(2.4J with positive final, 
non-productive demand, i.e. >Vi 0 for i - and j',* > 0 for at 

least some /. We shall refer to as consumption. (As already suggested, 
if there is a labour sector among I,..., n, then y,t could be interpreted as 
consumption out of non-wage income.) 

When there is positive consumption, then the growth rate will no longer 
be the A r previously considered. We now consider proportional growth 
of production and consumption at a rate y. Inserting this and arranging the 
equations in the same way as wc did in section 2, we now get 

» n 

-'V-- X ('■ I.«) (6.1) 

I I It 

where bi^iy) corresponds to h*(A) as defined by (2.9), only with the growth 
rate A replaced by y. 

The system (6.1) is no longer homogeneous in .Vi,..., .v„ , and y cannot be 
found by an equation like (2.11). Something must also be added in order 
to make the problem of finding y determinate. This missing element must 
clearly be related to the saving or investment proportion in the economy. 
By inspection of (6.1) it seems plausible that, if we keep ,Vi,..., .v„ normalized 
to a certain level, and then increase consumption y, y„ , then the propor¬ 
tions between .Xix,, will have to be readjusted, and y will have to be 
reduced in order to make the equations hold. (From (5.4-6) wc know that 
yb*j(y) decreases if y decreases.) The increase in consumption as compared 
with the level of production, means a reduced investment proportion. 
Accordingly, we should expect a higher consumption proportion to be 
associated with a lower rate of growth y. To make these considerations more 
precise we have to bring the prices into the picture. We then use the equilibrium 
prices and the rate of interest as determined in section 3. 

For simplicity we introduce the following notations: 

n 

I'i -= P> Pfiii gross value added per unit of output in 
sector /■ (profits if there is a labour sector 
among 1 ,..., «); 

n 

K = ViXt -- total gross value added; 

n 

C = p/y, = value of total consumption; 

i-l 

j ~ V ~ C = value of gross investment. 
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Now multiply Eq. (6.1) by price /j, and take the sum over /. This gives 

— C = E Pil^Uy) Xj. (6.2) 

f-1 ; I 

On the other hand, multiply through the equations in (3.5) - the equations 
determining the equilibrium prices and the interest rate - by x, and take 
the sum over i. This gives 

^ ''E E Xi. (6.3) 

l~l !-1 

Combining (6.2) and (6.3) we get for the growth rate y: 


y = 


£ 

V 


rR where R R(r. y) 


1.1. 1 pKir) Xj 
E'-i pA*(y^ X, ■ 


(6.4) 


This expression consists of the gross investment quota JjV (investment in 

proportion to profits if there is a labour sector among I. n) multiplied by 

the rate of interest r which reflects the productivity of capital, corrected by a 
term R = R(r, y) which in general depends on both r and y and on prices 
and output composition. 

For the standard case and T I. b%{r) and b*(y) both reduce 

to a constant b,n - . Then the proportion to the right in (6.4) is identically 

equal to unity and we have 

y (fori’, ■■ ooand 7' 1). (6.5) 


In this case there is no scrapping or depreciation. JjV is the investment 
proportion in total income, and the growth rate is the product of this invest¬ 
ment proportion and the rate of interest r, which reflects capital productivity. 
Three points are worth observing in this connection. 

1. The formula ju.st given corresponds to the classical growth formula 
for one-sector models. 

2. In deriving this growth formula we have used the equilibrium prices 
in calculating the value of gross investment ./ and total value added V. 
Accordingly, it appears that these equilibrium prices serve excellently in 
performing the aggregation, since (6.5) is an exact formula under the con¬ 
ditions stated when J and V are calculated by means of the equilibrium 
prices, i.e. there is no aggregation error. 

3. An interesting corollary of this result is a dynamic non-substitution 
theorem’^ If there is a choice between different techniques in the various 
sectors and we want to maximize the growth rate y under a fixed investment 
proportion 7/F, then we should use the production techniques which maximize 


642/19/2-20 
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the intrinsic growth rate A -- r. Criteria for this maximization follow from 
the methods of evaluation of alternative techniques given in section 5. The 
non-substitution aspect of this is that the technologies thus determined should 
be used regardless of the composition of consumption. (This non-substitution 
interpretation has been elaboiated in L. Johansen [6].) 

When the conditions stipulated for (6.5) do not hold, then the proportion 
to the right in (6.4) is variable. We may trace the connection between the 
gross investment quota JjV and the growth rate y in the following way. 
Consider the system (6.1) and keep y \,..., >•„ fixed. For a given value of y we 
can then solve the system for .Vi,..., .y„ . (If we like we could require a normali¬ 
zation of-v, ,..., .v„ and readjust the level ofvi ,..., .v,, .) By inserting the given 
value of y and the resulting .v, ,..., .y„ into (6.4) we can calculate the implied 
gross investment quota JjV. By repeating this calculation for diflcrent 
values of y we can trace a curve relating JjV and y. For y ^ r it is clear 

that there is no room for .j’„ 0, so at this end we have y - r and 

JjV 1. At the other end we have y 0. This case needs a special treatment 
since the definition (2.9) of bf](y) is not valid for this case. Clearly bfj(y) —>■ oo 
as y 0. On the other hand, for the case y 0 we could replace yA*(y) by 

MO) 1 i (6.6) 


which follows from (5,5). We then gel from (6.2) and (6.3) 

4 Za for y 0. (6.7) 

In other words, we have a positive gross investment quota for a zero growth 
rate, which is of course as it should be. 

The fact that y6*(y) increases with y (see (5.6)) suggests that there is a 
positive association between y and JJV. We have 

Z Pi[Yf’*(Y)] -'i f Z ■'■J > 


and for the increasing y the left hand side would tend to increase while 
prices, r and b^(r) remain the same. However, this consideration is not quite 
sufficient to establish a monotonous positive association since the composi¬ 
tion of output ,..., .v„ in general changes with the growth rate. It only 
establishes a presumption for normal cases. 

The natural idea now is, of course, to introduce the concepts of net in¬ 
vestment and net income and try ot establish an equation like 


Y 


Net investment 


■ r = sr — .sX 


Net income 


( 6 . 8 ) 
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where net investment is gross investment J minus depreciation, net income 
is gross value added V minus depreciation, and .v is introduced for the rate 
of saving out of net income. In fact, when r and y are determined as explained 
before, then equation (6.8) can be shown to hold as a consequence of reason¬ 
able definitions of the concepts involved. 

In order to see this it is necessary to introduce the notion of total value 
of existing capital. We write this as K^r) for period /, and K{r) for the base 
point of time. Since each piece of capital now lives through a history with 
a construction period of, in general, more than one time unit, and a produc¬ 
tive life with gradually declining remaining life-time, the value of capital 
cannot be calculated independently of the rate of interest. This is signified 
by the notations just given. The value of capital will, of course, also depend 
upon prices, but this is true also for the standard case. 

We may now define net income as 

Net income - rA'(r), (6.9) 

i.e. as the product of the interest rate and the value of capital slock. The 
rationale of this is that the rate of interest is equal to the intrinsic grow th rate A 
as shown before. This means that, if nothing is extracted for consumption, 
then the value of total capital stock would increase by AA'i(r) -- rK,(r) from 
one period to the next, and income is defined as the value which can be 
extracted from the system without reducing total wealth. 

If we now introduce 


/ - value of total net investment, 

and use C for consumption as introduced above, then the concepts should 
satisfy the following equation 

C \ I rK{r). (6.10) 

furthermore, since we are studying proportional growth at a rate y, we 
must also have 

I yK{r). (6.11) 

According to the definition of the rate of saving we have 

I rK(r) - C srK(r). (6.12) 

From (6.11) and (6.12) follows (6.8) as sought for. 

It follows from this development that the comments made in connection 
with (6.5) for the standard case also hold for the general case, including 
the “dynamic non-substitution theorem". In deriving these results for the 
general case, we have only used some reasonable requirements which the 
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delinitions of the aggregated concepts ought to satify, in addition to the fact 
that r -- X is the rate at which wealth will increase if nothing is extracted for 
consumption. We have not yet shown in detail how the various concepts 
could be calculated. However, they arc implied by the formulas we have 
already given. 

Let D be total depreciation (at (he base point of time). Then the net 
investment quota involved in (6.8) is .v ^ (J - D)I{V — D). Then (6.4) 
and (6.8) together imply 


./ 

V 


R 


J - D 
V D 


(6.13) 


where R R(r. y) is defined in (6.4). This gives the following expression 
for depreciation, when we also use (6.4) to eliminate K; 


n 


- (y/r) ■ 


Net income will be 

y-1) ■ 

1 - (y/r) 


(6.14) 


(6.15) 


From the definitional requirement (6.9) we have for the value of capital 
slock 


A'(r) 


r 1 — (y/r) 


(6.16) 


from which net investment according to (6.11) will be 


y I - (y/rA) ^(y/r) 

' r 1 - (y/r) ' 1 - (y/r) 


(6.17) 


where the last equality uses (6.4). It is easily seen that this is the same as 
y - D as calculated from (6.14). 

In the formulas above y/r/? should be replaced by JjV as given by (6.7) 
for the case of y 0. 

The use of the formulas given above should perhaps be recapitulated. 
Suppose we want to calculate the growth rate corresponding to a given net 
investment quota. We must then first solve the price system and get the 
interest rate r (equal to the intrin.sic growth rate A). Then the growth rate y 
follows simply from (6.8). Having established the growth rate y we can use 
(6.1) to find output composition x,,..., x„ for a given consumption composi¬ 
tion y\ . y„. (We can normalize either the level of output or the level of 

consumption.) Having now both prices and outputs, r and y, we can calculate 
R = R{r, y) according to the definition in (6.4). Value added V and gross 
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investment J follow easily from the definitions, and then the other aggregated 
magnitudes, i.c. total depreciation 2), net income (F-- Z?), the value of 
capital stock K{r), and net investment follow from (6.14 17). 


APPENDIX: Notes on the Solution of the CiiARACTERisnc Equamon 

The characteristic equation determining the intrinsic growth rate of the 
dynamic input-output model was given in section 2 in the following form 

I / - 4 -- 0 (A.l) 

where the elements of the matrix are given by (2.9) in the text. 

In this appendix we shall present some ob.servations on the solution of 
(A.l). We arc only interested in real and positive solutions. Furthermore, 
we shall exploit as far as possible what is known about the standard case in 
which we have a constant matrix B instead of S'^IA). 

In order to study the existence and possible uniqueness of the solution of 
equation (A.l), it is convenient to introduce an additional variable z and 
replace (A.l) by the following system in two equations and two variables, 
A and z: 

11-A 2B*(A)| = 0, (A.2) 

z- A. (A.3) 

From (A.2) we may consider z as a function of A, c - g(A). (It is known 
that there will exist one real positive solution z to (A.2) for a given A if .4 
is productive and irreducible, which we shall assume.) The function will be 
continuous for A > 0 since z will be a continuous function of B* and B* is 
a continuous function of A. 

Let us first consider the case in which all — oo. Then we have 

A,-(A) = i *,•.<.(! 1 A)»(A.4) 

i)»-i 

Then is an increasing function of A for all /, j for which some bag > 0 
for some 0 > 1; otherwise h*(A) is con.stant. 

Now consider first A = 0 in (A.2). The value A = 0 raises no special 
problems in this case since bfjiX) is well defined by (A.4) also for A 0. 
Then the system is the same as 


o 

II 

N 

1 

1 

(A.5) 

r 


(A.6) 


in which B is the matrix of 
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This is the same as the characteristic equation of a dynamic input-output 
model of the standard type for which all investments in a project have been 
compressed into one period. For this system there exists one real positive 
solution i.e. we have ;f(0) 0. If we now increase A, then some or all 

elements of i9*(A) will increase while none will decline. It is then known that 
the value of the solution : to (A.2) will decline. (This also follows from (1.6).) 
Accordingly g(A) is a declining function of A. It follows from this that there 
will exist one unique solution for A in (A.l) corresponding to the unique 
solution for z and A in (A.2 3) as illustrated in figure 1. 



If we now go back to the general case in which we have given by 
(2.9), then the reasoning will be more complicated. For a very small value 
of A the value of />*(A) will be very large, and it will approach infinity as 
A “»■ i 0. It follows from this that g(A) will now tend to zero as A -»■ 0. In 
other words, for very small values of A, g(A) is an increasing function of A. 
On the other hand, if we go on increasing A. then sooner or later all b*(A) 
for which d/n, > 0 for some B > I will start increasing, and then g(A) will be a 
declining function of A. (This effect will dominate the effect of those btj{X) 
for which = 0 for 0 1, since these A,*(A) will tend to constants as A 

increa.ses.) 

In this case the solution may be as illustrated in figure 2. In order to 
secure the existence of a solution A > 0 in this case, the curve for g(X) must 
not lie below the line z A throughout. In order to see when this will hold 
it is useful to rewrite Eq. (A.2) into the form 

I / - /I - (y) [A5*(A)] I = 0 (A.7) 

or 

\ I — A — pS(A)| = 0 where P — y 


(A.8) 
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and where li(X) has positive elements defined by (5.4-5), It was 

also observed by (5.6) that the elements of ^(A) increase with the value of A, 
and at least some of them increase strictly. From these facts follows that p 
is a strictly declining function of A. 

From (5.5) we see that, when A v 0 the elements 5„(A) tend towards 

bfim = ^ i f’m (A.9) 

9 1 

which are purely physical characteristics: investments of various sorts 
regardless of gestation periods, divided by the life-time of capital in the 
sector. ^ is a continuous function of the elements S,j and will tend towards 
a value po determined by 

i / -/I - -p„fi(0)l - 0 (A. 10) 

when A tends to zero. 

Now let us see what this means in connection with figure 2. If p„ determined 
by (A.10) isp„ < 1, then we will never get a solution A > 0 since the function 
g(A) z pX then starts from the origin by being below the ray c = A, 
and will not intersect it for any A > 0 since p is a declining function of A. 
On the other hand if p,, > 1, then ,g(A) will be above c - A in the figure 
immediately to the right of the origin, and since we know that g(A) will 
eventually decline, there will exist a solution A > 0. 

As a byproduct of this line of reasoning we also see that the solution for A 
is unique. Since p = z/A is the slope of the ray from the origin to a point on 
the curve z = g(A) in figure 2, if there is an intersection between z = A 
and z = g(A) for some A > 0, there cannot be another intersection to the 
right of the first one. 

The treatment of the existence and uniqueness problem given above is 
partly influenced by the mathematical treatment of a generalized model by 
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M. Aberg and H. Persson [8]. They approach the problems in a somewhat 
difFercnt way, but their approach suggested the crucial role of the fact that 
the elements Xh*(X) increase with A. 

We saw above that the existence of a solution A > 0 depends on the 
existence of a solution p,, ; 1 to Eq. (A.10). Introducing a — p„ 1 we 

can write the equation as 

;; (.4-4 /}{0)) .Tfi(0)| -= 0. (A.ll) 

We now have a solution A 0 if there is a positive solution for <j in (A.ll). 
Such a solution exists if A -j .fi(O) is a productive matrix in the usual input- 
output sense. The interpretation of A -\ .S(O) is straightforward: it consists 
of the current input-output coefficients in A plus capital coefficients summed 
over gestation lags and averaged out over the life-time of capital equipment 
in the sector concerned, see (A.9). 

Erom the formulation (A.2-3) it is clear that there would be no difficulty 
in solving the present problem numerically if we arc able to solve the charac¬ 
teristic equation for the standard case of a constant matrix B. A natural 
idea is to solve the equations iteratively, i.e. to start with an initial guess about 
the value of A, say Ap, insert this in (A.2) and solve for z, next insert this value 

for A and solve again for r, and so on. This would generate A„, A^, A^.A,,... 

according to 

I / - ^ - A,, ,finA,)| =0 = 0, 1, 2,...). (A.12) 

This process would probably converge in most cases, but there seems to 
be nothing in what has been demonstrated above which shows that it will 
always converge from any initial guess Ag. However, even if the process 
(A.12) should not work well, it would be easy to find the solution with any 
desired degree of accuracy by calculating the value of z for selected values 
of A and then proceed by interpolations. 
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Notes, Comments, and Letters to the Editor 

A General Equilibrium Model of Production with a 
Random Marginal Rate of Substituion* 


This paper examines the qualitative eflects of risk aversion in a two-sector 
general equilibrium model where uncertainty is due to random production in 
one of the sectors. Technology is more general than u.sed previously and provides 
for a random marginal rate of substitution. Also, the possibility that risk is 
decreasing in factor usage is considered. Results show that earlier qualitative 
conclusions on the effects of changing risk may be reversed under these cases. 


Recently, in this journal, Batra [I] has analyzed the qualitative effects of 
risk aversion in a two-sector general equilibrium model where uncertainty is 
due to random production in one of the sectors. By extending Rothenberg 
and Smith's [4] risk-neutral model, the effects of uncertainty on factor 
intensities, returns, and national income were explored invoking a small 
country assumption (i.e., price of output is fixed). Batra proves three basic 
results: (1) factors of production move from the uncertain industry as un¬ 
certainty is introduced; (2) if the uncertain .sector is relatively capital intensive, 
then capital-labor ratios rise in both sectors; and (3) real returns to the 
intensive factor in the uncertain industry fall and returns to the intensive 
factor of the certain sector rise. His results are derived assuming risk aversion 
and a factor-neutral, multiplicative random disturbance in the production 
function of the uncertain sector, 

, Lx) = cL,/(^), (I) 

where A", is the output of industry 1; Ki and Lj are the quantities of capital 
and labor utilized in industry I, respectively; denotes a transformation 
function; e is a nonnegative random disturbance; and ki denotes the capital- 
labor ratio under the assumption of linear homogeneity. In this case the 
expected utility maximizer chooses Ki and Li such that 


r fit, 


( 2 ) 


where w/r is the labor-capital cost ratio, and alphabetic subscripts denote 
differentiation. Thus, the firm minimizes costs for each level of expected 

* Giannini Foundation Paper No. SIO. 
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output, and uncertainty does not intrinsically affect the choice of technique. 
In other words risk preferences do not affect the marginal rate of substitution 
at the optimum (other than through changes in expected output). 

In this paper technology is generalized such that the marginal rate of 
substitution is uncertain. Moreover, the possibility of decreasing risk via 
capital- (or labor-) intensive technology is incorporated in the analysis. It is 
found that all three of the above propositions are sensitive to the manner in 
which factors of production affect the probability distribution of production. 
In general, the condition that both factors of production have a positive 
marginal risk effect is suflicient to obtain Balra’s results when the marginal 
rate of substitution is random; but some alternative cases are developed 
which may also be reasonable. An implicit assumption of Batra’s work which 
is continued in this paper is that contingent (futures) markets are not oper¬ 
ating with respect to production risks. 


1. A More General St(k:hastic Production Fu.schon 

The production function for the uncertain sector examined in this paper is 
of the form 


A'l =■ Fi(A'i, L,) -i 6’,(/f,, L,) €, £(€) 0, £(e") < x (3) 

where, without loss of generality, it is assumed that 6’i ' 0. If 6', < 0 at the 
optimum, then one can simply define a new random variable e - e and a 
new function “ G, > 0; the analysis of this paper thus applies for the 
production function Xi — /\ |- 

It may also be noted that the specification in (3) may be viewed as an 
approximation of the general case where 

y, -- F*(K ,, L, , €). 


With a small degree of uncertainty, a Taylor series expansion about e - 0 
implies 


. 0 ) 


(!( 


t -0 


which suggests 


FiiKi ,L0 FtiK ,. Li, 0) 
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in (3). Note further, however, that (3) is more general than the specification 
used by Batra (without approximation) since if Gj F,, (3) becomes 

X, F,(K,,L,)(l ! e) 

which is the special case examined by Batra. Many other interesting special 
cases are also apparent. For example, a strictly additive disturbance is 
obtained if 6', is a constant. Appealing to the approximation, the case of 
random factors, c.g., X^ Li), is obtained with /•) F, and G, 

F\^K where == A'«. 

A major advantage of (3) relates to the marginal impact of factor changes 
on risk. Focusing more specifically on the variance of output. F(A',), the 
marginal elTect is 


iKi 

2C,f;*:,F(e) V 

' 0 as G, 

rL, 

2g,CmK(^) r 

■ 0 as Gj 


Flence, unlike the usual specification in (I), factors of production may posi¬ 
tively contribute to mean output while having a negative effect on the 
variance.' 

The usual multiplicative specification implies that risk, is increasing in all 
factors of production which have nonzero marginal products. The specifica¬ 
tion in (3), on the other hand, allows for random marginal productivities and 
allows risk to be decreasing in particular inputs. Several reasonable situations 
suggest that this flexibility may be needed. For example, with random 
employee strikes in developing economies, firms may diminish risk by 
increasing the capital-labor ratio. Also, in developing countries, capital 
intensification in agriculture often has the effect of diminishing output 
variability due to adverse weather conditions (Just and Pope [3]). As may 
easily be shown, the general class of production functions with multiplica¬ 
tive disturbances precludes such cases. 


2. Competitive Behavior of the Uncertain Sector 

The assumption of linear homogeneity in (3), i.e., constant stochastic 
returns to scale (see, for example, Stiglitz [6]), implies that (3) can be written 
as 




1 For example, SV(,Xi)ldKi in (1) is 2FiFgiV(f) > 0 if F,, > 0. 
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It is assumed that marginal productivity is positive (f\., , /•’i, > 0) and that 
every realization of the production function is concave, i.e., A', = f (7,€ 
is concave in AT, and L■^ for every e in the sample space. 

Section 1 maximizes the expected utility of profit, by 

controlling input levels ATj and L,. Where Tly PX, — wL^ — rK^ , first- 
order conditions are: 


E(uin^,) e{u;-[P(Fk,i 

o 

1 

(4) 

EiU; iJu) --E{U{ ■ [P(F„ ^ 

^ ,f]l -- 0. 

(5) 

From (4) and (5), one can deduce that 



.. F[U; • P(Fl, \ 
E(D;) 

_Gu^l 

(6) 

EWi ■ P(Fk, H 
~'E(V'X 


(7) 

and 



E(Ui-^) r PFk^ 
E{U[) PGk, 

»• - ff,, 

FG,., • 

(8) 

Finally, using (8), it can be shown that 



Hu - 


(9) 


where 


i’- 

r--■ ,?; 

and, thus, 5 provides a convenient means of expressing one derivative of the 
profit function in terms of the other. 

Second-order conditions for a unique maximum in .section 1 require 


D 


E[u[ nLu ■ Jilun \eiu; iIku rHunM 


- 1 - - 


E[u; n,,, ew: / 4 ,, i ni,u;] 


0. 


and 

E[u; ni.u 


A-Ssuming risk aversion (Gj C 0) and concavity of all possible realizations 
(all e) of the production function (which implies concavity of /T), it can be 
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readily verified that second-order conditions must hold. Furthermore, it can 
be shown that second-order conditions place no restrictions on the sign of S; 
and, hence, the case of risk-reducing inputs can be meaningfully investigated. 


.3, COMPI.ITION ni- THT GeNF.RAI, Fytlll.IBRIUM MODlil. 

Suppose now that industry 2 has nonrandom production denoted by 
A, F^(K., , U) L,Uk.,) 
where k« -- . First-order conditions are 

ir h -A-j/i (10) 

/• f; (II) 

and second-order conditions are guaranteed by the concavity of F'a . It may 
be further noted that concavity of implies , F^t^« < 0, or f I < 0. 

Given a competitive equilibrium, equations (6), (7), (10), and fl I) indicate 
that 


• P(F,., - Gu«)J 

F,.iF{U;) 

(12) 

FlU; ■ F(AV, -r 6V,€)J ^ 

Fk^F(U{). 

(13) 

Finally, assuming full employment, two resource constraints 
model of the economy: 

complete the 

Lii ’ ^ 


(14) 

K\ \ K Ljk, 

' 1 ■ ^2^2 

(15) 


where A and K are total resource endowments of labor and capital, respec¬ 
tively. 


4. The Impact of Uncertainty on the economy 

As in Batra, the major focus here is to determine the impact of marginal 
changes in risk on factor incomes and employment using the mean-preserving 
spread technique of Sandmo [5]. Defining 

A* 

(* =-- ye, 

any change in the parameter y has the effect of changing the spread of the 
distribution while leaving E(f) — 0. Flence, the marginal impact of un¬ 
certainty can be found by differentiating (12)-(15) with respect to y (and 
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evaluating at y = I). Under linear homogeneity, it is convenient to consider 
these equations as functions ol /,,, A'j, and . The resulting implicit 
differentiation yields 


e[vI-P{F,,, \ ■ iK-POn^ : /’U; ■ (/'a. r f'u.e) 


</y 


dl^ 

dy 


L' I drj^ .. ilh~t 1 


dy 


dk., 

dy 


(16) 


e[u;-P(F,, -\ : U[ PG,,. -PU^ U-kn- ■ 6Vu^) y 


dy 

- ■ h\,., ] 0 


dy 


ik, A. 0. 

r/y </y i/y 


dk, 

dy 

(17) 

(18) 


Solution of (I6)-(I8) through use of Cramer’s rule obtains^ 


dL, 

LJGPik, ! S) E(Vi 

■ >') r ./'J(A2 “ S) P.(U',) L,H., 

(19) 

dy - 


a: .' 

dk, 

(A-, A,) H,n{k, 

__r iUWJ) 

(20) 

dy 

\A'. 


dk-i 

(A, -k,)H,P(k, 


(21) 

dy 

\A 


where 

H.,- ~E{PGk,U\ 

■€ 1 u;iiK,c,Pf) 

(22) 

and j A \ 0 (sec the Appendix for details). 



Several lemmas will be helpful in establishing the qualitative nature of 
(19)-(21). Lemma 1 can be obtained through application of lemmas derived 
by Feder [2]; however, since parts (a) and (b) are somewhat different than 
explicit results which have appeared previously, their derivation is also 
presented in the Appendix. 

Lemma 1. If absolute risk aversion is nonincreasing {but positive), then 

(a) sgn E[Ul ■ n,c\] sg" 

. sgn E[Ul • ilii] ■= sgn Cj.i 

“Note that Fu, + Cx.n« - — Ai(/i + Fut + G*t,e = /J + g,^ 

®nd Fjrta - f\- 
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(b) E[U\ • E[U\ ■ < 0 

(c) £[t/; ■ €] < 0. 

Lemma 2. If every realization of the production function satisfies concavity, 
then 


E[U\ ■ Y] < 0 

where Y f'[ \ i C^-a-ic). 

Proof. Ff F, r 0',e is concave for all t, then 

Y A" i - 0 for all t. 

Since U[ > 0, the conclusion of the lemma follows. 

Lemma 3. Assuming nonincrea.sing absolute risk aversion, 

sgn f/o - sgn. 

Proof. Multiplying and dividing (22) by GVi or, equivalently, by g[ yields 

// • «) !- PCfG Kx EW; • / 7^.e) 

Assuming risk aversion, the first term in parentheses is negative by 
Lemma 1(c); the second term in parentheses is negative by Lemma 1(b). 
Therefore, sgn H-i sgn gj . 

Lemma 4. With concavity of f and g, and nonincreasing absolute risk 
aversion, I A ] >0. 

Proof. See the Appendix. 

Turning now to equation (20), it is clear from concavity and Lemma 3 that 

sgn -- sgnP, - g',(k, I 8)]. (23) 

Using this equation and the above lemmas, the following theorem can be 
derived. 

Theorem 1. Suppose there is an increase in production uncertainty in 
uncertain .sector. If the uncertain .sector is relatively capital intensive, then 
(i) the capital-labor ratio in the uncertain sector will unambiguously increase 
if labor marginally increases production risk or capital marginally reduces 
production risk ; but (//) if labor marginally reduces production risk, the capital- 
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labor ratio will decrease if the marginal risk reduction is sufficiently large, 
specifically, 


dk^ 

dy 


0 US G /,! 



(24) 


Conversely, if the uncertain sector is relatively labor intensive, then (Hi) the 
capital-labor ratio in the uncertain sector will unambiguously decrease if 
capital marginally increases risk or tabor marginally reduces risk', but (iv) the 
capital-labor ratio will increase if the marginal risk effect of capital is suffi¬ 
ciently large negatively, specifically. 


dki 

dy 


0 us (jicj 


A', — k., /-I 


(25) 


Proof. Theorem 1 is proved by determining the signs of terms on the 
right-hand side of equation (23). To do this, note that 


A., 4 S A., i - (A., - A,) ^ (26) 

f'Ai .fi 

and that G'^i- -— A,gl = — Ar/zVi; therefore, < 0 implies 

(jK\ ' - 0 and Gx\ < 0 implies Gn '■> 0. Consider case (i) where either both 
or ' O' Gt:i < 0. Using the middle expression in (26), it 
is clear that G,,i, G^^ 0 implies A^ f 8 :» 0; and from (23) sgn dk^dy ^ 

sgn(Ai - Aa). If Gii ■; • 0 and gi < 0, then A, f S and always have the 
same sign when k\ - k^ > 0, thus verifying case (i). Case (iii) is established 
in a similar manner from (26) by noting that C^-i. Gn 0 implies dkjdy < 0 
when A'l — k^ < 0. If G^i > 0 and G^ < 0, then A.j ■' 8 :> 0 from (26) if 
ki — A '2 < 0, thus verifying the result. Finally, from (23) and (26), note that 
dkjdy < 0 if gi(Ai — A,) — (At — A.)® gj < 0. Case (ii) follows from (23) 
when At — Aa > 0 by noting that gj (g, — Cii)/Ai and gi C,//.,. Case 
(iv) is established from (23) using (26) where Aj — A 2 < 0 and gj = G^i. 

Remark 1. The implication of the multiplicative disturbance which has 
been commonly used for simplicity in previous literature implies, in the 
context of the model of this paper, that C7t,i, C7jct 0- By (26) and Lemma 3, 
this is a special case where (23) reduces to 

sgn sgn (^J - ^ 2 ^ 

which is the result noted by Batra. Theorem 1 shows that similar results are 
also obtained in other general cases of qualitative marginal risk effects. 
Ambiguous results remain only in cases where <. 0, Aj k^ "> 0 and 
Cjs-i < 0, Ai — Aj < 0, i.e., where the marginal risk effects “work against" 


®42.Gg'2-ai 
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the relative factor intensities. Nevertheless, Theorem 1 shows that results 
contrary to Batra’s results are possible. For example, if labor sufficiently 
reduces risk at the margin, then an increase in uncertainty can cause a decline 
in the capital-labor ratio of a capital-intensive uncertain sector. 

Remark 2. Intuition indicates that, as uncertainty is introduced, an 
input which reduces (increases) uncertainty should become relatively more 
(less) valuable, ceteris paribus, to the sector facing uncertainty. Indeed, this 
is suggested by (6) and (7). Furthermore, one can note that if risk is increasing 
in the capital-labor ratio (which implies risk is increasing in capital), then 
risk must be decreasing in the labor-capital ratio (and thus also be decreasing 
in labor) and conversely. Thus, if capital marginally reduces risk in case (i) 
of Theorem 1, then capital becomes relatively more valuable while labor 
becomes less valuable and, hence, the capital-labor ratio should unambi¬ 
guously increase since the marginal risk effects tend to strengthen the relative 
factor intensities. Similar reasoning applies where labor marginally reduces 
risk in case (iii) of Theorem 1. The intuition where both inputs marginally 
increase risk follows along earlier lines suggested by Batra. That is, if both 
inputs increase risk, then introduction of uncertainty causes resources to 
shift away from the uncertain sector; thus, expected output is reduced along 
the (concave) contract curve in the Edgeworth-Bowley box causing the 
capital-labor ratio to increase (decrease) in the capital- (labor-) intensive case. 

The results in Theorem 1 and intuition of Remark 2 suggests that the 
absolute use of risk-reducing inputs may actually increase in the uncertain 
sector as uncertainty is introduced. In the following theorem it is indeed found 
that the conditions which govern directional input changes in response to risk 
are closely tied to cases (i)-(iv) of Theorem 1. 


Theorem 2. (a) With a marginal increase in uncertainty in cases (i) and 

{Hi) of Theorem I, both labor input and capital input in the uncertain sector are 
reduced, while both inputs increase in the certain sector. 

(b) For cases (i7) and (iv) of Theorem 1, however, an increase in uncertainty 
leads to an increase in capital or labor in the uncertain sector if the associated 
marginal risk reduction of the relevant input is sufficiently large. 

Proof. From (19), one finds that 

dL^ _ \mPE{U[ • Y)gM + + 8) £(t/0] } 


Utilizing Lemma 4 and the fact that 8 ±= gi/gj — k^, equation (27) becomes 
{E,P£(U{ ■ Y)g, +ffLd{k, - k,) gi -f gj E(U{)} H, 

sgn ~ sgn 
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Since ; - 0 (by Lemma 3), Lemmas 2 and 4 and concavity of F., imply 
dLJdy < 0 if (A j - Aj) gi 0. Thus, > 0 and (A„ — Aj) > 0 establishes 
(a) for case (iii) of Theorem 1. Alternatively, if G^i > 0 and Cai < 0, then 
(Ao - Ai)g; :> 0 when (A^ - A,) <0; or if 0’^., - 0 and G\i : 0, then 
A's S ' - 0 from (27). Thus, (a) follows for case (i) of Theorem 1. To see 
that capital also decreases under similar conditions, note that A'j - Z-iA'i; 
hence, using equations (19)-(2I), 

(iFf tik I i/L| 

dy dy ’ dy 

[^AaiA^J ^//LXG,') ■ Y)(g,Jg',)U[:. 

. ... . 

Again, use of ^ g,/gj - A,, along with Lemmas 2 and 3, implies that 

‘ly g[ .'1 i 

if (Aa A,) gi ^ ■ 0 which verifies the assertions of (a) relating to capital. 
The remaining assertions of part (a) thus follow upon additionally using (14) 
and (15). Finally, part (b) is obtained when (A^ — Aj)gi < 0 [cases (ii) and 
(iv) of Theorem 1] such that, for labor, 

E(Ui)/{Ld(k^ - k,) g,'] > \fFL,g^E(Ui) f UPE(U; • F)g, 1 (29) 

or, for capital, 

LMk, - Ar.) g[f{E{U{) > \[L,k.,gJ.rE(U{) h k,L^PE{V{ ■ Y) gjj . (30) 

Remark 3. Hence, when the marginal risk elfects do not tend to 
strengthen the relative factor intensity of the uncertain sector [cases (ii) and 
(iv)], a marginal increase in uncertainty may indeed lead to increased use of 
the risk-reducing factor. Comparing (29) and (30) with (24) and (25), however, 
it is clear that a reversal of the cITects of uncertainty on absolute factor use 
(Theorem 2) requires a stronger negative marginal risk effect than is necessary 
to reverse the effects of uncertainty on relative intensities in the uncertain 
sector (Theorem 1). Nevertheless, only when both inputs are risk increasing 
or where the risk-reducing factor is already used intensively does a marginal 
increase in uncertainty unambiguously lead to a reduction in both input uses. 
Thus, only in the latter case [corresponding to (i) and (iii) of Theorem 1] is it 
clear that an increase in uncertainty causes a decrease in expected output in 
the uncertain sector and an increase in output in the certain sector. 

Given, the ambiguity of Theorems 1 and 2 relating to the effects of un¬ 
certainty on relative factor intensities in the uncertain sector and on absolute 
factor employment levels in both sectors, it may seem reasonable in a general 
equilibrium context to expect similar ambiguities with respect to relative 
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factor intensities in the certain sector as well. However, Theorem 3 deter¬ 
mines that this is not the case and, in fact, Batra's results relating to certain 
sector-relative intensities can be generalized. 

Tiit'ORi:M 3. An increase in uncertainly lowers (raises) the capital-labor 
ratio in the certain sector if it is relatively more (less) capita! intensive regardless 
of whether factors increase or decrease risk. 

Proof. Using equation (21), it is readily verified that sgn[—/’(A', S) 
E(U{ ■ )')] sgn g| and, by Lemma 3, that sgn H., sgngi. Hence, using 
Lemma 4, one finds sgn dk.Jdy - sgn(A, — k.>). 

In the standard case of risk-increasing inputs, intuition suggests that a 
factor's real reward declines as uncertainty increases. But given the above 
cases where use of a risk-reducing input in the uncertain sector can increase 
with increased uncertainty, the effects of uncertainty on such a factor’s real 
reward are no longer clear. Theorem 4 shows, however, that real rewards 
decline with increased uncertainty in any case. 

Tiii'.ORi.M 4. .4n increase in uncertainty causes a decline in the real reward 

of the factor used intensively by the industry facing uncertainty and a rise in the 
real reward of the factor used intensively by the certain industry regardless of 
whether factors marginally reduce or increase risk. 

Proof, f rom Theorem 3, if k, A,, then dkjdy 0 which by concavity 
implies that/n and r rise. Similarly, if rises, then ■ f^ — kaf'i falls and 

11 ’ falls also. If, on the other hand. A, > Ao, then r falls and iv rises by similar 
reasoning. 

Remark 4. Theorem 4 further emphasizes the fact that risk is costly. 
That is, for example, an increase in risk reduces the social value of each 
factor used in the uncertain sector no matter how strong its risk-reducing 
marginal effect may be. 


5. Appendix 

Derivation of Equations {\9)-{2\). Substitution of dElJdy into (16)-(I8) 
and collecting terms give the matrical equation,® 

AX==H (A.l) 

’ Here can be written as 

n, - L,[P(/. + ;?,e) - (ft - kj'^) - A;/;] = + 8). 

Hence, 

^ (-^) + ^'^*'^** - (-fr) + (■^)] • 
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where (T denotes transpose) 

H - f//, //, O)'^ 

V ' 

\ dy dy dy ' 

^ ^ j j I ay :i 

s' " ^ ) 

.4i, = ■ nh - A,P(/; ! ,e;'e) u[] 

>1,, : />(// : 

/)„ - £[8/., /,'(£, - £,) t/; • TiTj,, k,f.;u\] 

£[£i/."(A-. - A-,) t/," • Ih, - f:u\] 

■^31 ^ 1 ~ ^ 

A,, A, 

and 

- //, - -fiPG^.ui^ H t/; • n,c,G,Pei 

If 1,4 I > 0 (as is shown below), use of Cramer’s rule in equation (A.l) thus 
yields 

«/£i UH.i{A^i - S/lffl) -r (8/423 - -413) A-jffa 

"dy " ■ ■■ ■ 1.4 I 

dki (A''i A'-j) 7/0(8.433 - / 4 | 3 ) 

rfy ! /I I 

dk^ (Aa — Ao) //3(/4 is — 8/422) 

■' “ ''T\ • 

Equations (I9)-(21) follow immediately. 

Proof of Lemma 1(<7). Profits in industry 1 can be written as 
77i(«) - £(77i) -I- £(7 i€. 

Let e* be such that — 0. Then, note that 

Ul S - RfH*) f/; as c & e* (A.2) 
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where absolute risk aversion, RjUl)-- is nonincreasing and 

n* (since dll/cU .' 0). Multiplying (A.2) by thus obtains 


since 


• 17 as Gicj 0 


77^i(e) : /Jjf,(t*) — 0 


|as e e* if Gki 
(as c e* if Ca', 


>0 

;o. 


(A.3) 


Taking expectations of (A.3) and using first-order conditions in (4) yield the 
result 


■ 77a,) -«„(77^) t(G; • 77a,) = 0 as G„^ 0. 


The proof that 


£(U, ■ ITu) 0 as Ct, 0 


follows in an identical manner. 

Proof of Lemma l(fi). 

GA,e - ~ (/'7 ’a, : PGk^^ - r) I ^ (r - 7>/V,) - ~ (77ai r r - T’F,,): 
hence, 

£(7/,' • 77a,<;«,«) - y [e{U; ■ 771,) H- (r - PF^f) E(U^ ■ 77a,)] • (A.4) 

With risk aversion, £(£" ’77^,) < 0. Also, using Lemma 1(c) and equation 
(9) imply sgn Ga, sgn(/’£Ai ~ f) with risk aversion. Additionally, using 
Lemma 1(a) in (A.4) thus obtains 

£(£,' ■ TJa.Ca,*) <0 

The result for £((7, • 77t,G't,6) < 0 is obtained similarly. 

Proof of Lemma 4. From (A.I), one finds 

1 .,4 I ~ £,/42i('4,3 8^*s) H ■'^la) 

+ (^, — ^13'^tie)- (A.5) 

Substituting further from the definition of A into (A.5), the first two terms 
in (A.5) become 

(£, - 8) E{Ul • 77|,)[£,./i'(k* + 8) £(G,') 4 £*/> (-|-) E{U[ ■ T)] (A.6) 
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while the last term in (A.5) becomes 

(“T-) PE{U[ • Y) E(U;: ■ Hk^) I £■((/,' • Y) E{U[) 

X - k^f P ^ Ljak^_ r S) E{U[) E{U[ ■ Il^Xk-i - ^i). (A.7) 
Combining the first term in {A.6) with the last term in (A.7) yields 
Limk, 1 - SfEWd E((^: ■ ^I%i) > 0 

assuming risk aversion and concavity of . Also, noting that E(U” ■ Tlh) < 
0, the second term of (A.6) and the second term of (A.7) are positive by 
Lemma 2. Thus, { A[ > 0 if 

(k, + S) LJ{(k, - Ar,)“ PE(U', ■ Y) £(C,' • ^ 0. (A.8) 

But the inequality in (A.8) is established by Lemmas 1 and 2 and concavity 
offi since ki f S = gjgl and, hence, sgn A, + S = sgn g(. 
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A Characterization Result for the Plurality Rule* 


Let A’ be the set of conceivable alternatives and v be any potential non¬ 
empty subset of E, where \ v \ - n. d =^-- (/{,/?,„) represents a set of indi¬ 
vidual linear orders over E for the in voters, where Rf is the linear order of 
voter /. A social choice function, C, is a function such that for any set of 
alternatives (r) and set of individual orderings, d, on v, C selects a nonempty 
subset C(r, d) of u as the social choice set. 

A simple scoring function is any social choice function which can be 
represented by 


He, d) i.Y p (■: X -V* - S 6 'j> 0) 

where S^. is the score assigned an alternative every time it appears in /:th 
place in any individual's preference ordering and x*' is the number of times 
alternative .v appears in Ath place in the set of individual orderings. 

In [2] Young proved the following result. 

R\. A social choice function is a .simple scoring function if and only if it 
satisfies the conditions of 

Anonymity: C(i\ («i...., RJ) ■--- C{t\ .. (2) 

where ct is a permutation on the set of voter preferences; 

Neutrality: XC(v, d) — C(At>, </''), (3) 

where A is a permutation of the set of alternatives and d'' is a corresponding 
permutation of preferences; 

Consistency: C{v, d) n C(v, d'} /= c'j -*• C(v, d) n C(v, d') = C(v, d -f d‘) (A) 

where d, d' are preference profiles for two disjoint sets of voters; 

Continuity: 3iVe {1, 2,...} 3 C(p, d) -- {;c} —>• C(v, d' + Nd) — {x]. (5) 

One social choice function that is a simple scoring function, satisfying 
conditions (2)-(5), is the plurality rule, where individuals simply list their 

* The author would like to thank an anonymous referee for numerous helpful suggestions. 
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most preferred candidate and the candidate with the greatest number of 
votes is selected. Thus, the plurality rule is a case of (1) where ---- I and 
- 0 VA ? I. More generally, whenever 5, ■ S^. VA -/ 1 and S^. 

for k - 2 ,..., n — 1 (1) is the plurality rule. 

By adding an additional condition to (2)-(5) we can obtain a unique 
characterization result for the plurality rule. The condition added is the 
Reduction Principle, formulated by Fishburn [1], which says that removing 
Pareto-dominated alternatives docs not alter the social choice 

Reduction-, x e v &. xP,yVi ->■ C{r, d) C{v — \ r], d). (6) 

We can now state and prove the following theorem; 

Theorlm. There is one and only one social choice function that sati.sfies 
Anonymity. Neutrality. Continuity, Consistency, and Reduction — namely, the 
Plurality ride. 

Proof. Clearly the Plurality rule satisfies the live conditions. We must 
show that it is the only social choice function to do so. By R\ Anonymity, 
Neutrality, Consistency, Continuity imply that we have a choice function 
described by Eq. (1). 

Reduction implies S^ since for the following profile: 

Reduction implies C({.v, >■}, d) • C({.v], d) {.vl so Si ' ■ S 3 . 

We now show that Sj, ■ S;. ui for k - 2,,.., n - 1. Let c -- {.v, c, a,. a,,} 

and d be 

Si S 3 S:i Si S„ I S„ 


Individual 1 .v c a, 03 • u„ 1 a„ 

Individual 2 r .y 

in which r Pareto dominates each </„ . Anonymity, Neutrality, and Reduction 
imply C(i\ d) -- {.v, z] since Reduction implies C(v, d) ■ C(r — {a,!, d) - 
C(r — {a,, flj, if) - =].<f) while Anonymity and Neutrality imply 

C({a-, {.V, zj. Since C is a scoring function S, i 5™ 5, ; S„ so 

S 3 = S„ . 

Given the knowledge that C{r, d) {a, z] we can again cumulatively delete 
afs, beginning with a„ from the profile to conclude our proof. Thus, deleting 
a,I gives us 

Si S 3 S 3 


Individual I x z a, ■■■£?„ 1 

Individual 2 z 03 
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SO S, r Sa 5i ; S„ , and S., S„_, since Y.l-iSkX'' must be equal to 

V” C -t 
Z-t-l •^k~ ■ 

Deleting a„. i gives us 

5. S, 5^ 5„.., 


Individual! x z a^ -an-.. 

Individual 2 z Oi 

so Si + S 2 Si \ S„_., and S. 2 . Continuing this process yields 
S 2 - S^S 2 ■ = S',,..:,. 

Hence, we have S, -> Sj and S., = S 3 ■■■ ---■ S„ which is exactly the Plurality 
rule. Q.E.D. 
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Some Error Estimates in Matrix Economic Models 


In this paper we consider the eiTects of errors encountered in building 
matrix economic models on the solutions to these models. Two particular 
models will be investigated. The first model is the Metzler economic model 


[3,p.281], 


while the second is the open Leontief model 

x(I - A) = d [5, p. 30]. 

To develop a study of these models requires some special notions. For 
this, let A ■■ Utij) be such that a,, 0 for / /= j. Any such matrix is called an 

wZ-matrix [5. p. 40]. If we let a — max; | an i then A -i al is nonnegative. 
From this it is seen that the spectrum <r of /< is a translation of the spectrum 
of the nonnegative matrix A ■ af. Hence, by the Perron Frobenius theorem 
[5, p. 25] it follows that r{A) ■ max.,„ Re A is an eigenvalue of A. Further, it 
follows that if A is irreducible, there is a positive eigenvector, called the 
Perron vector, belonging to r(A) [5, p. 1], 

Results. The first results we consider concern the Metzler model. The 
point of interest here is on r{DA) since when r{A) < 0, this number measures 
the speed at which the system returns to equilibrium as can be seen by viewing 
the solution [1. p. 124] to the differential equation presented above. 

The initial result is on error in D. 


Theorem 1. Let A be an n ^ n ml-matrix with r(A) <0 and D - diag 
((/]. dn)a nonsingular nonnegative matrix. Then 


(mp dt) r(A) - r(DA) ^ (mm d,) r(A). 


Proof. Suppose first that A is irreducible. Let y be a Perron vector of A 
belonging to the eigenvalue r(A). Thus Ay =-- r(A) j'. Set >' - diagfvi,..., y„) 
and let a ■= max, </< 1 |. Then Y-\DA -j- af) Y is irreducible and non- 
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negative. Therefore we can apply to Y ^{DA ■ a!) Y a consequence [5, 
Corollary 1, p. 6] of the Perron- l-'robenius theorem to obtain 

inin[t/,r{y4)] ■: a ■. r[y '{DA ■ aI)Y'\ ■ ' max[<f,r(/4)] •- a. 

But r[y-'{DA al) Y] =- riDAa!) - r{DA)a and by assumption, 
r{A) ■ 0. Hence 

(miix il,) r(A) /(DA) ■ (m^in </,) r(A). 

The general case can now he achieved by an elementary continuity argument.| 

These bounds can in fact be achieved as can be seen by taking D - id. 
Hence, the bound is best possible. Further, to apply the bound.s, it should 
be noted that if ^ diag(8, S„) is an approximation to D --- diag 
U! .. (!„) and S, for i I,..., n the theorem yields that 

(max Cj) r(DA) r(fyA) • (mine,)/•(/)/<) 

t i 

and hence some measure of the approximation r((/A) to r(DA) is obtained. 

A second result on Metzler’s model is on the error in A. 

TUFORiiM 2. Let A be an n x n irreducible mi-matrix which has as Perron 

vector y (y,.y,,)', where Xl --1 Tt- ^ I • E ■ ■ (e,() be an n .< n matrix 

where A ■ E is an ml-matri.x and suppose e,; e^v/./br all i / Then 

riA) I min(e„- ! e,,,}'/') • \ r(A -j- E) : r{A) ■] max(e;,-! e^,y7^). 

Proof. Set ) - diagf.F,y„). Then >“M)V r(/4) e, where e is the 

vector having a one in each entry. Thus Y~'(A -)- E) Ye r(A) e i- Y"'EYe 
Hence, by applying a consequence [5, Corollary 1, p. 6] of the Perron- 
Frobenius theorem we have 

r(A 1- £) - r(Y-\A -f E) Y)r(A) f max -f X .V/ *€,.,y,) 

X r(A) + max (t,-, | 

Similarly, 

r(A) -T min (e,, + <„yr') r(A + E). | 

t 

These bounds can be achieved by taking E ~ el. Hence the bounds are 
best possible. It should also be noted that when the errors in the measure¬ 
ments of A satisfy r(A) T- max,- (e,-, T €j/yr’) < 0, then the Metzler system 
is clearly stable, i.e., r(A + E) < 0. Further, it should be noted that 
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Theorem I and T heorem 2 can be put together to measure the accuracy of 
• F.)] to rWA). 

We now consider the open Leontief model .v(/ - A) d. We assume here 

that A is nonnegative with Ae (rj r„Y, where r^. < 1 for A: - 1. ii. 

Thus, by Neumann’s theorem [4, p. 26], (I — A) ' Zt-o “•'‘I so 
.T - d(I A)-\ 

Our result on this model is on errors involved in A and d. 

Thlorrm 3. Let A he an n x n nonnegatii'e matrix and d (dy . d„) a 

nonnegatire vector. Let E be an n X « matrix so that A ; - E is nonnegative and 
if max, ^ then «£,vf I r\,, where r^ max, Zit-i • Let 

6 (S, r)„) be any rector and S^f — max, IS,;. If xU — A) =- d and 

3 ’[/ — (A - E)\ - d r 8 then 

; r - .V ! 8,,c’(/ - A) i £*,(*/ i S„c')(/ - A - £„T) ' F(I - A) K 

where F (/;) and fa 1 for all i and f and ; v — x j -- { v, -- .v, 1 
I .v„ — .v„ i). Further, 

V - ' » _ 

h ' I -■ r., (1 r;; -■//£.„) 


for i 1,..., n. 

Proof. Let R be any non negative matrix so that (A - R) e --- Hence 
by Neuman’s theorem, 

(/ - A) ' e f (/ - (A + R)) I c = , ■ e. 

Further as "EJLi («/ 7 , ! ' D III' i i f.w) '' r.\i i ne^ < 1 it follows 
from Gerschgorin’s theorem [4, p. 47] that [/ — (A I- ;^)]”’ exists. Now, by 
combining the equations .v(/ — A) d and y[I — {A -f E)] r/ + 5 we 
obtain 

>•[/--(/< ( £)] .xXf -/«) i S, 
y[(/ -A)- £](/ A) ‘ -v 4 3(7 - A) f 
y[/ - £•(/ - -4)-^ = - A- i 3(7 - A)-\ 
or 

V - x: = 3(7 - A)-' ^ (d + 8)(7 -A- £) ‘ £(7 - A)-^. 

Thus 

i 3' — xr I Sjv/e*(7 — A)~^ h (d + 3*,e')(/ — A — ^mE{I ,4) '. 
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Finally, as (/ — A)-^ c (1/(1 — f»,)) f and (1 ~ A — e^,F) ' e - (1/ 
(1 - /•,„ nc.v,)) t it follows that 


Flcnte 


_(t/g f w5m) __ 

1 ' *‘m (1""^w W€^/){1 --- fr^) 


h5,vj . {de - t _ 

I - '"Af ' (' — rv/ - «eA/)(l - 'a/) ■ 


I he first inequality can be achieved by taking b bf,,c and E €^,F. For 
a particular model, this bound can be computed numerically to assess the 
effect of error. The second bound is not necessarily achieved for any choices 
of b and E. A bound which can be achieved can be found by showing that 
(/ - AY^ c - - (1/(1 - r,„)) c and {I - A - E)~^ c ]> (1/(1 - r„. - «€„)) e, 
where r„, min*, r* and ^ niin,_j e„ . Then by taking 5 ^ and 

E == en,E we have that 


Y , ■ • i_ide I nb^ ) 

, 1 ■ ' ■ ‘ ' I “ f,,, ' n — r,„ - 'nej^)0 - K„) 

Thus, in this way, the row sums of A can be used to analyze the error between 
y and a-. Further, it should be noted that this second bound can be used in 
analyzing error of theoretical models in which A is not given specifically but 
described in terms of row sums, etc. 
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Utility Theory and Participation 
in Unfair Lotteries 


Since the development of the expected utility maxim by von Neumann and 
Morgenstern [2], attempts have been made to provide a rational explanation 
for the observed behavior of individuals under uncertainty. One aspect of 
such behavior which will concern us in the paper is the willingness of an 
individual to purchase insurance and lottery tickets. In this connection it has 
been pointed out that there is an inconsistency between the usual assumption 
of risk aversion by individuals and their participation in fair and even unfair 
lotteries. A fair lottery will never be undertaken by an individual with a 
concave utility function for wealth which implies risk aversion. However, the 
purchase of insurance is consistent with such a utility function. 

Two alternative explanations have been offered to explain the observed 
purchase by individuals both insurance and unfair lottery tickets. The first 
one postulates a “specific utility of gambling” which if added to the “nega¬ 
tive” expected utility of a lottery yields a positive value. The other approach 
suggested by Friedman and Savage [I] hypothesises a utility of wealth 
function that is intially concave, has a convex segment, and becomes concave 
once more. Thus, there is a range in between where the individual is willing 
to participate in an unfair lottery. While both these explanations succeed in 
rationalizing observed behavior without jettisoning the expected utility 
maxim, they are not in accord with the theory of consumer choice. In this 
theory, the utility function in commodity space is derived from the axioms of 
comparability, transitivity, increasing utility, and diminishing marginal 
utility. 

This paper provides an alternative explanation for the observed behavior 
of individuals that is consistent with consumer choice theory. The basic 
hypothesis is that there are certain commodities, mainly luxuries, which are 
available only in integer amounts. Further, the price of even a single unit of 
these commodities is large in relation to an individual’s budget constraint, 
with the result that consumption of these commodities implies sacrifice of 
consumption of other more basic commodities. This “lumpiness” of high 
value commodities creates a situation where an individual is willing to 
participate in unfair gambles and yet is behaving consistently with the expec¬ 
ted utility maxim. 

We give below a simple illustration to show that an individual with a 
monotone increasing concave utility function on commodity space who acts 
so as to maximize expected utility may choose to participate in certain unfair 
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pamblcs provided at least one commodity is lumpy and his wealth is in a 
certain range. 

Consider an individual with an additive utility function having only two 
commodities available for consumption. Let one commodity be perfectly 
divisible and let the other be a luxury commodity which is lumpy. To avoid 
getting into irrelevant complexities we shall further assume that the lumpy 
commodity is available only in quantities of zero or one unit. 

Let us suppose commodity 1 is indivisible and only 0 or 1 units of it can 
be consumed. Let us denote the additive utility function by Wi(ci) I- 
where tq , /q arc strictly concave continuously differentiable, monotone 
increasing functions and rq , rq are the amounts consumed of commodities I 
and 2, respectively. To simplify our notation we will assume: (1) Scale and 
origin for «i and /q are chosen such that «,(0) - u^iO) 0 and Mi( 1) =1; 
(2) units of the commodities are chosen so that the price of each commodity 
is unity; (3) we define uic.,) u«(c^. (to avoid carrying along a cumbersome 
subscript.) 

Let r(B) be the utility associated with wealth B. For B < 1, the person has 
no choice but to consume as much commodity 2 as he can. Thus. i>(B) - u(B) 
for fi , 1. For B . I, he can choose between consuming 0 or 1 unit of 
commodity 1 (spending the remaining wealth on commodity 2). Thus, 
r(fl) ; Maxfi/(fi), I + u(B — 1)) for B ■ I. 

Let us consider the case where m( 1) . ■ I and 1 + u(B - I) u(B) for B 
large enough. Both these conditions are reasonable when commodity 1 (the 
lumpy commodity) is a luxury good. The first condition says that the in¬ 
dividual would prefer to consume some positive amount of commodity 2 and 
not have commodity I rather than have commodity 1 but no commodity 2 at 
all. The second condition says that provided he has enough wealth, he will 
wish to have commodity 1 and cut back on his consumption of commodity 2. 



Figure 1 
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If this were not the case, no matter how much wealth he had, the individual 
would never find commodity 1 attractive. 

The utility curve for wealth, is given by 

liB) =■■ u(B), 0 B‘^' ) r- h. 

= = H- u(B - I), B 1 : h. 

For some h 0. This curve is sketched in Fig. 1. 

The utility curve is no longer concave. There is, therefore, a range of wealth 
(/>, 1 -\-p) in which the individual will find certain fair and even unfair 
lotteries attractive. (The interval (/;. 1 -|-/>) is defined by the unique straight 
line which is tangent to the utility curve at two points). 
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Minimal Conditions for Upper-Hemicontinuity 
of the Choice Correspondence* 


We denote by y-CM, r) the set of all maximal elements in the constraint set M 
with respect to a (partial) order r and find the coarsest topologies on the domain 
of fi such that 7 ; is u.h.c. 


Let K be the family of all nonempty compact subsets of a locally compact 
Hausdorff space X, and denote by p the set of all irreflexive binary relations 
r on X with open graph in A' x A'. (v, v) e r is read “.v is strictly r-better than 
i'.” The choici' correspondence rp associates with each constraint M e k and 
each preference order rep the set <p(M, r) {r e z)e r -■■■ x f M] of 
all maximal elements in M with respect to /•. 

<P is usually interpreted as describing the behavior of a rational agent in 
situation (M,r), at least when <p(M,r)=/= (e.g., for r transitive); more 

generally, it associates with each problem (M. r) its solution tp(M, r). If we 
tolerate a bit of artifice, many problems in economics beyond the usual 
optimization problems can be put in this format, e.g., problems like finding 
competitive equilibria or balanced growth paths for an economy, or solutions 
to algebraic equations or inequalities, fixed points, NASH-equilibria for a 
game, etc. 

The classical question how a change in the problem affects its solution 
(“sensitivity w.r.t. changes in parameters”) can then be studied by studying 
the continuity properties of <p, or. equivalently, various topologies on the 
domain and range of rp. In this paper we determine the coarsest topology on 
the problem space k x p such that 9 is upper-hemicontinuous. fii other 
words, we characterize the “most general” modifications to which one can 
subject a problem (M, r) without significantly enlarging its solution set 
tp(M, r). fntuitively, we shall show in the Theorem below that: 

(i) The constraint set M must neither grow nor shrink, 

(ii) the preferences r must not become “more vague”, i.e., the number 
of mutually indifferent or incomparable alternatives must not increase (except 
perhaps “at infinity”). 

Formally: The Vietoris (or “finite”) topology Ty on k has as a basis all sets 
[C; C,,..., CJ := {M e kIM C G; M r, Gh^ e^i 1. n) for C, C, 6 ’„ 

* This paper was written while the author was a visitor at the University of Bonn, 
Sonderforschungsbereich 21, whose support is gratefully acknowledged. 
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open in A", ff • - 1, 2,..,. The "’compacl-open" topology 7\- on p has as a basis 
all sets \K: : {r e pjr D K] for K compact in JT X A', 

Jt is easy to see that tp is compact-valued and u.h.c. for the product topo¬ 
logy Ty X on K p ([2]; the special case for r fixed is known as the 
“Maximum Theorem" of Bcrge [1]). Conversely: 

Theorem, (i) 7 j- is the coarsest topology on k such that tp(\ r) is u.h.c. on 
K for every rep. 

(ii) Given Ty on k, is the coarsest topology on p .such that <f is u.h.c. 
on K 'A p 

Proof of the theorem, (i) Let H-' = [//„ ; U . H„] be an open Ty- 

ncighborhood of A7n e k. For i - 1,..., n choose M, c- k with Af,- C //,■ n M„ , 
and /•, e p with r, D A7, x (X H,). Let (•„ = . . 

Then A7„ e {Af f k, <f{ M,r,)C H,.i 0, I.//■ C IF. 

(ii) We apply the theorem that for a family F of continuous functions 
on a locally compact HaudorfF space there exists a coarsest jointly centinuous 
topology, namely the compact-open topology [3, p. 221, If.] 

F:- {<;/(., r)/r e p) is such a family on the locally compact Hausdortf 
space (k, Ty) (cf. [4, Theorem 4.9.12]). Identify /•' with p, define ir(L, C): - 
{r e pl<p(M, r) C G for all M c L] for G open in A'. L compact in {k. Ty). and 
choose a nonempty open set K) in (p, T^), K compact in X • .Y. We have 
to show that there exist Lf , G’,, such that f)".i ^(l-> • (?-) C" K ■ 

By irreflexivity of the preferences and the regularity assumptions made 
about X, wc can cover K by finitely many compact sets of the form V, ■ . 

each contained in open .sets G, x H,. with G, n/7, — r. Define L, : 
{MenlM- (.V, v] and either (.V, v) or ( V. .v) is in Gi F,]. L, is compact in 

(x.Ty) and rctV(L,.G,), all /'. implies r'D K. 

Observe that the proof makes e.ssential u.se of the assumption that A is a 
locally compact Hausdorff space. The topology 'l\ on the space of preferences 
is in genera) not Hausdorff and is much coarser than the various topologies 
on p that have been considered in general equilibrium theory (for references 
see [2, p. 108]). Moreover, it can be shown by means of a counterexample that 
Tg is not, in general, the coarsest topology on p such that <p(4f,.) is u.h.c. on 
p for every Men. 

Remark. Frequently, a preference order r is represented by a continuous 
real-valued utility or target function u (unique up to strictly monotone in¬ 
creasing transformations). It can be shown that a sequence (r„) converges to 
'■(p. Tat) iff for some corresponding representation, u„ -->■ u in the topology 
of uniform convergence on compacta (i.e. the familiar compact-open topo- 
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As an application one can show, for example, that “initial segments” of 
optimal growth programs are insensitive to changes in the length of the 
planning horizon, without making convexity assumptions on technologies 
or utilities (Nermuth [5]). 
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Pitfalls in the Theory of Fairness—Comment 


In a recent article, Pazner [2] presents a critique of the theory of fairness. 
He raises legitimate objections to most of the existing concepts in this 
theory based on some or all of the following criteria; consistency with Pareto 
efficiency, horizontal equity, and original position incompatibilities. There 
are two concepts which meet all these criteria; egalitarian equivalent alloca¬ 
tions [2] and just allocations [1]. Pazner presents a case favoring the former 
and against the latter. 1 would like to point out some characteristics of these 
concepts which could lead to the opposite conclusion. 

Prime virtues of the theory of fairness are that it is a .symmetric theory of 
justice and that it requires no externally-imposed interpersonal comparisons. 
All evaluations of relative advantage and disadvantage arc based solely on 
the preferences of the participants and the solution criteria treat all individuals 
in a symmetric fashion (an excellent presentation of these properties, relative 
to alternative conceptions of justice is contained in Varian [4]). The basis of 
the theory of fairness is the concept of a fair allocation—a Pareto efficient 
allocation at which no individual prefers anyone else’s bundle of goods to his 
own. As Pazner and Schmeidler [3] have shown however,/a/r allocations fail 
to exist in some economies. Figure 1 contains utility space representations of 
both two-person and three-person examples for which this is the ca-se. No 



Fro. 1. iej indicates that i envies j over the designated portion of the Pareto set. 
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matter what concept of equity is used to arrive at an allocation in either case 
there is going to be at least one instance of someone envying someone else. It 
does not matter that the concept may not be defined in terms of envy rela¬ 
tions—the envy will be present. With this point in mind we address Pazner’s 
arguments. 


A Closer LfX)K at Egalitarian Equivalence and 
Just Allocations 

Pazner raises two objections to just allocations. The first is based on the 
informational requirements (individuals must know the consumption bundles 
and preferences of others to satisfy themselves that an allocation is Just). 
However, egalitarian equivalent allocations require the same information— 
there is no difference here. 

As a second point, Pazner argues that the “balancedness requirement” of 
just allocations is not normatively appealing; that it may lead in extreme 
cases to every individual envying every other individual. Figure I depicts 
such extreme ca.ses. The question is; if symmetry is a valued property of 
justice then what other choice is there? Envy can be reduced only at the 
expense of treating individuals in an asymmetric fashion. In figure 1(a), 
allocations r and z both reduce the instances of envy but by placing one or 
the other of the individuals in a clearly advantageous position. In figure 1(b) 
or in a general n-person case a similar situation arises. In most cases of 
course just allocations do not require everyone envying everyone else—only 
that all necessary envy relations be arranged in cycles with no one in an 
advantageous or disadvantageous position. In fact,/fl/r allocations (no envy), 
when they exist, are always just. The same can not be said for egalitarian 
equivalence. Figure 2 shows an example’ in which both egalitarian equivalent 
and fair allocations exist and yet are radically different. This is a four-person 
exchange economy for which the egalitarian equivalent allocation, x, leaves 
persons 1 and 2 strongly prefering the bundles of persons 3 and 4 respectively. 
The fair and just allocation is shown as y. 

Besides leading to results such as this, egalitarian equivalent allocations are 
themselves lacking in normative appeal. The justification states that the 
disadvantaged (persons 1 and 2 in figure 2) should accept their lot because 
there is a hypothetical economy in which everyone could have equal bundles 

^ This example originated with Andrew Postlewaite. Vince Crawford made the author 
aware of it. Individual preferences are chosen so that Pareto efficiency requires persons I 
and 3 to consume only bundles along Rt and persons 2 and 4 along Ri. Fairness then 
requires persons I and 3 to consume equal bundles and similarity persons 2 and 4. In such 
a case all four indifference curves can not possibly meet at a common point as required 
for egalitarian equivalence. 
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of goods giving each the same utility as he now has. I n other words it could be 
egalitarian equivalent to leave me in my middle-class life-style envying you 
living in upper-class splendor if we both were indifferent to trading our 
positions for a little log cabin in the (now hypothetical) economy of the 
1860’s. This reasoning would be hard for the disadvantaged to accept when 
more equitable allocations of goods in the existing economy are possible. 


Summary 

fn short, if distributional equity is the goal then egalitarian equivalence may 
lead in an interesting but divergent direction. 
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Robustness of the Median Voter Result 


In a recent paper [1], Melvin J. Hinich shows that in the presence of a 
certain kind of stochastic indeterminacy in voter behavior, it need not be a 
pure strategy equilibrium in a two-candidate election for the candidates to 
position themselves at the median policy, even if the classical single¬ 
peakedness assumptions are otherwise satisfied. He concludes from this that 
the well-known median voter result is an “artifact." An “artifact,” in this 
context, presumably means small changes or perturbations in the underlying 
assumptions and parameters of the model can lead to large, discontinuous 
changes in its behavior, and more specifically that “even a small amount of 
indeterminateness in voter choices” may lead the candidates to chose 
strategies far from the median. In Hinich’s examples, however, the degree of 
randomness in the choices of at least some voters seems quite sub¬ 
stantial. This is true even of the third example, where it is argued that the 
candidates will remain at the nonmedian policy 0-0 even if the parameter S 
which characterizes the indeterminism in voter behavior is made arbitrarily 
small, provided a second parameter e in the utility functions of voters 1 and 2 
is “sufficiently small”; for an « which is small enough to keep the candidate 
equilibrium at <1 = 0 will also make the observable choice behavior of voters 1 
and 2 nondeterministic over a wide range of possible policy choices, and 
clearly the relevant measure of the degree of indeterminism present in the 
example must reflect this behavioral fact, not just the magnitude of the 
essentially unidentifiable parameter 6. Thus, on any reasonable definition of 
“smallness,” Hinich’s three examples all involve considerably more than a 
“small amount of indeterminateness." The examples demonstrate how 
different assumptions can lead to different results, but as they stand, they 
prove nothing one way or the other about the possible artifactuality of the 
median voter result. 

It is still possible, of course, that further analysis of one or another of the 
examples could yield some insight into the question. In particular, one 
natural line of attack would be to progressively reduce the degree of ran¬ 
domness in voter choices and examine the limiting behavior of the candidates 
as voters become “nearly” deterministic. Thus, in the second or third 
example, we could allow the randomness parameters 8 to vary, and then see 
whether or not the pure strategy equilibria identified by Hinich show any 
tendency to converge on the median policy as 8 —0. Unfortunately, however, 
when the 5 become small, the voter response functions P, eventually become 
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nonconcave (over the relevant range), and pure strategy equilibria can no 
longer be shown to exist. Hence, in order to characterize the strategy choices 
of candidates for small S, it becomes necessary to work with some more 
general solution concept, such as that of a mixed-strategy equilibrium. It is 
no simple task to characterize such a mixed-strategy equilibrium (or even to 
establish its existence, in the first example), for this type of general continuous- 
strategy game, however. 

Nevertheless, with one relatively minor and plausible change in one of the 
assumptions, we can obtain a general result which characterizes the limiting 
behavior of candidate equilibria in a wide range of situations of the type 
Hinich considers. In particular, let us suppose the candidates are interested 
in maximizing their respective probabilities of winning, rather than their 
expected vote shares. (Hinich himself seems to consider this a more realistic 
objective, but argues that it is essentially equivalent to his expected-vote 
criterion.) Then, as the degree of indeterminism (the S) becomes small, any 
policy different from the median will eventually become a dominated strategy. 
We can thus expect the candidates to choose policies close to the median 
when voter behavior is nearly deterministic. Certainly, no candidate has any 
positive incentive to do otherwise, since dominated nonmedian strategies 
can be deleted without affecting the value of the game for either player, 
and both candidates have optimal mixed strategies in which only the un¬ 
dominated policies close to the median are played with positive probability. 
These facts would seem to argue strongly for the robustness of the median 
voter result (at least relative to this class of examples), rather than its 
artifactuality. 

To show that nonmedian policies are dominated strategies, consider a set 
of two-player games A e [0, I ], in which two candidates attempt to 
maximize their respective probabilities of winning a majority of votes from 
a fixed set of voters. There is a fixed interval /C R of feasible policies, which 
is also the set of pure strategies available to each player in every . Each 
voter /■ has a continuous (real-valued, logarithmic) utility function t/y on /, 
which is single-peaked, i.e., has a unique maximum 5, in /, and is strictly 
increasing (resp. decreasing) at all feasible x < 5. (resp. x > Si). Let the 
number n of voters be odd, so there is a unique median /a e / of the . The 
probabilistic choice behavior of each voter i is characterized by a parameter 
5, > 0, such that in the game C;,, / votes deterministically (with probability 1) 
for x over y if Ui(x) — (/*( y) > AS,, but may vote stochastically otherwise. 
Thus as A -> 0, voter behavior becomes increasingly deterministic. y) 
is the probability, in game Gj^, that candidate y wins a strict majority of 
votes when he plays the pure strategy x and his opponent plays the pure 
strategy y. A policy (or strategy) q is dominated in if for each candidate) 
there exists a strategy p such that n^\p, x) ^ ;c) for all x, with strict 

inequality for some x. We then have: 
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Proposition . For any policy 0 dislinci from the median p, there exists a 
0 such that 0 is dominated in O', ,/or all A e [0, A*]. 

Proof. Suppose 0 - . p, and consider a small neighborhood NXp) -= 
(p ~ f, p -- e) of the median p, for some 0 < e < If S/ > p, then 

from single-peakedness inf«,v,(„) U,{x) Ui(6), so there exists a A, > 0 

such that lU,(.x) - 17,(6)] > A,^,- for all Ae 

Moreover from the continuity and single-peakedness of the i/,-, we can 
clearly find, for each voter /, a number A^ > 0 such that [17,(/i) - t/,(jr)] > 
A,'8,- holds for all .v /a — e if 5,- p, or for all .v ' /a + e if 5,- p. Let 
A* be the smallest of these A, and AJ. 

Now consider the two possible strategies 0 and p for candidate/, against 
an arbitrary strategy x for the other candidate, in the game for some 
Af;(0, A*]. If XGNfp), every voter # for whom S, ■ p will vote deter¬ 
ministically for .V over 6, and since p is the median of the S,’s and n is odd, 
these voters constitute a majority. Hence x) 0, so x) 

n^^iPf-t}. The remaining possibility is x ^ N,{p)-, if x-, :p — e (resp. 
X p e). the set of voters for whom Si > p (resp. S', p) vote deter¬ 
ministically for p over x, and since p is median either of these sets again 
constitutes a majority, so Hflp, .v) — 1. Thus Ufip, jr) 77/(6, x) for any 
such X, and clearly for some .v (for example, x 6) the inequality will be 
strict. Hence 6 is dominated by p in 6'*, for all A € [0, A*]. Q.E.D. 

It thus seems somewhat premature to conclude that the median voter 
result is artifactual or unstable in the presence of small amounts of voter 
indeterminacy. The available evidence points in the opposite direction. 
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Erratum 


Volume 18, Number 1 (1978) in the article, “A Multistage Game Re¬ 
presentation of Sophisticated Voting” by Richard D. McKelvey and Richard 
G. Niemi, pp. 1-22; 

On page 5, the right-hand table of Player 2 should read: 

Player 2 


1 

0 

1 

0 

a. 

r. 

1 

r. 

A 


Rjchard D. McKelvey 
Richard G. Niemi 
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1. Introduction 

Management is often said to be the one factor that limits the size of 
firms. Now management is itself subject to the economies of the division 
of labor. Through organization the indivisibility of the single owner- 
manager may be overcome. If it is believed that increasing size of the 
organization burdens every productive worker with an ever increasing 
number of administrators per production worker, then this claim is 
shown to be wrong both on theoretical [I] and empirical grounds [6], 
In fact, looking at business organizations in this way, the opposite result 
would appear to be true: There is no optimal size of the firm: almost 
any size is equally efficient in terms of administrative overhead per worker. 

There is, however, one piece missing: How is the productivity of 
workers affected by the size of the organization? Is there possibly a 
systematic relationship between the span of control and organization size 
[6]? In any case, how is the optimal span of control determined? Why 
should it be constant? 

To answer these and related questions, an economic theory of manage¬ 
ment is needed. The purpose of this paper is to supply one. Managerial 
control will be treated as an intermediate product of the firm. At every 
administrative level, control from above is used as an input and combined 
with labor to produce supervision or control for the next lower level. 
This simple idea will be worked out with that old war horse, the Cobb- 
Douglas production function, to derive some results which are simple 
and yet interesting. A solution will be given to the problems of the optimal 
size of firms, the optimal structure of its administration, and in particular, 
the optimal .span of control, 

* 1 gratefully acknowledge the help of Mr. Fischer of the Institute of Applied Mathe¬ 
matics, Technical University of Munich, in providing me with the computerized drawing 
in this paper, and the generous assistance of the Leibniz Computer Center where the 
computations were performed. 
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2. The Production Function 


Consider an organization with well-defined administrative levels 
r I,..., R, where R denotes the presidential or top level. Let r — 0 
be the level of production workers or operatives. 

How shall we describe the output of managers? Managers at level r 
produce “supervision” or “managerial control” yr of managers at the 
next lower level r - 1. They produce this managerial control with their 
own labor and with supervision by their own superiors Vr^l. 

Each office is a black box whose inputs are, respectively, 1 unit of labor, 
units of supervision by the next level of managers. 

The output per office at hierarchical level r is thus 

yr- f2.1) 

Through successive substitution 


■)))• 


Here j’g is management’s output of “elTective labor units” created through 
inputs of operative labor x,, and of supervisory labor Xi ,..., Xg at the 
various supervisory levels r. 

In a slightly more general formulation output y, at each level is a 
function of labor and supervisory input for that level 

Tr ~ » 2V+l)' 


Operative labor in efficiency units produced by management is then 

>’o = FliXo , Fr(Xr -1 , (2.2) 


Final output is the result of a combination of this effective labor y„ with 
capital (machines) z. 


9 = 



Machines are thus in the same relationship to workers as subordinates 
are in relation to supervisors. 

The production function is linear homogeneous 




in the variables z, x^, ,..., Xr . 


(2.3) 
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The more general production function 

g ~ F }(r, j Xg) ■"))) 


(2.4) 


is linear homogeneous when all the are linear homogeneous. If, 
however, the presidential input is fixed at unity 

Xr = I, 

the production function for the organization in terms of the variable 
inputs z, Xq , Xx,..., Xj;_x is not homogeneous. 

From now on we specify the functions to be Cobb-Douglas 


Fo 

F. 


0 ^ Jo » 

h(r)x;.,yj‘. 


(2.5) 


1 . 


Notice that wc assume the output elasticities (x and to be the same at all 
administrative levels. This may be justified by arguing that administration 
is administration no matter at what level. We allow, however, the output 
quantities h(r) per unit inputs to be different at different levels. Now 
the composite production function of the organization is 


g b(2f‘'- h(Ry 


- Xq Xi Xr 1 


or 


where 


hgz^l\xr\ 

r 0 


I’o n *('■)*' 


( 2 . 6 ) 


The composite Cobb-Douglas production function (2.6) is homo¬ 
geneous of degree yjg in the variable inputs z, x,,X r_, where 


■tjg y I (»8 / 3 '’ y -j ™ 8(1 — | 3'')/(1 — j8). 


(2.7) 


When all the F, are linear homogeneous, rt-Fj3 = l, y-l-S = l, then 

17 ;, - 1-8 + 5(1 -/3«)-= 1(2.8) 

The degree of homogeneity of the production function is less than one 
and depends on the organization’s top level R (to be called its organi¬ 
zational level). The degree of homogeneity approaches unity as the 
organizational level is increased. 



